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A FURTHER IMPROVEMENT OF JENSEN’S INEQUALITY

SEVER SILVESTRU DRAGOMIR

1. Introduction

In the Theory of Inequalities, the famous Jensen’s discrete inequality:
1 n 1 n
(& > piwi) < ?—me(mi) (1)
" =1 n =1

valid for every convex function f : C C X — R (C is a convex subset of linear space
X) and for every z; € C and p; > 0 (i = 1,---,n) with P, := E p; > 0 plays such

an important role that many mathematicians have tried not only to establish (1) in a
variety of ways but also to find different extensions, refinements and counterparts; see
[3] and [7] where further references are given.

In the recent paper [10], J. E. Pecari¢ and the author have obtained the following
refinement of (1):

Theorem A. Let f,z;,p; be as above and 1 < k < n. Then one has the
inequalities:

f(i_'}: Zpiil?i) < '—k Z Pu:f(aczl k. +$ik)

n s
L3 PR 7 1

= P2 Z puptzf(xu_*.zlz = P szf(xz) (2)

n 11 ,12-—1

Another result of this type for weighted means was established by the author in [6]:

Theorem B. Let f,z;,p;,k be as above and ¢; >0 (j =1,---,k) with Qi :=
k
Z . > 0. Then one has the inequality:

n

f(%zpixi)sﬁ > pa--puf(g thxz,
n =1

” ‘i] ,...,ik=1
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1 n
5-13; ;Pif(xi)- (3)

For some applications of these results in Theory of Inequalities we refer to [4], [6]
and [10].

The main purpose of this paper is to give an ;mprovement of refinement (3) as
follows. Some natural applications are also pointed out.

2. The main reults
The following theorem holds.

Theorem. Let f: C C X — R be a convex mapping on convez subset C of
linear space X, z; €C, p; >0 (i=1,---,n) with P, >0 and ¢; 20 (j =1,---,k;
1<k<n) with Q. >0. Then one has the inequalities

f(—zptxt) = Pk Z Diy - ptkf(xn

L 1. 77'k—1

1 By o« T QDY =
<> o “Lmﬁjpmw.
n =1

+ T,

) (4)

n Qk

i =1

Proof. We must prove only the second inequality.
Let consider the vectors

1
= a(‘hmil + @2Zi, + ...+ Q1T + Gk Tiy)

1
Yg 1= 'Q—k(QkiL'il +q1Ti, + ...+ Qe—2Ti_, + Qk—1%Zi,)

...................................................

1
Yk—1 = a(qwt'l + @i, + ...+ QTip_, + @2Tiy)

1
Yk : 6;(‘12561'1 + @3%i, + ... + QTi,_, + Q1Ti,)

where z;; € {z1,...,7,} and ¢; >0 (j = 1,---,k) are as above.
A simple computation shows that:

y]_ +y2+...+yk-.1 +yk _xil +$‘i2+"'+xik_1 +$‘ik

k k
and the Jensen’s inequality

(Fn) + )+ .+ fla) 2 AT
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yields that

1 1
E{f[a(qlxi1 + qaTi, + .-+ Qe—1Ti_, + UTi; )N+ ...

1
+ f[@(qzwn +@3Ti; + o BTy + Q121

e R
> f(Eatot o,

for all 41,...,4x=1,--+,m.

Now, if we multiply this inequality with p;, .

..pi, > 0 and if we sum after 7y, ...,%
to 1 at n, we derive:

1 = 1
E{ Z pil...pikf[zz—k(qlx,-l +...+quik)]+...

11 4eeeyik =1

¥ Z p‘il"'pikf[%(Q2$‘i1+“'+q1$‘ik)]}

1500tk =1

- iy + 955+ B
> Y paop et
":l' 1ik—1

Since the left membership of the above inequality is equal to

- 1
> Py ---Pikf[a((hivil +.o gy

11,0tk =1

the proof of the theorem is finished.

Corollary 1. Let f: C C X — R4 be a conver function such that f is also
logarithmically concave on C, i.e., the mapping log f is concave on C. Then for

allz;, p; G=1,---,n),¢; G=1,---,k) 1<k <n)as above, one has the following
refinement of the arithmetic mean-geometric mean inequality:

1 = Qi + .-+ i
P—Zpif(wi)Z—P—k Yy Faupadl— 0 ~)
™=t T oig i =1 ¥
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1 Tiy +...+ 25,

Z'I)—",: Z pi]"'pikf( k )

e dfe=1

1 n
Zf(ITZPixi)

™ oi=1

n . T+ F T 1/Pk
2 JI fro-eu(BE 0

T |

= : ) Ti, + ...+ Qs k
> H fp‘l---p.,c(‘h 1 o k)]l/Pn

L TP 1 |

>([] @)=,
=1

Proof. The second part of Corollary 1 follows by the above theorem for the convex
mapping - log f. We will omit the details.

Now, let X be a real linear space and K a clin in X, i.e., a subset of X satisfying
the conditions:

(X1) z,y € K imply z + y € K
(K2) z € K,a>0imply ar € K.
Also, let suppose that ¢ : K — R is a quasi-linear functional on K, i.e., a mapping
which verifies the assumption:

plaz + By) < (2)ap(z) + Be(y),

for all @, > 0 and z,y € K. We observe that such a functional is a convex (concave)
mapping on K but the converse implication is not true, generally. We also observe that
the following inequality holds (by induction):

o(Q_opimi) < (2) Y pio(as),
i=1 =1

forallp; >0and z; € K (i =1,...,n).
By the use of the above theorem, we can improve this inequality as follows:

Corollary 2. Let ¢ be a quasi-linear functional on K, z; € K and p; > 0
(i =1,---,n) with P, > 0. Then for all ¢; >0 (j =1,---,k) (1 < k < n) with
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Qr > 0, we have the inequalities

pr(wt)>(< o P" G Z Piy - i (@1 Tiy + .. + QT

‘l1 ,...,Ik—l

Z Z Di, - 'p‘ik(P(mil g "'+xik)

1.1,...,1.,,, 1

> S)¢(Z DiT;)-

Proof. The argument is obvious from the above theorem applied for the mapping
®.

3. Applications

1. Let (X,]| - ||) be a real normed linear space, z; € X and p;, g; are as above. Then
for all p > 1 we have the following refinement of the generalized triangle inequality:

P”"ZPI!%II > Qp Z pi - Pl + -+ aeza [P

11 yeeasin=1
Pp-
Z Dy "‘pik”xil + ez, ||P
7'11 17'L-1

n
> pizsllP-
i=1

The proof follows by the above theorem for the convex mapping f : X — R,

f(z) ==l (p 2 1).
2. Letz; >0,p; >0(i=1,...,n)and g; 20 (j =1,---,k;1 < k < n). Then the

following refinement of weighted arithmetic mean-geometric mean inequality holds:

n

Pi ZPiEi S H (:Bi1 - k + 35, )p_.l.,_,,‘.kll/P:
™ oi=1

ilv 1ik:1

H (Q1‘T11 -+ QeZi, )p,l p.k]I/P

gt =1

Z(H (Ef" )I/P,. )
1=1

The proof follows by Corollary 1 for the mapping f : (0,00) — (0,00), f(z) := .
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3. Now, let consider the mapping f : (0,1/2] — (0, 00) given by f(z) := [z/(1-=z)]",
r 2 1. It is easily to see that f is convex on (0,1/2] and also logarithmically concave on
this interval. By the use of Corollary 1, one has

Z Z b | NTi, + ...+ %, )
Py pt 1'—-71'1 —Pk iy = vl ‘11(1_wi1)+-~-+Qk(1_xik)

=1 T 3150tk =1
n
1 By Toes P8
= & E: p‘il"'pik(k_z. — —:B')
n 11,001k =1 - o »

Z?=1 pi%; r
Z[ELl pi(1 - $i)]

n
i+ ot B Piy ..pir 11/ PE
> II 1 k Piq ---Pig Ay
2| (k—xi,—...—x;k) ]

il ,...,ik=1

QTi; + ...+ GrTy, Piy...piy 11/ PE
> ) Piq--Pig n
—[ H—l ql(l—x,-l)+...+qk(1—a:ik) ]

il,...,ik

>[H( =

Remark. The above inequalities contain refinements of C.-L. Wang’s inequality
[11] and also (if p; =1, =1,---,n) of the well-known result of Ky Fan (see e.g. [3]):

4. As in [12], we shall use the following notations:
M = {M|M is a positive definite matrix of order n};
|M| = the determinant of the matrix M;
|[M|, = Hle Aj, k=1,---,n; where \,..., A, are the eigenvalues of M with \; < ... < A,
Ml = |M]; |
M(j) = the submatrix of M obtained by deleting the j** row and column of M;
M{[k] = the principal submatrix of M formed by taking the first k£ rows and columns of M,
Mn] = M, M[n — 1] = M(n), M[0] = the identity matrix;
BBF= the class of Bellman-Bergstrom-Fan quasi-linear functionals o;, §; and v, defined on
M by

oi(M) = |M;|*) i=1,...,n
and
Uk(M) o (IMI/IM[k]I)I/(n—k)a k= ]-a MR (Y
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respectively.
It is evident that M is closed under addition and multiplication by a positive number,

i.e., M is a clin. Now, quasi-linearity of BBF-functionals follows from results in [12]:
©(pMy + gM3) > pp(M1) + qo(M2),

for all My, Ma € M, p,q > 0 and ¢ €BBF (see also [3] and [8)).
In [12], C.—L. Wang has obtained the following inequality:

‘P(ZpiMi) = Zp«;cp(M,-) S P’"[H o(M;)]Pi/ P (5)
=1 i=1 i=1
where p; > 0 (i = 1,...,m), which is an interpolating inequality for
1 « i .
‘P(F‘ ZP:’M:') > H[cp(M,-)]?“/Pm,
™ =t i=1

Note that (5) is also a generalization of a result from [9].
By the use of Corollary 2, we can improve the inequality (5) as follows:

ZP;SD(M) < Q Pk 1 Z Piy "'pi&‘p(QIMix +... +ngik)

satn=1

Z p,l...p,'kcp(Mil+...+M{k)

vt =1

i kP
scp(Z piM;)
=1

where 1 < k < m, M; € M, ¢ €BBF, p; 20 (i = 1,...,m) with P, >0 and g; > 0
(G=1,"--,k1 < k <m) with Q¢ > 0.-
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