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ON THE CESARO SUMMABILITY OF
ULTRASPHERICAL SERIES

ALOK VERMA AND ARAOHANA SHARMA

Abstract. In this paper the Cesaro summability of the ultraspherical series has
been investigated which extend and generalize the results of Wang [5, 6] of Fourier
series.

1. Let f(6,¢) be a function defined for the range 0 < 6 < 7, 0 < ¢ < 27 on a sphere
S. The ultraspherical series associated with this function is,

y P,({\) 0. 4')do"
f(6,¢) ~ proe Z(n +A) //s fsin? éf::f()q{(_ ¢?;1)/2ci)\; A>0 (1.1}

n=0

where w is the spherical distance between the points (€', ¢'), i.e.
cosw = cosf cos§’ + sin @ sin 8’ cos(¢ — ¢')

and do’ =sin @’ d6' d¢’
The Laplace series is a particular case of the series of (1.1) for A = 1/2, while it
reduces to the trigonometric series in the limit as A — 0, because

im 2
550 %P,,(,_A)(COSQ) = = cosnb, n>1. (1.2)

The ultraspherical polynomials P.,S'\)(:z:) are defined by the following expansion:

[1—2zz+ 2% = Z 2" PX (), A>0. (1.3)

n=0

We suppose throughout that the function

f(',¢')[sin? 6’ sin(¢ — ¢')]~1/2 (1.4)
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is integrable (L) over the whole surface of the unit sphere and following Kogbetliantz [2]
we define the generalised mean value of f(6, ¢) as follows:

) = e | 18',¢)ds’

1.5

27 (sinw)? Jo_ [sin? ¢’ sin?(¢ — #'))1/2—> (1.5)
where the integral is taken along the small circle C,,, where ds’ is element of the arc

of Cy, whose centre is (8, ¢) on the sphere and whose curvilinear radius is w.

We write,

_ AT'(A) . )
) = ﬁ /0 (@ — t)P~1g(t)dt:
®o(z) = ¢(x);
¢p(z) =T(p+1)z77®,(z), p>0;
and
B.lz) = ‘—i%q)pﬂ(a:), —1.< p<0.

The authors have obtained a theorem for Cesiro summability of the series (1.1)
analogous to those of Izumi and Sonouchi [1]. The object of this paper is to extend and
generalize the result of Wang [5 & 6] foFr the same series.

We prove the following:

Theorem. Ify > 2 >0 and
& (1)= oy ArELXy foro< A< 1.

then the series (1.1) is summable (C,a + A) at the point (0, ¢), where

a_my+x—y
B m+y—=zx

and m is a positive integer, such that m > z > m — 1.

2. For the proof of the theorem we require the following Lemmas:

Lemma 1. Let S*(w) denote the nt* Cesdro mean of order k of the series

Z(n + A)PX (cos w) (2.1)
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Then we have, for A >0 and p > 0,

( O(n2A+rtl) for0<w < mk>0;
oy _ P(SE@)) _ } O(ZxFer) + O(sgrimems) for0<w<a<m @2
S20) = =g -
O(ﬁ;:;’;—}i—) forO<w<a<7 and
( A+1+[p] >k

Lemma 2. In order that the series (1.1) be summable (C, k), it is sufficient
that the integral

6
F— / #(w) Sk (w)dw = o(1) (2.3)

0

For 0 < 6§ < m and for each k > .

Lemma 3. For a non-integral

6 =m+o, (0<o<1),
We h.a've
A A
/ ®5(u)SO (u)du = Bmy1(A)SI™(A) x / B, (t)SL™) (¢)dt. (2.4)
0 0

Lemma 4. If0<u< i

F(n,u) = O(n2}+mtlym—=) 4 O(n2rtmtlym—=-1) (2.5)

where
F o = m=w=lg(mlrg 2.6
() =T [ - um=tsima (26)

Lemmas 1, 2, 3 and 4 are due to Obrechkoff [3] and Singhai [4] respectively.

3. Proof of the Theorem

In order to prove the theorem, in view of (2.3) it is sufficient to show that

, 5
n-l—"—"->oo/ d(u)SoH* (u)du =0
0

under the condition of the theorem.
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We have the following inequality:
z>a>m—1 (F.T. Wang)

Also we have
rz+1>m>zx

Then
é
-- kw
i= /0 $(w) S (w)dw
m . d el s 5 o é "
=[§1(—1) 12, (w)(3 )P 2P w)] +(-1) fosbm(t)s,g )(t)dt

=1+ (—l)mIQ

Sincea>m—1

I =0(1) as n — 0. (3.1)
We write .
I = / ®,,(t)S{™) (¢)dt
0
1/n §
= / +/ =i+,
0 1/n
5
B2 = @n®ST OO0 = [ @na()STD(0)at
1/n
=I21—1I525 - (3.2)
we have
I _ 4 1 nm—l—a
2.2.1 = 0(1) + O(ny+2'\+1/'\ )O(n_a_l_z)\ )

=o(l) as n—
Also if we write

() = /0 @1 ()

then
IL2s = Op™1-2 /1; %dt]
R AR e P
= 0™ 172) + O™ 1) o (L
x noHoAH 4 o(nm-1-2y /6 O(ttyaf:,\ilz/’\)dt

=o(l) as n— (3.3)
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When z is not an integer.
1/n
ha= [ &n®)S
0

1/n
= / ®,(u)F(n,u)du
0

where F(n,u) = F(n:Tz) fi

Now

™t — w)ym=2-18{™)(¢)dt

1/n
Ba=ol[ " (y+2A+1/NO@H )i
0

1/n
+0[/ / u(y+2A+1/A)O(n2A+m+1um—m—1)du]
0
=o0(l) as n — oo. (3.4)

When z = m is an integer.
1/n
ha= [ 8050
0

= 0[/1/n uy+2A+1/AO(n2A+z+l)du]
0
=o0(l) as mn — o00. (3.5)

combining (3.1), (3.2), (3.3), (3.4) and (3.5) the result is proved.
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