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EFFECTIVE ESTIMATES FOR BOUNDARY VALUE PROBLEMS

GOU-SHENG YANG AND JYH-WEN LEU

Abstract. We establish some effective estimates for the boundary value problems

5
2@ - Y p()eD() =0, z(a) =2'(a) =="(a) =2"(a) = 2®)(a) = 2(b) = 0;
1=0
and

5
290 - 3 pi(e() =0, a(e) ='(a) =3"(a) = 2(8) = 2'()) =="(4) = 0.

=0

Introduction

Bogar and Gustafson ([1]) have shown that the homogeneous bundary value problem

2
2@ -3 pi(t)a =0; (1)
1=0
z(a) = 2'(a) = 2" (a) = " (a) = z(b) = z'(b) = 0; (2)
where p; € Cla,b], 0 < i < 2, has only the trivial solution provided the inequality
377.4 6 156.91 5 9 4 )

is satisfied, where ||p;|| = sup(|p:(t)|, ¢ € [a,b]). For the complete differential equation

5
2® 3 pit)z = 0,; (4
i=0
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where p; € Cla,b], 0 < i < 5, Agarwal and Milovanovic ([2]) have shown that the
boundary value problem (4),(2) has only the trivial solution provided the inequality

25 + 34/10
_ 6 Rl Wi\ it 5 e, _ 4
32805( a)®||poll + 911250 (b—a)’|lp1]l + 360(6 a)®||p=||
S |
+ %(b — a)?||ps| + 3(6 — a)?|| Pyl + g(b —a)llps|l =0 <1 (5)

is satisfied.
The main purpose of this paper is to obtain a similar result of Milovanovic in con-
sidering the boundary conditions

z(a) = 2'(a) = 2"(a) = 2" (a) = 2 (a) = z(b) = 0; (6)
z(a) = 2'(a) = 2"(a) = z(b) = 2'(b) = =" (b) = 0; (7)

respectively, instead of the boundary conditions(2).

Main result

Theorem A. The boundary value problem (4),(6) has only the trivial solu-
tion provided the inequality

625 6 _ e
——-6718464(b a)’|lpoll + %(b a)’llp1l + = (b a)|lp2||
e E(b —a)®|lps|| + g(b - a)?|lp4|l + g(b —a)|lps|| = 6, < 1; ®8)

15 satisfied.

Theorem B. The boundary value problem (4),(7) has only the trivial solu-
tton provided the inequality

159 + 761/6
L Ve OV 5 Ao
41+28\/'7 5
+ g e 0PIl + b= aPlpall + Se-)lpsl <1 (9)

1S satisfied.
For the proof of the theorems, we need the following:

Lemma 1.Any function z € C(®) [0,1] satisfying the conditions

2(0) = £'(0) = z”(0) = z"(0) = z(*)(0) = z(1) = 0; (10)
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can be written as
z(t) = t*(1 — t)F(t)

where

F(t)= J; Bfldn, Fi(t)= [, Pidts,
F't) = Jﬂ&@dt F3(t) = ;fﬂ;ﬂdt
Ft)= [ (—l—ag—)—gF5(t5)dt5, Fs(t)= |, (1—t6)5x(6)(t6)dt6
proof.

Let ¢(t) be the right hand side of (11) and satisfying the condition (10).
Then

¢(t) = t*(1 - t)F(¢)

¢'(t) = [4t°(1 — t) — t]F (1) + (1 — t)Fa(t)
¢"(t) = [1262(1 — t) — 83]F(t) + [6t(1 — &) — 26*) Fa(¢) + (1 — t) Fa(2)
@™ (t) = [24t(1 — t) — 368%)F(t) + [18(1 —t) — 18t)Fy(t)

L T YO el K0

o (t) = [24(1 — t) — 96]F () + [2—4(i——) — 72| Fy(t)
250 - Bim + [4(1 ) - e
+ [

) (¢) = [—120]F(t) + [-120t Y| Fy(t) + [—60t %] Fa(t)

+ [~20t~3) F3(t) + [-5¢t 4] Fa(t) + [(1 — ) ~°1F5(t)

IR+ [1—”1F1(t> = jfomm + [ﬁ“]ﬁ‘z(t

¢ () = [
+ [——]Fa(t) +[ ]F3(t) +[ ]F4(t) +[ ]F4(t)
+ [W]Fs(t) + [(T:t—)ﬁ]Fs(t) + [ t)] = =9 ()
It follows that
1 g, ¥ 4Lt g, 1
o(t) = :r(t) + -ﬁclt + -2—462t + 663t + 2C4t +cst + ¢cg

for some constants ¢;, 1 <1 <6.
Since ¢(t) satisfies (10), it follows that

01:C2=C3=C4=C5=(36=0,

hence @(t) = z(t).
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Lemma 2. Let z be as itn Lemma 1. Then

625

01 e
|z’ ()] < 720
@< oM
@) < oM
2Ol M
ERIOTE

where M = maxp<i<i |2(8)(2)]
Proof. From(12), it is immediately that

|F5(t)| < %%ﬂ—ﬂﬂlﬂ@ﬂs @Mﬁ,
|F3(t)] < maMtt,  |Fx(t)| < se5 M1, (18)

|Fi(t)| < 2Mt?, |F(t)| < Mt

Thus, it follows from (11) and (18) that

l2(t)] < 7gatf’u —t)M. (19)

The right hand side of (19) attains its maximum at t = , so that

625

< et
(0] < G71za62

M, 0<t<l.

It follows from (13) and (18) that

t2
' (t)] < [463(1 = ) — 4] == M + |£2(1 — 8)| 2= M

720 720

- M 4

=t [(1 —¢) + |4 — 5t

_ M [t(5-6t), 0<t<}§, (20)
T 720 | #*(4t-3), i<t<l

The right hand side of (20) attains its maximum at ¢ = 1, so that

M
f@I S =, 0<t<L
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From (14) and (18), we have

") <|1263(1 — t) — 883 | =M 6t(1 — t) — 27| M -
=" (¢)] <|12¢%(1 —t) — 8t I720 +(6t(1 - ¢) o T (1 t)l360
M 3
= —¢3[|6 — 10¢| + |3 — 4| + (1 — ¢
360" | |+ | {1 =¢]]
M $3(10 —15t), 0<t< §,
= 3551 £(-2+51), §<i<y, (21)
3(—8+13t), 2<t<
The right hand side of (21) attains its maximum at ¢ = 1, so that
i LFL1
2" (1)] < = ey DEERD
From (15) and (18), we have
2
S| < - 2| M — 18t
" (£)] <|248(1 — t) - 36t%| = M + [18(1 — 1) |720
6(1—t) t 1—-¢t, t
+I=— g™ + I Iigg
M
= ﬁt2[2|2 — 5t + 3|1 — 2¢t| + |2 — 3t| + (1 — )]
t2(10 — 20t), 0<t< 2,
A 2<t<d
_ M )2, gt (22)
120 | t2(-8+12t), 1 <t<#%,
t2(—8+18t), 2<t<1l.

The right hand side of (22) attains its maximum at ¢ = 1, so that

M
") < — LtLl,
"< 50 0<t<1
From (16) and (18), we have
24(1 t) 2y 12(0-¢t) 24 8
@ (1)| <|24t s s il - =M
|z% (t)] <|24t(1 — 96t|720M+| 72|720 + | 2 1360
+|4(1—) 4|t4 +| tﬂ
(5 t2'120 t4 '30

M
= %t[u—5t|+|1—4t|+|1—3t|+|1—2t|+(1-t)]
t(5—15t), 0<t<%

- 1 l
= o5 t(1+3t), 3 IS t< 5,1 (23)
t(—1+ 9t), FSissg

t(-3+13t), 3<t<lL
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The right hand side of (23) attains its maximum at ¢ = 1,s0 that

|z (t)] < % 0<t<1.
Finally, from (17) and (18), we have
120 ¢2 60 t3 20 ¢*
G))| < ——M
= (@) < 1207201‘4 i t 72OM th 36OM = t3 120
5 t° 1

—M +

T30 (1-t)5 6(1 —i°M

= F(1+4t), 0<t<l.

The right hand side of (24) attains its maximum at ¢ = 1, so that

5
(8) EF<],
|z (t)I_GM, 0<t<1

This completes the proof of Lemma 2.

Lemma 3. Let z € C®[a,b], and satisfy the conditions (6). Then

625

_ 6
6718464(b a)’

|z(8)] <

|z’ (&) < —=

|z" (t)] < "7—2(1’ —a)'p
n 1
|z (2)] < ﬁ(b —a)p,
1
l=()(t)] < §(b —a)’p,

2@ < 26~ a)u,

(24)

where p = maxq<i<p [2)(t)|. The inequalities are the best possible as the identity

holds for the function z(t) = (t — a)3(b—t).

Proof. The proof requires only the transformation p = a + (b—a)t,0<t<1,in

Lemma, 2.
Lemma 4. Any function z € C®)[0,1] satisfying the conditions
2(0) = 2'(0) = 2"(0) = z(1) = '(1) = 2"(1) =

can be written as

z(t) = £3(1 - t)3G(v),
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where

G(t) = fot t1—2G1(t1)dt1, Gl(t) = f(: t;sz(tz)dtg,
Gz(t) = flt t%(l — t3)_4G3(t3)dt3, G3(t) = flt(l — t4)—2G4(t4)dt4, (27)

Ga(t) = [{(1—t5)"2Gs(ts)dts,  Gs(t) = [[(1—te)3z(®)(t6)dts,

proof. Let 1(t) be the right hand side of (26) and satisfying the condition (25).
Then

P(t) = 2(1 - t)°G(¢)
P'(8) = [28(1 — t)® — 3¢2(1 — )%]G(t) + [(1 — 2)°]Ga(2) (28)

$(8) = [2(1 = £)® — 126(1 — £)? + 6£2(1 — £)]G(2) + [2(1 D’ _ 61— 8261 (2)
(L—=1}
+ 192600 (29)
P"(t) = [-18(1 — t)* + 36t(1 — t) — 6t2]G(t) + [-_—IM 4 18(1 — t)]G1(2)
9(1 i
+{ 1Ga(t) + [ 21G3(t) (30)
»p(t) = [72(1 -—t) 48t)G(t)] + [2(1—) — 24]Gy(t) + [36(1 ]G (t)
¥O) = [ 120]G(t + 12°]G1(t> +[5162(0) + [ s 1Gs(0
+ g galGat) + [TgIGs) (32)
PO = [T (1) + [ () + [TGa() + [ 1Ga(0)

+ {W]G3( )¢ [W1G3( ) + [(T_T)5]G4(t) 3 [( t)5]G4( )
+ g glGa(0) + = glGs +=9)
= z(0)().
It follows that
1 P N
Y(t) = z(t) + -12—061t5 + ﬁCﬁ + 6C3t + 2C4t + c5t + cs

for some constants c;, 1 <1 < 6.
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Since 9 (t) satisfies (25), we find that
L =C3 =03 =0 =¢5=i1g=0.
Hence ¥(t) = z(t).

Lemma 5. Let z be as in Lemma 4. Then

1

46080 s

159 + 7616
3000000 ‘

n
< —

41 + 28\/7
9720

(4) <
=9 0) 120M

)] < 5M,

lz(8)] <

|='(8)] <

=" (@)] < M,

where M = maxo<:<1 |2(8)(2)].
proof. From (27), it is immediately that
IGs(t)| < 3(1—)°M,  |Ga(t)| < 55(1 - t)° M,

Gs()] < 51— 04M, G2 < 258 M, (33)
1G1(0)] < 75t M, G(®)| < 735t M.
Thus, it follows from (26) and (33) that
1

< —t3 M. 34
[2(t)] < 7521~ M (34)

The right hand side of (34) attains its maximum at ¢ = , so that

1

)] < ——
=)l < 75080
It follows from (28) and (33) that

t2
/ _ 4)3 _ 242 _ e AY:]
|z’ ()] <|2t(1 —t)° — 3t*(1 —¢t) 720M+|(1 t) 720
_M ., _
= 720t 1-t)*[l2- 5tl +(1-1)]
_ M [(21-t)’3-6t), 0<t<3 (35)
- 720 (1 -t)2(-1+4t), 2<t<1.



EFFECTIVE ESTIMATES FOR BOUNDARY VALUE PROBLEMS

The right hand side of (35) attains its maximum at ¢t = -%C, so that

159 + 7616

lt <
') < —3500000 ¥

From (29) and (33), we have

0<t<1.

|2"(8)] < |2(1 — t)® — 12¢(1 — t) + 6t%(1 — t) LY.

720
2(1 -¢)° (1-e3 &
=g o )I'zzoMJrl 2 1360
M
= 3601,‘(1-—t)[|10t2——8t+1|+|4t2—5t+1|+(t2—2t+1)]

(4(1—t)(15¢2 — 15t +3), 0<t<4=y8
M | 11— t) (=52 + 1 +1), 4-v6 <4 < 1

T 360 ) (1 —t)(—13t2 + 11t —1), L<t<4bys

L#(1—t)(7¢2 — 5t +1), 46

(11562 —15¢+3), 0<t< 4538,
-5 +t+1), S <t<,

3&ﬁ 1(-13t2 + 11t - 1), 1<t<;bC
L 1(782 - 5t + 1), 4—'%5 < 1

I/\

The right hand side of (36) attains its maximum at ¢t = 0 and ¢ = 1, so that

(¢ 0<t<1.
2O < s, 0StS1

From (30) and (33), we have

_$\2
lg(lt t) +18(1

|z (£)| <| — 18(1 — t)? + 36t(1 — t) — 6t2|720M +]
-9(1 —t)?, ¢3 1 (1- )
LE |360M+|(1—)| 120

M

= 120[t| — 3412t — 10£2| + t| — 3+ 9t — 68| + 3t(1 — t)* + (1 — t)?]

t)l 720

o va
(183 — 2482 + 6t +1), 0<t<83¥38,

M) (-28+1) —i<t<:
120 | (1463 +1882 -6t +1), 1<t < XD,

(6t — 612 + 1), —‘*;A(,Cgtgl.

The right hand side of (37) attains its maximum at ¢ = 4—‘—9ﬂ, so that

41 + 287

Hlt <
2" (0)] < T

0<t<1.

175

(36)

(37)
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From (31) and (33), we have

72(1 t) 36(1—1t), t3
(4) o s M M
l2®)()] < |72(1 - ¢) 48t|720M+| 4|720 +|——l3g5
. ) (1-¢)°
M
a0 I(l—t)3| 30
M
= %[tl3—5t|+tl3—4t|+3t(1—t)+3(1——t)2]
a [(3+3t—09t%), 0<t<3$,
= w8~ 3t +t?), gstgg-, (38)
(3-9t+9t%), 3<t<l
The right hand side of (38) attains its maximum at ¢ = £, so that
13
(] € — <£t<,
|z\*(t)] < 120° 0<t<L1
Finally, from (32) and (33), we have
—-120, ¢2 —-60, t3
G)()] < | - 120|—=—M
=@l < 120I720 =l M + Izl
20 (1-¢t)¢ 5 ,(1-t)° 1 (1-1¢)8
M M M
ool Mgyl s Mtiagzyl
£
= EM + 5(1 —t)M
= %M, 0<t<l.

This completes the proof of this Lemma.

Lemma 6. Let x € C®[a,b], and satisfy the conditions (7). Then

[2(0)] < g5z 6~ @)%

159 + 761/6 5
3000000 B =a)ps

4

41 + 287 3
120

3 (b—ayp,
1

2 (b - a‘)u"

|='(8)] <
=" (@) < 725
=" ()] <
129 (t)| <

e®(t)] <



EFFECTIVE ESTIMATES FOR BOUNDARY VALUE PROBLEMS 177

where p = max,<:<p |2(%)(t)|. The inequalities are the best possible as the identity
holds for the function z(t) = (t — a)3(b - t)3.

proof. The proof require only the transformation y =a+ (b—a)t,0<t <1, in
Lemma 5.

Proof of Theorem A

Suppose on the contrary that the boundary value problem (4) and (6) has a nontrivial
solution z(t). Then u = max,<¢<s |2()(t)| # 0, otherwise z(t) would be a polynomial of
degree m < 6 on [a,b], and z(™)(t) would not vanish on [a,b] which cannot satisfy the
boundary conditions (6).

Thus, if g = |z(9)(;)| for some t; in [a,b], then from the differential equation (4),
we have

5
p =120 ) =1 pat1)z? ()]

1=0

5
< llpilllz® (8))-
=0
Now, use Lemma 3 in the above inequality, we have
< 625 1
H = 6718464 720

+ (b - a)*llpallu+ 25(b — a)°llpslln

(- a)®|lpolle + === (b — a)®|lp1 |l

1 5
+ 36— a)’llpalln + (5 - a)llpsllp

= Op.

We note that at least one of the numbers ||p;||, 0 < 7 < 5, is different from zero, otherwise,
again z(t) would be a polynomial of degree less than 6, and cannot satisfy the boundary
conditions (6). Hence, it is necessary that 6 > 1.
This completes the proof of theorem A.

The proof of theorem B is similar to that of Theorem A. We omit the detail.
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