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A GENERALIZATION OF CERTAIN CLASSES OF 
ANALYTIC FUNCTIONS 

M. K. AOUF 

Abstract. There are many classes of analytic functions in the unit disc U. We 
consider about the special classes sr(A,B,a,,8) and cr(A,B,a,,8)(-1::; A< 
B ::; 1, 0 < B ::; 1, 0 ::; a < 1 and O < ,8 ::; 1) of analytic functions in the unit 
disc U. And the purpose of this paper is to study the classes sr(A, B, a, ,8) and 
er (A, B, a, ,8). We prove some distortion theorems and some coefficient estimates 
for these classes sr(A,B,a,,8} and cr(A,B,o:,,8). 

1. Introduction 

Let S >. ( a, /3) be the class of functions 

00 

f ( Z) = Z + L an Zn 
n=2 

which are analytic in the unit disc U = { z : lzl < 1} and satisfy the condition 

&2-1 g(z} < /3 (0 ~ ,\ ~ 1, 0 < {3 ~ 1, z E U), 
,\ t1tl + 1 g(zJ 

where 
00 

g(z) = z + L bnzn 
n=2 

is analytic and starlike of order a(O ~ a< 1) in the unit disc U, that is, 

R { 
zg'(z)} 

e g(z) > a 
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for some a(O $ a < 1) and all z E U. For this class S.x(a, /3), R.M. Goel and N.S. Sohi 
[3} showed a distortion theorem, the coefficient estimates and so on. In particular, the 
class So(a, /3) was studied by R.M. Goel [2). 

00 

Let T denote the class of functions f(z) = z - E anzn(an 2::: 0) which are analytic 
n=2 

in the unit disc U. We use fl to denote the class of analytic functions w(z) in U satisfies 
the conditions w(O) = 0 and lw(z)I < 1 for z E U. For A, B fixed, -1 $ A < B $ l, 
0 < /3 $ 1 and O $ a < 1, we say that a function f(z) of T belongs to the class 
T*(A, B, a) if and only if 

zf'(z) 1 + (B + (A - B)(l - a))z 
f(z) < 1 + Bz ' z EU (1.1) 

or equivalently, f(z) E T*(A,B,a) if and only if there exists a function w(z) E fl such 
that 

zf'(z) _ 1 + (B + (A - B)(l - a)]w(z) 
f(z) - 1 + Bw(z) 

It follows from (1.2) that f(z) E T*(A, B, a) if and only if 

z EU. (1.2) 

zf'(z) _ 1 
f(z) I < 1, Z E U. 

B zf'(z) _ [B + (A - B)(l - a)] /{z) 
(1.3) 

Further, f(z) of T is said to belong to the class C(A, B, a) if and only if zf'(z) E 
T*(A, B, a). For these classes T*(A, B, a) and C(A, B, a) Aouf (1] gave the following 
lemmas. 

Lemma 1. A function 
00 

f(z) = Z - L anZn 
n=2 

is in the class T*(A, B, a) if and only if 
00 

L[(l + B)(n - 1) + (B - A)(l - a))an $ (B - A)(l - a). 
n=2 

Lemma 2. A Junction 
00 

f(z) = z - L anzn 
n=2 

is in the class C(A, B, a) if and only if 
00 

L n((l + B)(n - 1) + (B - A)(l - a))an $ (B - A)(l - a). 
n=2 
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Lemma 3. Let a function 
CX) 

f(z) = z- LanZn 
n=2 

be in the class T*(A, B, a). Then 

(B - A)(l - a) 2 < (B - A)(l - a) 2 lzl- f1 , n, /n A\/1 _\llzl :5 lf(z)l _ lzl + F1 , n , /n A\/'I _\lzl 

and 

2(B - A)(l - a) , 2(B - A)(l - a) 
1 - [1 + (B + (B - A)(l - a)] lzl :5 If (z)I :5 1 + [1 + B + (B - A)(l - a)] lzl. 

Lemma 4. Let a function 
CX) 

f(z) = z - L anZn 
n=2 

be in the class C(A, B, a). Then 

(B - A)(l - a) 2 

lzl - 2(1 + B + (B - A)(l - a)] lzl 
(B - A)(l - a) 2 :51/(z)I :5 lzl + nr1 • n . , n "\/1 _ \1 lzl 

and 

(B - A)(l - a) , (B - A)(l - a) 
1 - [1 + B + (B _ A)(l _ a)] lzl :5 If (z)I :5 1 + r1 • n , , n A\11 -.\1 lzl. 

Let s; ( A, B, a, /3) denote the class of functions 
CX) 

f(z) = z + L anzn 
n=2 

analytic in the unit disc U and satisfy the condition 

M_1 
9
~~ _ I < /3 (0 :5 .,\ :5 1, 0 < /3 :5 1, z E U) 
g(z) + 

(1.4) 

where 
CX) 

g( Z) = Z - L bnZ n 
n=2 
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is in the class T*(A,B,a.)(-1 $ A < B $ 1, 0 < B $ 1 and O $ a < 1). And let 
C{(A, B, a, {3) denote the class of functions 

00 

/(z) = z + L anzn 
n=2 

analytic in the unit disc U and satisfy the condition (1.4) for 

00 

g(z) = z- Lbnzn 
n=2 

in the class C(A,B,a.)(-1 $A< B $ 1, 0 < B $ 1 and O $a< 1). 

2. Distortion theorems for the classes St(A, B, a, {3) and C{(A, B, a, {3) 

Theorem 1. Let a function 

00 

f ( Z) = Z + L an Zn 
n=2 

be in the class S{(A, B, a, {3). Then we have 

lf(z)I > (1 - /3lzl){[l + B + (B - A)(l - a)] - (B - A)(l - a)jzj}lzl 
- [1 + B + (B - A)(l - a)](l + ,\f31zl) 

and 
lf(z)I < (1 + /3lzl){[l + B + (B - A)(l - a)]+ (B - A)(l - a)jzl}lzl 

- · [1 + B + (B - A)(l - a)](l - ,\f3lzl) . 
for z EU. 

Proof. We employ the same technique as used by R.M. Goel and N.S. Sohi (3]. 
Since f(z) E s;(A, B, a, /3), after a simple computation we have 

f(z) 1 - {3w(z) 
-= ' g(z) 1 + ,\/3(z) w(z) E 0. 

Furthermore, by using Schwarz's Lemma (4], we have lw(z)I $ lzl. Hence 

_1 -_/3__;_1 z_l < _I!_( z_) I < 1 + /31 z I . 
1 + ,\/Jlzl - lg(z)I - 1 - ,\/3jzl 

Consequently we have the theorem with the aid of Lemma 3. 
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Corollary 1. Under the hypotheses of Theorem 1, f(z) is included in the 
disc with center at the origin and radius 

(1 + /3){1 + B + 2(B - A)(l - a)} 
(1 + B + (B - A)(l - a)](l - >./3) . 

Theorem 2. Let a function 

00 

f ( Z) = Z + L an Zn 
n=2 

be in the class c;(A, B, a, /3). Then we have 

and 

lf(z)I > (1 - /31zl){2[1 + B + (B - A)(l - a)] - (B - A)(l - a)lzl}lzl 
- 2(1 + B + (B - A)(l - o:))(1 - >.(Jlzl) 

l/(z)I < (1 + /3lzl){2[1 + B + (B - A)(l - o:)] + (B - A)(l - a)lzl}lzl 
- 2(1 + B + (B - A)(l - a)](l - >.(Jlzl) 

for z EU. 
The proof of Theorem 2 is obtained by using the same techique as in the proof of 

Theorem 1 with the aid of Lemma 4. 

Corollary 2. Under the hypotheses of Theorem 2, f(z) is included in the 
disc with center at the origin and radius 

(1 + /3){2(1 + B) + 3(B - A)(l - a)} 
2(1 + B + (B - A)(l - a)](l - >./3) 

Theorem 3. Let a function 

00 

f ( Z) = Z + L an Zn 
n=2 

be in the class s;(A, B, a, /3). Then we have 

l/'(z)I < (1 + /Jlzl){[l + B + (B - A)(l - o:)) + 2(B - A)(l - o:)lzl} 
- [1 + B + (B - A)(l - a)](l - >.(J!zl) 

+ _(1_+_>._)/3_{_[1_+_. B_+_(B_-_A_)(_l _-_o:_)] _+_(B_-_A_)(_l_-_a_)j_zl_}l_zl 
[1 + B + (B - A)(l - o:)](1 - >./31zl)2(1 - lzl2) 

for z EU. 
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Proof. Since f(z) E S!(A, B, a, /3), by using 

f(z) 1 - {3w(z) 
-= ' g(z) 1 + .-\f3w(z) w E 0, 

we obtain 
f'(z) = 1 - /3w(z) '(z) _ (1 + .-\)f3w'(z) (z). 

1 + .,\f3w( z) 9 { 1 + .,\f3w( z) }2 g 

Moreover we have lw'(z)I :5 (l-jzl2) by means of Caratheodory's theorem (4]. Hence we 
obtain the theorem with the aid of Lemma 3. 

Theorem 4. Let a function 

CX) 

f(z) = z+ Lanzn 
n=2 

be in the class C~(A, B, a, /3), Then we have 

lf'(z)I < (1 + /Jlzl){[l + B + (B - A)(l - a)]+ (B - A)(l - a)lzl} 
- [1 + B + (B - A)(l - a)](l - .-\/Jlzl) 

+ _(1_+_.-X_)_/3{_2_[1_+_B_+_(B_-_A_)(_l _-_a_)]_+_(_B_-_A_)_(l_-_a_)_lz_l}_lzl 
2(1 + B + (B - A)(l - a)](l - .-\/Jlzl)2(1 - lzl2) 

for z EU. 

The proof of Theorem 4 is obtained by using the same technique as in the proof of 
Theorem 3 with the aid of Lemma 4. 

3. The coefficient estimates 

Theorem 5. Let a function 

CX) 

f(z) = z + I: anzn 
n=2 

be in the class S~(A, B, a, /3). Then we have 

(B -A)(l - a) 
la2I :5 r1 , n • , n "\/1 _ ,, + /3(1 + .,\) 

and 
(B - A)(l - a) 

la3I :5 [2(1 + B 

(B - A)(l - a) __ /J(l + .,\) + .,\{32(1 + .-\). + , ., ,_ r4 - 
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Proof. Let 

n=2 

be analytic in the unit disc U and satisfy the condition lw(z)I < 1. Then we obtain 
lc1I $ 1 and lc2I $ l- lc112 (4]. Since f(z) E s;(A,B,a.,/3), by using 

J(z) 1 - f3w(z) 
g(z) = 1 + ,\f3w(z)' 

we have 
00 00 

n=2 n=l 

Equating coefficients of z2 and z3 on both sides of (3.1), we obtain 

and 
a3 = -,8(1 + ,\)c2 + ,\/32(1 + ,\)c? + ,8(1 + ,\)b2c1 - b3. 

Since g(z) E T*(A, B, a), by using Lemma 1, 
b < (B - A)(l - a) 
2 - (1 + B + (B - A){l - a)] 

and 
b· < (B - A){l - a) 
3 
- [2{1 + B) + (B - A)(l - a)]" 

Hence we have th! theorem. 

Theorem 6. Let a function 

00 

f ( Z) = Z + L an Zn 
n=2 

be in the class C!(A, B, a, ,8). Then we have 

and 

!a
2
! < (B - A)(l - a) 
-2[1 + B + (B - A)(l __ \1 + /3(1 + ,\) 

la3l < (B - A)(l - a) 
-3[~(1 + B) + (B - A)(i 
+ (B - A)(l - a) 

2(1 + B + (B - A)(l - o)] /3(1 + ,\) + ,\,82(1 + ,\). 
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The proof of Theorem 6 is given in much the same way as Theorem 5 with the sid 
of Lemma 2. 

Remark. Putting A = -1 and B = 1 in the above results, we get the results of 
S. Owa [5]. 

Theorem 7. Let a function 

00 

f ( Z) = Z + L anZ n 
n=2 

be in the class s;(A, B, a, /3). Then we have 

(B - A)(l - a) (B - A)(l - a) 
la4l$f'>h, n\, In A\I, ~\l+rnt,, ~\, I~ A\I~ ,,/3(1+>.) 

(B - A)(l - a) 
+ ·- + B + (B - A)(l - a)] /J(l + >.)(l + >./3) + /J(l + >.) 

+ >./32 ( 1 + >.) + >. 2 /33 ( 1 + >.). 

Proof. Equating the coefficients of z4 on both sides of (3.1), we have 

Since 
1 / w(z)dz 

Cn = 21ri ljzj=r zn+l (0 < r < l, n E N) (3.2) 

for the coefficients Cn of analytic function w( z) in the unit disc U, 

la41 $ lb41 + /J(l + >.) + /3(>.la2I + lb21) _/J(_>...;._la--'3l_+_..:l--=b3~1) 
r3 . r2 + r 

Furthermore, since the above inequality holds for any r(O < r < 1), we obtain 

Hence we obtain the theorem by using Lemma 1 and Theorem 5. 

Theorem 8. Let a function 

00 

f ( z) = z + L anzn 
n=2 
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be in the class c;(A,B,a,/3). Then we have 

< (B - A)(l - a) (B - A)(l - a) 
I a4 I - 4 [ 3 ( 1 + B) + ( B - A)( 1 - - \ 1 + ,., r M , , n \ , r n " \ r , - \, /3 ( 1 + .,\) 

(B - A)(l - a) 
+ -·· . - . , ~ - A)(l - a)] /3(1 + ,\)(1 + ,\{3) + /3(1 + ,\) 
+ ,\/32(1 + .,\) + ,\2/33(1 + ,\). 

The proof of Theorem 8 is obtained by using the same technique as in the proof of 
Theorem 7 with Lemma 2 and Theorem 6. 

Theorem 9. Let a function 
CX) 

f ( Z) = Z + L an Zn 
n=2 

be in the class S0(A, B, a, /3). Then we have 

< (1 + B) + 2(B - A)(l - a) + . (B - A)(l - a) 
I.an! - /3 (1 + B + (B - A)(l - a)) [(1 + B)(n - 1) + (B - A)(l - a)] 

for any n ~ 2. 

Proof. Since f(z) E S0(A, B, a, /3), after a simple computation, we have 

f(z) = 1 _ f3w(z), 
g(z) w E 0. (3.3) 

Let 
00 

(z EU). 
n=l 

Then, on substituting the power series for functions f(z), g(z) and w(z) in (3.3), we 
obtain 

1 CX) 00 CX) 

- /3 L(an + bn)Zn = (z - L bnzn)(L CnZn). 
n=2 n=2 n=l 

Equating the coefficients of zn on both sides of the above equality, we have 

l n-1 

-13(an + bn) = Cn-1 - L bmCn-m· 
m=2 

using (3.2), we obtain 

1 1 1 ( ) n-1 
--(an+ bn) = -. W: (I - L bmzm-l)dz. 

/3 2n jzj=r Z m=2 
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Furthermore, by using Schwarz's Lemma [4], we have lw(z)! $ !zl for any z EU. Conse­ 
quently 

1 1 12,r l n-1 

/3
1an + bnl $- -- 1 _ ""'b rm-le{m-l)i61 d() 

21r O rn-1 L.., m 
m=2 

1 12,r n-1 
$ 21rrn-l o (1 + L bmrm-1 )d(J 

m=2 
l n-1 

=-(1 + ""'b rm-l) 
rn-1 L.., m 

m=2 
l n-1 

$ rn-1 (1 + L bm). 
m=2 

Since the above inequality holds for any r(O < r < 1) and 

~ b (B - A)(l - a) 
~

2 
m $ (1 + B + (B - A)(l - a)] 

for any n ~ 2 by Lemma 1, we have 

.!.1 b I < 1 (B - A)(l - a) /3 an+ n _ + - 

Hence we obtain 

lanl $Ian+ bnl + lbnl 
</3 ( 1 + B) + 2(B - A)( 1 - a) + __ ___;._( B_-_A~)-'-( 1_-_a__;_) 
- [1 + B + (B - A)(l - a)] ((1 + B)(n - 1) + (B - A)(l - o)] 

b b < (B-A}(l-a} £ 2 b L ecause n _ [cu.R)(..,-t)..1.{R-A){l-n-)l or any n ~ y emma 1. 

Theorem 10. Let a function 
00 

n=2 

be in the class C0(A, B, a, ,8). Then we have 

Ian! $ ,82~~. ~BJ~ ~~B -.~}.(1 - ~) + (B - A)(l - a) 

for any n ~ 2. 

The proof of theorem 10 is obtained by using the same technique as in the proof of 
Theorem 9 with the aid of Lemma 2. 

Remark. Putting A= -1 and B = 1 in Theorem 7, 8, 9 and 10 we get the results 
of S. Owa [6]. 
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