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COEFFICIENT ESTIMATES FOR BOUNDED STARLIKE FUNCTIONS

OF COMPLEX ORDER

M. K. AOUF

Abstract. Let F(b, M,n) (b # 0, complex,M > -;-, and n is a positive integer)
denote the class of functions f(z) = z+Z:°=n+1 axz® analyticin U = {z: |z| < 1}
which satisfy for fixed M, f(z)/z # 0 in U and

b—1+ 2L

; 1@ _pml<Mm, zeu

Also let F*(b, M,n) (b # 0, complex, M > 1, and = is a positive integer) denote
the class of functions f(z) = % + Z::;n arz* analytic in the annulus U* = {z :
0 < |z] < 1} which satisfy

b < M, ze U*.

In this paper we obtain bounds for the coefficients of functions of the above classes.

1. Introduction
Let A denote the class of functions of the form

flz2)=2z+ i arz"; (1.1)
k=n+1

which are analytic in the unit disc U = {z : |z| < 1}. Let Q denote the class of bounded
analytic functions w(z) in U, of the form

w(z) = i by 2*; (1.2)

k=n
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114 M. K. AOUF

satisfying the conditions w(0) = 0 and |w(z)| < 1 for z € U.
Let Pp(n), where n is a positive integer, denote the class of functions of the form

P(z)=1+4 i cr 2, (1.3)

which are analytic in U and satisfying

|P(z) - M|< M (1.4)
for a fixed real M,M > %
It is easy to show that
1+ w(z) 1 1
FEI= ey Y=1-g® pucth (18)

is a function in Pps(n).

For f(z) € A, we say that f(z) belongs to the class F(b, M,n) (b # 0, complex,
M > %, and n is a positive integer), of bounded starlike functions of complex order, if
and only if f(z)/z # 0 in U and fixed M,

L4 L)

— 1}= Plz), zeU 1.6
sEl - D =PE) (16)
for some P(z) € Py (n).
Or, equivalently
b—1 ks z:ff zz
T_M <M,z€eU. (1.7)

From (1.5) and (1.6) it follows that f(z) € F(b, M, n) if and only if for z € U

2f'(2) _ 1401+ Q) - Qu(x) el e
- =  weQ, Q=1 , (1.8)

M
We note that by giving specific values to b, M and n, we obtain the following
important subclasses studied by various authors in earlier papers:
(i) Forb=(1—a)e fcos,0<a< 1,8l <% and M = 2 > 1 F((1-a)e *Pcos B,
7Z=,n) = Sg(a, o,n) (Goplakrishna and Shetiya [8]);
(ii) Frn=1,b=1-a, 0 < o < 1, and M tending to oo, F(1 — ,00,1) = S*(a)
(Robertson [19]);
(iii) For n = 1,b = (1 — a)e ™ cos A, 0 < a < 1,|A| < *, and M tending to oo, F((1 —
a)e " cos A, 00,1) = S*(a) (Libera [12]);
(iv) For n=1and b= e **cos ), |A| < Z, F(e~**cos A, M, 1) = F3 »(Kulshretha [11]);
(v) For n =1 and M tending to oo, F(b,00,1) = S(1 — b) (Nasr and Aouf [15));
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(vi) For n =1, F (b, M,1) = F(b, M) (Nasr and Aouf [16]);
(vii) Forn=1and b= (1 —a)e~cosA,0 < a < 1,|A| < §, F((1 — a)e~**cos A, M, 1) =
Fu (), ) (Aouf [1,3]).

Let F*(b, M, n) denote the class of functions of the form
1 o0
)=+ Daust (L9)
=n

which are analytic in the punctured disc U* = {z: 0 < |z| < 1}, and satisfying

1 2f'(2)

et ) +1)=P(z), zeU* (1.10)

for some P(z2) € Pyr(n +1).
Or, equivalently

; <M, M>1, 2€U"*. (1.11)

Thus from (1.7), (1.11) and (1.8) it follows that f(z) € F*(b, M, n) if and only if

@) f( 5y € F6,M,m) (1.12)
_zf'(z) _ 1+ [(1+ Q) — Qlw(z) 1

fz) — 1—0ul(?) weR, Q=1--5  (LI13)

Also we note that by giving specific values to b, M and n, we obtain the following
important subclasses studied by various authors in earlier papers:
(i) Forb=(1—a)e PcosB,0<a<1,|f|<Zand M = 7% > 1, F*((1—a)"*Pcos B,
7Z-,n) = Ug(a, 0, n) (Goplakrishna and Shetiya [8]);
(ii) For n = b =1 and M tending to oo, F*(1,00,1) = F*(1) (Clunie [5]);
(iii) Forn=1,b=(1-a),0 < a <1 and M tending to oo, F*(1 —a,00,1) = F*(1 —a)
(Pommerenke [18] and Kaczmarski [10]);
(iv) Forn=1,b=(1—a)e *cos $,0 < a < 1,|8| < § and M tending to oo, F*((1 - a)
-e~%cos 3, 00,1) = F*(a, B) (Kaczmarski [10])
(v) Frn=1landb=1-4,0<a < 1;F*(1 - a,M,1) = Fs;(a) (Kaczmarski [10]);
(vi) Forn=1and b= (1 -a)e *Pcos 3,0 <a< 1,|8| < §,F((1- a)e~*cos 3, M,1) =
Fjr(a, B) (Kaczmarski [10]);
(vii) For n =1, F*(b, M, 1) = F*(b, M) (Aouf [2]);
(viii) For n = 1 and M tending to oo, F*(b,00,1) = F*(b) (Aouf [2]).

(ii)

In this paper we obtain bounds for the coefficients of functions of the classes F(b, M,
n), M > % and F*(b,M,n), M > 1.
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2. Coefficient estimates for the classes F(b, M,n) and F*(b, M,n).
We shall use the following lemma in our investigation:

Lemma 1. If Q # 1 and n and q are positive integers, then

(1—Q2){1+Q)ibI2+Z[(1+Q)I 2+ 22 mn Re{b} - mn]

Q
2
1 m=-—1 n q
'[WHW] ={;Hw} , @h
' o ' jeo
where 140
u,-=|(T)b+jQ|, 4=l 1, B v e (2.2)

The lemma can be proved by induction on ¢ in the same way as the lemma in [7)].

Theorem 1. If the function f(z) defined by (1.1) is in the class F(b, M, n),
M>1%andQ#1, andif

2 2Q 1+Q 25
n? - TonRe(b) - ([T 2 (23)
then
(m41)n
S (k-1?al? <A+ QPP m=1,2,---. (2.4)
k=mn+1
If, on the other hand,
ot . nRe{b}~(1+Q)lb|2 (2.5)

1-Q
then

(m+1)n &
> (k—l)?lams{ 5 Hu:} (2:6)

k=mn+1
form=1,2,---,q0+1, and

(m+1)n qo 2
n
S k-1l < { =T (2.7)
k=mn+1 qo.j:O

for m=go+2,90+ 3, -, where u; is given by (2.2) and qo is the natural number
determined by g0 € [c — 1, ¢), where

_ (F)Refb} +/(r%q Re(8))? + GERII®

n

(2.8)
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Also
5 e-1- Xy - 5 (k DR I < (15 i 29)
k=n+1

The estimates in (2.4) and (2.6) are sharp.
Proof. Since f(z) € F(b, M,n), (1.8) gives

[2f'(2) — £(2)] = {[(1 + Q)b — Q1f(2) + Q=S ()} w(2)-

Substituting the series expansions of f(z) and w(z), we obtain

i (k — 1)akzk

k=n+1

{(1 +Q)bz + Z [(1+ Q)b+ Q(k — 1)]axz } Z bpz*. (2.10)

k=n+1

We now proceed by a method introduced by Clunie [5].
Equating the coefficients of zF on the two sides of (2.10) for k = n+1,---,2n, we

obtain
(k—1)ax = (14 Q)bbx—y for k=n+1,-- ., 2n.

Therefore,

E (k= 1)|ax|* <1+ Q)*[ol* Z |be—1]*

k=n+1 k=n+1
<(1+ Q)% (2.11)

since, we have, for 0 < r <1,

o0 1 27 .
S Ibelrt = o [ futre)Pdp <1
k=n

and letting r tends to 1 we obtain Y ;o |bx]? < 1.
Again, for p > n + 1, (2.10) can be put in the form

G(z) = H(z)w(z), z€U

with
n+p

Z (k—l)ak~ + E dp 2"

k=n+1 k=n+p+1
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and
p
H(z)=(14+Qkz+ Y [(14 Q)b+ Q(k — 1)] arz*,
k=n+1

where 3777 . diz* converges in U.
Since |w(z)| < 1 for z € U, we obtain, for 0 < r < 1,

1

27 27
. 1 .
1\ |2 < 17 Zd
5= J |G(re*®)| dc,o_—27r/0‘ |H (re*®)|*de,

so that
n<+p

Z (k—1)2|ak|2 2k+ Z ldk|2 2k

E=n+1 k=n+p+1

P
SE+QPBP2+ D |1+ Q)b+ Q(k — 1)?|a|” r*

k=n+1

Letting r tends to 1 and rearranging, we obtain for p > n + 1,

o4n p
> k=12laP<(1-Q ){ )|b|2 2. [(1+Q)|"?|2

kE=p+1 k=n+1

+1—2_—5(k — 1)Re{b} — (k — 1)2] |ak|2} : - (212)

Let the inequality (2.3) hold true. Then, for k >n+1,if Q - Re{b} > 0, we have

()bl + QQQw—l)Re{b}—(k—l)z
~ 1+Q. B2 20 Re{t)
=k = ”2[( Q- >2+1—Q(k—1)"1]

_Q &
(k—1)2 1+Q o
Sk [( S+ 1 LinRe(o) - |
£
If Q- Re{d} < 0, we have
(TEI+ 1255k — Reft) - (& - 1?
(”Q)l b + Q 1+ Re{b) = n?

1-Q
<0.
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Hence (2.12) yields
ptn
S (k=122 < L+ QP for p2n+l,
kE=p+1
Putting p = mn, m > 2 and combining with (2. 11) we obtain (2.4).

Suppose now the inequality (2.5) is true. Let go be as defined in the statement of
the theorem. Then go is the largest of the natural numbers k for which

1+Q

k*n? — 1—2Q——k Re{b} — ( )|b|2 < 0
We now establish by an inductive argument 1nequa.ht1es (2.6)form=1,2,---,q0+1

and the inequalities

(m+1)n

1+Q 2Q
> [GED i+ 22k - DR - = 17 ol
E=mn+1
g e
1+Q 2, 2Q 1§

< [(1 )|b)* + anRe{b} m?n? =y l:[ u; (2.13)

for m=1,+*,4n.

For m = 1, (2.6) reduces to (2.11) whereas the left member of (2.13)

(BB + Z5nRe{b} —n’| = '
< [ 1-Q 1n2Q Z (k = 1)2|ak|2
k=n+1

1+Q 2Q 14+
<[y + nrets) - n?] Ly
by (2.11), so that (2.13) holds for m = 1.

Suppose that (2.6) and (2.13) hold for m = 1,---,g — 1, where 2 < ¢ < go. For
p = qn, (2.12) yields

(g+1)n
S &=l < 0 - Q@ { (XD
k=gn+1

—~1 (m41)n

£ 0 [(FEDIE + s~ DRelt) - (—1)]|ak|2}

m=1k=mn+1

nf 14Q 0 S [1+Q ., 2Q
<1-@Q ){(——~)|b| + —=)|b]* + mnRe{b} — m?n?| .
e mzzl[(l_Q)u . (8} - o’

Q
1 2
1 N5
ji=0
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by (2.13)form=1,---,q — 1.
Hence by Lemma 1,

(¢+1)n ‘ :
> (k—l)"’laklzs[ 1),1'[ ]

k=gn+1
- 8o that (2.6) holds for m = ¢q. Now,

(¢+1)n

1
Z [( T Q)lb|2 (k — 1)Re{b} — (k- 1) ] |ax|?
k=gn+1
( 2162 + —2_Q—nRe{b} — ¢%n? (g+1)n
< 1-Q lq;;z Z (k_1)2|ak|2
i k=gn+1
(2102 + Re{b} — g
& (1 Dl s qn e{b} — ¢°n? n Hu
B A q2n2 (q . 1)! o J )
using (2.6) with m = ¢ (since (—3)|b|2 QnRe{b} % 3 Dbscense § < ). Thus

(2.13) holds for m = q.

Hence (2.6) and (2.13) hold for m = 1, - - -, go. It follows now, by the argument used
above to show that (2.6) holds for m = g, that (2.6) holds for m = ¢o + 1.

By the definition of o, we have

1+Q

Syl ?+ n(‘l’o + 1)Re{b} — (g0 + 1)>n® < 0.

Hence (—o'-)|b|2+ (L 1)Re{b}—(k—1)2 < 0fork > (go+1)n. Thus, forp > (g0+1)n,
(2.12) ylelds

ptn

> (k—1)%a?

k=p+1
go (m+1)n

i ){ e LEOSEDY [”Q b4~ Q(k—1)Re{b}—(k—1)2]|ak|2}

m=1k=mn+1

m=1 .
<0- @) (2D Z[(“’Qn P42 s mnRe (b} ~ mn][;ﬁ—,nu,} ,

by (2.13)form=1,2, -, g0
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Hence, by Lemma 1,

p+n 90
n
E (k — 1)%|az|? < \:EB—' I l u,} for p > (qo + 1)n.

k=p+1 j=0
Putting p=mn,m=qo+ 2,90+ 3, -+, we obtain (2.7).
Finally, we obtain from (2.12),

p

> [e- v -G -5 29— R al < (LRI

k=n+1

for p > n + 1 and letting p tends to oo, we obtain (2.9). This completes the proof of
Theorem 1.

The estimates (2.4) and (2.6) are sharp with equality holding in (2.4) for a given m
for the fucnction f.(z)(Je] = 1) defined by

_ ) z[1— st’"”]_(%R)'—"%, Q#0,
= {ZGXP[”ZM]: R=0,

if n2 — 2% nRe{b} — (FEZ)I* 2 0.
Also the equality in (2 6) holds for the function fc(2)(le| = 1) defined by

_[n-e@en) 8%, Q@ #0,
fe(2) = {zexp[%f—"], Q =0,

if n? ~ £%nRe{b} — (1% L2 <o.

Remark 1. Under the hypothesis of Theorem 1, since Q tends to 1 as M tends
to oo, it follows that n? — —Q—nRe{b} - ( )]bl2 < 0 for all sufficiently large M and
hence (2.6) and (2.7) hold for all sufficiently large M. Also since g, tends to co,1+ @
tends to 2 as M tends to oo, we obtain the following corollaries:

Corollary 1. If f(z)=z+Y pen41 apz* € F((1—a)e™ cos A, M, n)=Fu (A, a, 1),
A< £ and 0 < @ < 1, then

(m+1)n
> (k=12lexl’ < {(m

k=mn+1

2
1 ki Q)(l —a)e P cos A + ]Q‘}

for m=1,2,---. The estimates are sharp for the function f.(z)(|e| = 1) given by

fe(Z) - {2[1 - EQZ"] Eﬁ)&l_—%“_—ﬂ, Q # 0,
zexp[s(l—a)e z cos)‘]’ Q=0.

n
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Corollary 2. If f(z) = z+ Y32 .., axz* € F(b,00,n) = S(1 — b, n), then

2
(m+1)n m—1
2b
Eo 1)< d P _+,-|
k:§+l( ) I kl - {(m—l)' JI=IO n

for m=1,2,--.. The estimates are sharp for the function f.(z)(le] = 1) given by

fo(2) = (1 - ez,

Corollary 3 [14]. If f(z) = 2 + D tent1 02" € F(e#Acos ), =L5.n) = (H*),

then . ¥ et
g (2 — cos A) cos

k-1 ’
The estimates are sharp for each k >n+1.

k>n+1.

Corollary 4 [7,8,14]. If f(z) = 243 i ny1 @2 € F((1—a)e™™ cos ), oo, n) =
S*(a,n),0< a< 1, Al < %, then

2
(m+1)n m—1 —iX
g 15 n 2(1-a)e " cosA .
— P S
> (E—1)%|al —{(m-l)!H = +J
k=mn+1 j=0
form=1,2,.... The estimates are sharp.
Remark 2.

(1) Choosing (i) & = A = 0, (ii) A = 0 in Corollary 4 we get, respectively, results of
MacGregor [13] and Boyd [4]. ,

(2) Choosing (i) n =1, (i) n =1, = 0 in Corollary 1 we get, respectively, results of
Aouf [1] and Kulshrestha [11].

(3) Choosing n =1 in Corollary 2 we get results of Nasr and Aouf [15].

(4) Choosing n = 1 in Corollary 3 we get a result of Goel [6].

(5) Choosing n =1,b= (1-a)e"cosA,0< a < 1, |Al < £,M > 1 in Theorem 1 we
obtain a result of Plaskota [17].

Theorem 2. If the function f(z) defined by (1.9) is in the class F*(b, M, n)
and M > 1, then

(m+1)n-1

2 e+ 1)%asf <1 +Q%E, @=1-, (2.14)
k=mn
form=1,2,... and
¥, [(k + 1) - (%J_;g)lbl2 + 1—2_%(k +1)Re{b} | |ax)? < (%g)m?. (2.15)

k=n
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Estimate (2.14) is sharp with equality holding for given m for the function

M1+ eQam T CEmE, @ #0,
—ebzmntl

i1 s
27 expl=rngr ) Q=0

fe(2) =

where |e| = 1.
The proof is analogous to that of Theorem 1 and is omitted.

Remark 3. Choosingn=1,b=(1—a)e P cosf,0<a< 1,|8|< 5, M =m > 1,
the above theorems yields results of Jakubouski [9].
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