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EFFECTIVE ESTIMATES FOR BOUNDARY VALUE PROBLEMS 

GOU-SHENG YANG AND JYH-WEN LEU 

Abstract. We establish some effective estimates for the bound!l.ry value problems 

5 

x<6>(t) - Lp,(t)x(i)(t) = 0, x(a) = x'(a) = x"(a) = x"'(a) = x<4>(a) = x(b) = O; 
i=O 

and 

5 

x<6>(t) - LPi(t)x(i)(t) = 0, x(a) = x'(a) = x"(a) = x(b) = x'(b) = x"(b) = 0. 
i=O 

Introduction 

Bogar and Gustafson ([11) have shown that the homogeneous bundary value problem 

2 

x<6) - L Pi(t)x(i) = O; 
i=O 

(1) 

x(a) = x'(a) = x"(a) = x111(a) = x(b) = x'(b) = O; 

where Pi E C[a, b], 0 :s; i :s; 2, has only the trivial solution provided the inequality 
377.4 6 156.91 5 9 4 

106(b- a) IIPoll + 
105 

(b- a) IIP1II + 2048(b- a) IIP2II < 1; (3) 

(2) 

is satisfied, where IIPill = sup(IPi(t)I, t E [a, b]). For the complete differential equation 

5 

x<6) - LPi(t)x(i) = 0,; 
i=O 

(4) 

Received June 30, 1993, revised October 27, 1993. 
1991 Mathematics Subject Classification. 34Bl5. 
Key words and phrases. Boundary value problem, trivial solution. 

167 
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where Pi E C[a, b], 0 :S i :S 5, Agarwal and Milovanovic {[21) have shown that the 
boundary value problem {4),(2) has only the trivial solution provided the inequality 

1 6 25 + 34v'To s 1 ( 4 I II (b- a) IIPoll + 911250 (b- a) IIP1II + 
360 

b- a) IP2 
1 · 1 2 + 30(b- a)

3IIP311 + 5(b- a)
2IIP411 + 3(b- a)IIPsll = 0 < 1 {5) 

is satisfied. 
The main purpose of this paper is to obtain a similar result of Milovanovic in con­ 

sidering the boundary conditions 

x(a) = x'(a) = x"(a) = x111(a) = x<4>(a) = x(b) = O; 

x(a) = x'(a) = x"(a) = x(b) = x'(b) = x"(b) = O; 

respectively, instead of the boundary conditions(2). 

(6) 

(7) 

Main result 

Theorem A. The boundary value problem (4),(6) has only the trivial solu­ 
tion provided the inequality 

is satisfied. 

Theorem B. The boundary value problem (4),(7) has only the trivial solu­ 
tion provided the inequality 

1 b 6 159 + 76v6 5 1 41 
46080( -a) IIPvll + 3000000 (b-a) IIPill + 480(b-a) IP211 

41 + 28./7 13 1 + ---- (b- a)3IIP311 + 120(b- a)
2IIP411 + 2(b- a)IIPsll < 1; (9) 

is satisfied. 
For the proof of the theorems, we need the following: 

Lemma 1.Any function x E c<6>[o, 1] satisfying the conditions 

x(O) = x'(O) = x"(O) = x111(0) = x<4>(0) = x(l) = O; (10) 
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can be written as 
x(t) = t4{1 - t)F(t) 

F1(t) = 
F3(t) = 
Fs(t) = 

{11) 

where 

{12) 

proof. 
Let </>(t) be the right hand side of {11) and satisfying the condition {10). 

Then 

</>(t) -:-- t4(1 - t)F(t) 
</>'(t) = [4t3(1 - t) - t4]F(t) + t2(l - t)F1(t) {13) 

</>"(t) = [12t2(1 - t) - 8t3]F(t) + [6t(l - t) - 2t2)F1(t) + (1 - t)F2(t) (14) 
</>"'(t) = [24t{l - t) - 36t3]F{t) + [18{1- t) - 18t]F1{t) 

6(1 - t) 1 - t + [ t - 3]F2(t) + [t2]F3(t) (15) 

¢<4>(t) = [24(1 - t) - 96t]F(t) + [24(1 - t) - 72]F1(t) 
t 

+ [12(1 - t) _ 24]F2{t) + [4(1 - t) _ i]F3(t) t2 t · t3 t2 
1-t + [-]F4(t) (16) 

t4 
4><5>(t) = [-12o]F(t) + [-12oc1JF1(t) + [-6ot-2]F2(t) 

+ [-2ot-3)F3{t) + [-5t-4)F4(t) + [(1 - t)-5]Fs(t) {17) 
-120 120 -120 120 

¢<6>(t) = [t2]F1(t) + [t2]F1{t) + [~]F2(t) + [7]F2(t) 
-60 60 -20 20 + [t"]F3(t) + [t4]F3(t) + [t5]F4(t) + [t5]F4(t) 

+ [,
1 
-
5c\~)Fs(t) + L1 

5 .. \~]Fs(t) + [x<6\t)] = x<6>(t) 

It follows that 

( 
1 5 1 4 1 3 1 2 </> t) = x(t) + 120c1t + 24 c2t + 6c3t + 2c4t +est+ c6 

for some constants Ci, 1 ~ i ~ 6. 
Since ¢(t) satisfies (10), it follows that 

hence </>(t) = x(t). 
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Lemma 2. Let x be as in Lemma 1. Then 

lx(t)I :s; 625 
6718464M 

lx'(t)I :s; _l_M 
720 

lx"(t)I :s; _!_M 
72 

lx"'(t)I :s; _!_M 
12 

lx(4}(t)1 $ !M 
3 

1x<s>(t)I $ ~M 
6 

where M = maxo$;t:s;i lx<6>(t)1 

Proof. From(l2), it is immediately that 

IFs(t)I $ !M(l - t)6, IF4(t)I $ 
IF3(t)I $ 1~0Mt4, IF2(t)I $ 
IF1(t)I $ 7~0Mt2, IF(t)I $ 

Thus, it follows from (11) and (18) that 

1 
lx(t)I $ 720t

5(1 - t)M. 

1 30Mt5 
1 ' 

36oMt3 
1 ' 

120Mt. 

The right hand side of (19) attains its maximum at t = J, so that 
625 

lx(t)I $ ,,,'"71 nu•• M, 

It follows from (13) and (18) that 

0 $ t $ l. 

t t2 
lx'(t)I :s; l4t3(1 - t) ~ t41720M + jt2(1- t)1

720
M 

M = 720t4[(1 - t) + 14 - 5tl] 

_ M { t4(5 - 6t), 0 $ t $ !, 
- 720 t4(4t - 3), 1 $ t $ 1. 

The right hand side of (20) attains its maximum at t = I, so that 

M 
lx'(t)I s 120' 

(18) 

{19) 

(20) 
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From (14) and (18), we have 

t t2 t3 
lx"(t)I <ll2t2(1 - t) - 8t31-

7 0
M + l6t(l - t) - 2t21-72 M + 1(1 - t)I-M - 2 0 360 

M = 
360

t3[l6 - lOtl + 13 - 4tl + (1 - t)] 

M { t3(10 - 15t), 0 :=:; t :=:; !, 
= - t3(-2 + st), I :=:; t =s J, 

360 t3(-8+13t), !:=:;t:=:;1. 

The right hand side of (21) attains its maximum at t = 1, so that 

(21) 

M 
1 x" ( t) I :=:; 12 ' 0 :=:; t :=:; 1. 

From (15) and (18), we have 

t t2 
lx111(t)I :=:;l24t(l -t) -36t21

720
M + 118(1- t) -18tl720M 

1
6(1- t) - 31.!_M 11- tl.!._M 

+ t 360 + t2 120 
M = 120t2[212 - 5tl + 311 - 2tl + 12 - 3tl + (1 - t)] 

l 
t2(10 - 20t), 0 St:=:; ~' 

M 2t2, ~ :=:; t :=:; !, 22 
= 120 t2(-8 + 12t) l < t < 1 ( ) ' 2 - - 3, 

t2(-8 + 18t), I:=:; t :=:; 1. 

The right hand side of (22) attains its maximum at t = 1, so that 
1x111(t)I < M - 12' 

0 :=:; t :=:; 1. 

From (16) and (18), we have 

lx<4>(t)I <l24t(l - t) - 96tl-t-M + 124(l - t) - 72l~M + 1
12
(l - t) - 

24
1.!_M 

- 720 t 720 t2 t 360 

1
4(1-t) _ _!l.!._M 11-tl~M 

+ t3 t2 120 + t4 30 
M = 30 t[ll - 5tl + 11 - 4tl + 11 - 3tl + 11 - 2tl + (1 - t)] 

t(5 - 15t), 0 :=:; t :=:; !, 
M J t(3 - 5t), ! s t :=:; t, 
30 ) t(l + 3t), } :=:; t :=:; t, (23) 

t(-1 + 9t) l < t < l ' 3 - - 2 
t(-3+ 13t), ! St~ 1. 
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The right hand side of (23) attains its maximum at t = 1,so that 

lx(4}(t)l $ ~' 

Finally, from {17) and (18), we have 

t 120 t2 60 t3 20 t4 
lx<s>(t)I $ 120120M + -t-120M + Ft2 360M + t3 l20M 

5 t5 1 1 6 
+ t4 30 M + ( 1 - t )5 6 (1 - t) M 
M = 6(1 + 4t), 0 $ t $ 1. (24) 

0$t$1. 

The right hand side of (24) attains its maximum at t = l, so that 

0$t$1. 

This completes the proof of Lemma 2. 

Lemma 3. Let x E c<6>[a, bJ, and satisfy the conditions {6). Then 

625 6 lx(t)I $ c718464 (b - a) µ, 
1 

lx'(t)I $ 
720

(b- a)5µ, 

lx"(t)I $ ~(b - a)4µ, 

lx"'(t)I $ 112(b- a)3µ, 

lx<4>(t)I $ ~(b - a)2µ, 

· lx<5>(t)1 $ ~(b - a)µ, 

whereµ= maxa=::;t9 lx<6>(t)I. The inequalities are the best possible as the identity 
holds for the function x(t) = (t - a)5(b - t). 

Proof. The proof requires only the transformationµ= a+ (b - a)t, 0 $ t $ l, in 
Lemma 2. 

Lemma 4. Any Junction x E c<6>[o, 1] satisfying the conditions 

x(O) = x'(O) = x"(O) = x(l) = x'(l) = x"(l) = 0 (25) 

can be written as 
x(t) = t2(1 - t)3G(t), (26) 
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where 

proof. Let '1/J(t) be the right hand side of (26) and satisfying the condition (25). 
Then 

¢(t) = t2(1 - t)3G(t) 
'1/J'(t) = [2t(l - t)3 - 3t2(1- t)2]G(t) + [(1 - t)3]G1(t) (28) 

2(1 - t)3 
'1/J"(t) = [2(1 - t)3 - 12t(l - t)2 + 6t2(1 - t)]G(t) + [ _. - 6(1 - t)2]G1 (t) 

+ [(1 - t)3 ]G2(t) (29) 
t 

-18(1 - t)2 
1/J"'(t) = [-18(1- t)2 + 36t(l - t) - 6t2]G(t) + [ _. + 18(1 - t))G1(t) 

+ [-9(~
2
- t)

2 
)G2(t) + [1 ~ t)G3(t) (30) 

'l/J<4)(t) = [72(1 - t) - 48t]G(t)] + [ 72(\- t) - 24]G1(t) + [
36(~2- t)]G2(t) 

-8 1 + [ (l _ t)2 ]G3(t) + [(1- t)3 ]G4(t) (31) 

( ) -120 -60 20 1P 5 (t) = [-120]G(t) + [-t-]G1(t) + [t2]G2(t) + L.. .i\~JG3(t) 

-5 1 
+ [(l - t)4]G4(t) + [(1- t)5]Gs(t) (32) 

-120 120 -120 120 
'l/J<6>(t) = [t2]G1(t) + [t2]G1(t) + [t3]G2(t) + [t3]G2(t) 

-60 60 -20 20 + L.. .i\4]G3(t) + [,1 _ t)4]G3(t) + [(1 _ t)5]G4(t) + [(1- t)5]G4(t) 

-5 5 (6) + L.. ..,,.,]Gs(t) + L.. ..,,.,]Gs(t) + x (t) 

= x<6>(t). 

It follows that 

for some constants Ci, 1 $ i $ 6. 
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Since 1/J(t) satisfies (25), we find that 

Hence 1/J(t) = x(t). 
Lemma 5. Let x be as in Lemma 4. Then 

1 
lx(t)I :=:; 46080M, 

I '( )I< 159 + 76v6 M 
X t - 3000000 ' 

lx"(t)I :=:; 4~0M, 

I "'( )I < 41 + 28./7 M 
X t - 9720 ' 

lx(4)(t)I < 13 M 
- 120 ' 

lx(s)(t)I :=:; 1M, 
where M = maxo99 lx<6>(t)1. 

proof. From (27), it is immediately that 

IGs(t)I s !(l - t)6 M, · 1a4(t)I :=:; lo (1 - t)5 M, 

(33) 

· IG1 (t)I :=:; 7~0 t2 M, 

Thus, it follows from (26) and (33) that 

lx(t)I :=:; 7~0t
3(1 - t)3 M. 

IG(t)I ::; 7~0tM. 

(34) 

The right hand side of (34) attains its maximum at t = !, so that 
1 lx(t)I::; M. 

It follows from (28) and (33) that 

t t2 
lx'(t)I sl2t(l - t)3 - 3t2(1 - t)l 720M + 1(1 - t)31720M 

M ·, 
_- .. -7 t2(l - t)2[12 - 5tl + (1 - t)] 

20 - 
_ M { t2(1 - t)2(3 - 6t), 0::; t ::; ~' (3S) 
- 120 t2(1 - t)2(-1 +4t), J ::; t::; 1. 
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The right hand side of (35) attains its maximum at t = 41ef6, so that 
175 

I '()I< 1~9+ 76\/'6 M 
X t - 3000000 ' 

From (29) and (33), we have 

lx"(t)I $ 12(1 - t)3 - 12t(l - t)2 + 6t2(1- t)l 7~0M 

1
2(l-t)3 -6(1-t)l!:.._M l(l-t)

31.!_M 
+ t 720 + t2 360 
M = 
360
t(l - t)[l10t2 - St+ 11 + l4t2 - St+ 11 + (t2 - 2t + 1)] 

t{l - t)(l5t2 - 15t + 3), 0 $ t $ 4-;:ef6, 
M ~ t(l - t)(-5t2 + t + 1) 4-./6 < t < ! ' 10 - - 4' 
360 t(l - t){-13t2 + llt - 1) l < t < ~ ' 4 - - 10 ' 

t(l - t)(7t2 - 5t + 1), 41ef6 $ t $ l, 
1(15t2 - 15t + 3) 0 < t < 4-fl 4 ' - - 10 ' 

M ~ l(-5t2 + t + l) 4-v'§ < t < ! < - 4 ' 10 - - 4' 36 
- 360 l(-13t2 + llt - 1) l < t < ~ ( ) 4 '4- - 10' 

1(7t2 - 5t + 1) ~ < t < 1. 4 ' 10 - - 

0$t$1. 

The right hand side of (36) attains its maximum at t = 0 and t = 1, so that 
M 

lx"(t)I $ 480' 0$t$1. 

From (30) and (33), we have 

lx"'(t)I $I - 18(1 - t)2 + 36t(l - t) - 6t217~0M + 1-
13
(~ - t)

2 
+ 18(1 - t)I /;oM 

-9(1 - t)2 t3 1 (1 - t)4 
+ I t2 1360 M + I (l - t) I 120 M 

M = 120[t1 - 3 + 12t - 10t21 + ti - 3 + 9t - 6t21 + 3t(l - t)2 + (1 - t)3] 

M 
120 

(18t3 - 24t2 + 6t + 1), 
(-2t3 + 1), 
(-14t3 + 18t2 - 6t + 1), 
(6t3 - 6t2 + 1), 

0 $ t $ 6""if, 
6-y'6 < t < ! 

10 - - 2' 

~ $ t ~ 61ef6, 
~<t<l. 10 - - 

(37) 

The right hand side of {37) attains its maximum at t = 4-90, so that 

lx"'(t)I $ 41 + 28v'7 
9720 , 0$t$1. 
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From (31) and (33), we have 

lx<4>(t)I $ 172(1 - t) - 48tl 
7
~
0
M + 172(\- t) - 241 :;OM+ 1

36(!2- t) I 3t:0M 

-8 (1 - t)4 1 (1 - t)5 
+I, .... ,21 Mn M+l(l-t)31 30 M 
M = 30 [tl3 - 5tl + t13 - 4tl + 3t(l - t) + 3(1 - t)2] 
M { ( 3 + 3t - 9t2), 0 $ t $ J, 

= - (3 - 3t + t2), i $ t $ J, 
30 ( 3 - 9t + 9t2}, ! $ t $ 1. 

The right hand side of (38) attains its maximum at t = !, so that 

lx{4)(t)1 < 13 
- 120' 

Finally, from (32) and (33), we have 

0$t$1. 

5 t -120 t2 -60 t3 
Ix< >(t)I < I - 1201-M + 1-1-M + 1-1-M - 720 t 720 t2 360 

20 (1 - t)4 M -5 (1 - t)5 M 1 (1 - t)6 M 
+11"1 .. ,~I .. ...,n +I, .. .i\41 ?n +1(1-t)SI 6 

t 1 = -M + -(1 - t)M 
2 2 
1 . 

= -M, 0 < t < 1. 2 - - 

This completes the proof of this Lemma. 

Lemma 6. Let x E c<6)[a,b], and satisfy the conditions (7). Then 

lx(t)I $ 46~80 (b - a)
6 µ, 

lx'(t)I < 159 + 76v'6(b - a)s 
- 3000000 µ, 

lx"(t)I $ 4~0(b-a)
4µ, 

'

x"'(t)I < 41 + 28../i(b - a)3 
- 9720 µ, 

lx(4)(t)1 $ 11230(b ~ a)2µ, 

1 
1x<5) (t)I ~ 2(b - a)µ, 

(38} 
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where µ = maxa::;t~b lx<6>(t)1- The inequalities are the best possible as the identity 
holds for the function x(t) = (t - a)3(b - t)3• 

proof. The proof require only the transformation µ = a+ (b - a)t, 0 ::; t :=:; 1, in 
Lemma 5. 

Proof of Theorem A 

Suppose on the contrary that the boundary value problem ( 4) and (6) has a nontrivial 
solution x(t). Then µ = maxa<t<b lx<6>(t)1 =/= 0, otherwise x(t) would be a polynomial of 
degree m < 6 on [a, b], and x<mf(t) would not vanish on [a, b] which cannot satisfy the 
boundary conditions (6). 

Thus, ifµ= lx<6>(ti)I for some ti in [a, b], then from the differential equation (4), 
we have 

5 

µ =lx<5>(ti)I = I LPi(ti)x(i)(ti)I 
i=O 

5 SL IIPilllx(i)(t1)I. 
i=O 

Now, use Lemma 3 in the above inequality, we have 

625 6 1 5 
µ 5: 6718464 (b - a) IIPollµ + 720 (b - a) IIP1 IIµ 

1 4 1 3 + 72 (b - a) IIP2IIµ + 12 (b - a) IIP3IIµ 

1 2 5 I + 3(b - a) IIP411µ + 6(b - a)I Psllµ 
= 0µ. 

We note that at least one of the numbers IIPi II, 0 S i ::; 5, is different from zero, otherwise, 
again x(t) would be a polynomial of degree less than 6, and cannot satisfy the boundary 
conditions (6). Hence, it is necessary that O ~ 1. 
This completes the proof of theorem A. 

The proof of theorem Bis similar to that of Theorem A. We omit the detail. 
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