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A FURTHER IMPROVEMENT OF JENSEN'S INEQUALITY 

SEVER SILVESTRU DRAGOMIR 

1. Introduction 

In the Theory of Inequalities, the famous Jensen's discrete inequality: 
1 n 1 n 

f(p LPiXi) ~ p LPd(xi) 
n i=l n i=l 

(1) 

valid for every convex function f : C ~ X -+ R (C is a convex ·subset of linear space 
n 

X) and for every Xi E C and Pi > 0 (i = 1, · · ·, n) with Pn := E Pi > 0 plays such 
i=l 

an important role that many mathematicians have tried not only to establish (1) in a 
variety of ways but also to find different extensions, refinements and counterparts; see 
[3] and [7] where further references are given. 

In the recent paper [10], J. E. Pecaric and the author have obtained the following 
refinement of (1): 

Theorem A. Let f, Xi, Pi be as above and l ~ k ~ n. Then one has the 
inequalities: 

(2) 

Another result of this type for weighted means was established by the author in [6]: 

Theorem B. Let f, Xi,Pi, k be as above and qi ~ 0 (j = 1, · · ·, k) with Qk := 
k E qi > O. Then one has the inequality: 
j=l 

Received July 27, 1992; revised May 18, 1993. 

29 



30 S.S. DRAGOMIR 

1 n 

45:F LPd(xi). 
n. i=I 

(3) 

For some applications of these results in Theory of Inequalities we refer to [4], [6) 
and (10). 

The main purpose of this paper is to give an :~mprovement of refinement (3) as 
follows. Some natural applications are also pointed out. 

2. The main reults 

The following theorem holds. 

Theorem. Let f : C s;; X -+ R be a convex mapping on convex subset C of 
linear space X, Xi EC, Pi~ 0 (i = 1,···,n) with Pn > 0 and qi~ 0 (j = 1,· ··,k; 
1 45: k 45: n) with Qk > 0. Then one has the inequalities 

f ( 1 ~ ) 1 ~ f ( X~J + ... + Xi1c 
Pn ~ PiXi 45: P! . ~ _ Pi1 • •• Pi1c k , ' ) 

i-I i1, ... ,i1c-I 

1 n n < ~ j(QIXi1 + · · · + QkXik 1 ~ 
_ Pl;_ _ ~ Pi1 ···Pi" Qk ) 45: Pn L.J Pd(xi). 

i1 , ... ,ik=I i=I 

(4) 

Proof. We must prove only the second inequality. 

Let consider the vectors 
1 

YI := Qk (QIXi1 + q2Xi2 + · · · + qk-IXii._1 + qkXi1c) 
1 

Y2 := Qk (qkXi1 + qIXi2 + · · · + qk-2Xii._1 + qk-lXi") 

1 
Yk-I := Q (q3Xi1 + Q4Xi2 + · · · + q1Xik-1 + Q2Xi") 

k . 

1 
Yk := Qk (q2Xi1 + Q3Xi2 + · · · + QkXi1,_1 + QIXi1c) 

where Xi; E {xI, ... , xn} and qi ~ 0 (j = 1, · · ·, k) are as above. 
A simple computation shows that: 

YI + Y2 + • · • + Yk-I + Yk Xii + Xi2 + • · • + Xik-1 + Xik 
k = k 

and the Jensen's inequality 
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yields that 

1 1 
k{j[Qk (q1Xi1 + q2Xi2 + · · · + qk-IXik-l + qkXi")] + ... 

1 + f[Qk (q2Xi1 + q3Xi2 + · · · + qkXi1,;_1 + q1Xi1,; )]} 
2'.: f ( Xi1 + ·; · +Xi,.,) 

for all i1, ... ,ik = 1, · · · ,n. 
Now, if we multiply this inequality with Pii ... Pi1.: 2'.: 0 and if we sum after i1, ... , ik 

to 1 at n, we derive: 

n 1 + . ~ Pi1 • · • Pi1.: f[Qk (q2Xi1 + · · · + q1Xi" )]} 
i1 , ... ,i1,;=l 

n 
> ~ p· . f(Xi1 + ... +Xi1,; L....J i1 ···Pi" ) . . k . 

i1 , ... ,i1,; =1 

Since the left membership of the above inequality is equal to 

the proof of the theorem is finished. 

Corollary 1. Let f : C ~ X -+ R+ be a convex function such that f is also 
logarithmically concave on C, i.e., the mapping log f is concave on C. Then for 
all Xi, Pi (i = 1, · · ·, n), qi (j = 1, · · ·, k) (1 :S k :Sn) as above, one has the following 
refinement of the arithmetic mean-geometric mean inequality: 

1 n 1 n n ~ pif(xi) >- ~ p· p· f(q1xi1 + ... + QkXi,.,) 
.r n ~ - pk L....J i1 · · · i" 

i=l n · · Qk i1 , ... ,i"=l 
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1 n 

~f(p LPiXi) 
n i=l 
n ~[ 11 fPit ... pi1.: (Xi1 + · ;_· + Xi1.: )]lf P! 

i1 .... ,i1.,=l 
n ~[ 11 fPi1 ... p;,., (Q1Xi1 + · · · + QkXi1; )]lf P! 

i1, ... ,i1;=l Qk 
n ~[11 J Pi (xi)Jl/ Pn. 
i=l 

Proof. The second part of Corollary 1 follows by the above theorem for the convex 
mapping - log f. We will omit the details. 

Now, let X be a real linear space and Ka din in X, i.e., a subset of X satisfying 
the conditions: 

(Kl) x, y E K imply x + y E K; 
(K2) x E K, a ~ 0 imply ax EK. 

Also, let suppose that c.p: K-+ R is a quasi-linear functional on K, i.e., a mapping 
which verifies the assumption: 

c.p( ax + f3y) ~ ( ~ )o:c.p( x) + /3c.p(y), 

for all a, /3 ~ 0 and x, y E K. We observe that such a functional is a convex ( concave) 
mapping on K but the converse implication is not true, generally. We also observe that 
the following inequality holds (by induction): 

n n 

c.p(LPiXi) ~ (~) LPi'P(Xi), 
i=l i=l 

for all Pi ~ 0 and Xi E K ( i = 1, .. ·. , n). 
By the use of the above theorem, we can improve this inequality as follows: 

Corollary 2. Let c.p be a quasi-linear functional on K, Xi E K and Pi ~ 0 
(i = 1, .. ·, n) with Pn > 0. Then for all qi ~ 0 (j = 1, .. ·, k) (1 ~ k ~ n) with 
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Qk > O, we have the inequalities 

n 

~ (-5:)<i?(L PiXi}. 
i=I 

Proof. The argument is obvious from the above theorem applied for the mapping 
<p. 

3. Applications 

1. Let (X, II· II) be a real normed linear space, Xi E X and Pi, qi are as above. Then 
for all p ~ 1 we have the following refinement of the generalized triangle inequality: 

n pp-k n 

p;:_-I L PillxillP ~ Q: . I;: Pi1 . ·. Pi" llq1Xi1 + · · • + qkXi" IIP 
i=l i1 , ... ,i1,=l 

pp-k > _n_ 
- kP 

n L Pi1 ···Pi1.;IIXi1 + ... +Xi1cllp 

i1 , ... ,i1.;=l 
n 

~II LPiXillP. 
i=l 

The proof follows by the above theorem for the convex mapping f : X -+ R, 
f(x) := llxllP (p ~ 1). 

2. Let Xi > 0, Pi ~ 0 (i = 1, ... , n) and qi ~ 0 (j = 1, · · ·, k; 1 45: k 45: n). Then the 
following refinement of weighted arithmetic mean-geometric mean inequality holds: 

l n n . 
Pn ~ PiXi ~[-. II ( Xii + ·; · + Xi1.; )Pi1 ···Pi1.; ]1/ P! 

i=l i1, ... ,i1.;=I 
n ~[ II (QIXi1 + ... + QkXik )Pi1 ···Pi" ]1/P! 

. . Qk 
i1 , ... ,i1.;=I 
n ~(II xfi )1/ Pn. 
i=l 

The proof follows by Corollary 1 for the mapping f: (0, oo)-+ (0, oo), f(x) := x. 
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3. Now, let consider the mapping f: (0, 1/2}-+ (0, oo) given by f(x) := [x/(1-x)]r, 
r 2: 1. It is easily to see that f is convex on (0, 1/2) and also logarithmically concave on 
this interval. By the use of Corollary 1, one has 

n 

2'.:l II 
it , ... ,i1,;=l 

( q1Xi1 + • · · + QkXi1.: rP•t ···P•1c: ]1/ P! 
q1(l - Xi1) +,,, + Qk(l - Xik) 

Remark. The above inequalities contain refinements of C.-L. Wang's inequality 
[11] and also (if Pi = 1, i = 1, · · ·, n) of the well-known result of Ky Fan (see e.g. (3)): 

4. As in [12), we shall use the following notations: 
M = {MIM is a positive definite matrix of order n}; 

IMI = the determinant of the matrix M; 
!Mlk = II:=1 Aj, k = 1, · · ·, n; where .\1, ... , An are the eigenvalues of M with .\1 ~ ... ~ An, 

IMln=IMI; . 
M(j) = the submatrix of M obtained by deleting the jLh row and column of M; 
M[kJ = the principal submatrix of M formed by taking the first k rows and columns of M, 

M[n) = M, M[n - 1] = M(n), M(O) = the identity matrix; 
BBF= the class of Bellman-Bergstrom-Fan quasi-linear functionals Ui, 6i and vk defined on 

Mby 

,,..·(M) ·- IM·l1/i ,; - 1 n· vi ·- i , ~ - , • • • , , 

6i(M) := IMI/IM(j)I, j = 1, · · ·, n; 
and 

Vk(M) := (IMI/IM[k]l)1/{n-k), k = 1, · · ·, n; 
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respectively. 
It is evident that M is closed under addition and multiplication by a positive number, 

i.e., M is a din. Now, quasi-linearity of BBF-functionals follows from results in (12]: 

for all M1, M2 EM, p,q ~ 0 and c.p EBBF (see also (3] and [8]). 
In (12], C.-L. Wang has obtained the following inequality: 

m m 

(5) 
i=l i=l i=l 

where Pi > 0 (i = 1, ... , m), which is an interpolating inequality for 

Note that (5) is also a generalization of a result from [9]. 
By the use of Corollary 2, we can improve the inequality (5) as follows: 

< 1 
-kpk-1 I:· m . 

i1 •... ,i1., =1 

m 

m 

~'P(L PiMi) 
i=l 

where 1 ~ k ~ m, Mi E M, c.p EBBF, Pi ~ 0 (i = 1, ... , m) with Pm > 0 and Qj ~ 0 
(j = l,···,k;l ~ k ~ m) with Qk > O.· 
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