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SELF-FOCUSING AND SELF-TRAPPING OF SPHERCIAL BEAMS
IN A NONLINEAR MEDIUM

KIN-CHUNG NG

Abstract. Self-focusing and self-trapping of optical beams are studied by obtain-
ing the asymptotic solution of the nonlinear reduced wave equation

V2u + k2n?(Jul?)u =0

in three dimensional space where the incident waves are assumed to be spherical
waves . In order to discuss diffraction effects and self-focusing effects of the beam,
the concepts of diffraction length and focal length are introduced. It is shown
that diffraction effects and self-focusing effects occur in different regions. This
means that diffraction cannot, in general, influence self-focusing. In the special
case where diffraction effects and self-focusing effects are balanced, a self-trapped
beam is shown to exist.

1. Introduction

In the theory of nonlinear optics (see [1]), one is led to consider a nonlinear reduced
wave equation
V2u + k2n%(Ju*)u =0 (1)

where k is the wave number and n = n(|u|?) is a function of intensity of the field and is
called the index of refraction.

We consider the case when the optical beam propagates in a quadratic index media
so that n?(|u|?) can be written as

n2(|ul?) = n2 + n1|ul?, ny >0 (2)
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where ng and n, are constants.
With |u] = O(k~?), d > 0, and following the discussion of this equation in two
dimensional space (see [2]), we write

1 .
u= Fae‘k"’. (3)
Substituting (3) into (1) and equa.ting real and imaginary parts, we obtain
1 1
{I(V¢)? — n2la - k2d nya® — k4dn2a +-} = -—V2a =0 4)
and
2V¢ - Va +aV3¢p = 0. (5)

The most interesting cases for d ared =1 and d = 1. If d =1 then |u| = O(k™!) and we
have a self-trapped beam which is the analog of the solitary wave in unsteady problems.
We discuss that case in section 3. In the first part of this paper, we consider the case
when d = Z. Then we expand ¢ and a as

¢ =300 bik™
{a =2; _gajk_ (6)

On substituting (5) and (6) into (4) and equating coefficcents of like powers of k~1, we
obtain

(Vo)? =nj G

2V¢0 . Vao + aoV2¢0 =10 (8)

2V - Ve = nyal (9)

2V o - Vay + a1 V3¢ = —2V ¢y - Vag — ag V3¢ (10)
1 ]

2V¢0 . V¢2 = ’n,zag + 3njapa1 + a‘;v2 0— ﬂ‘7¢0 V(,bl - (V¢1 )2 (11)

and
2v¢0 = Vaz =+ 02V2¢0 = —2V¢2 . Vao = a0V2¢2 - 2V¢1 . Va1 o G.1V2¢1. (12)

Here we will not try to obtain the general solutions of these equations. (For the
plane wave case in two dimensional space, a detailed discussion of the solution can be
found in [2].) We will discuss the behavior of a spherical beam u(r, z) propagating in a
nonlinear medium for large distances.

2. Self-focusing of a spherical beam

We now consider the case where the incoming wave is spherical with an amplitude
which has axial symmetry with respect to the z-axis. Introducing cylindrical coordinates,
the phase term ¢q of the incoming wave can be written as

(bo =¢o('l‘,z) = \/(Z+R)2+1'2 (13)
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where we have assumed that the focal point is located at z = —R and 7 = 0 and that
the unperturbed index of refraction ng equals 1. Then

d d z+ R)?
oot =Gy s Gy =L EET (14)
0 0
Near the axis of the beam where 7 = 0 we can approximate ¢o as
o2

¢0~z+R+m- (15)

Because of the assumed axial symmetry we write ap = ao(r, z) and obtain from (8)

da 8

—[( +R)=  + a“ +ao] =0 (16)

The general solution of (16) with the arbitrary function f [ﬁ] determined from the
form of the incident wave at z =0 is

ao(r, z) = Rf 11 (17)

Thus ag = Rf(r)/VR?+1r? at z = 0, and hence ag — f(r) as R — oo. Then our
problem reduces to the plane wave case in three dimensional space. By setting f [1—+’——] =

E exp[— W] and z = 0, we readily see that our result agrees with the known result
for the plane wave case in two dimensional space (see [2]). In order that the incident
wave represents a beam we assume that f(r) — 0 as r — oo and that f'(0) = 0 with
F"(0) < 0 so that the amplitude has a maximum at r = 0. From (9) we have

(2 +R)a¢1 aa¢1 = ni R f? / V(z+ R)? + 2. (18)

Since we require that ¢;(r,0) = 0 so that the incident wavefront is spherical, we have as

a solution of (18)
Rz

VE+RZ+12

As R — oo the above result tends to ¢; = 371 f?(r)z which gives the result for plane
wave incidence. For small r that is near the axis of the beam, (19) can be expanded as

$1(r,2) = —n1f2

(19)

l 2z
1+ £ 2(1+%)z+R)

—n1f [ fised, (20)

From (10) the equation for a; becomes

—26[(z R)Qa—1 +7 %a—l +a1] = —2Vé¢; - Vag — aoV2e;. (21)
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It is possible to solve (21) with a;(r,0) = 0 exactly, but the result is fairly complicated.
Our main interest is to determine the self-focusing length for the beam, which results
from the secular behavior of the asymptotic expansion and is determined by the behavior
of a; for large z and small . The main contribution to the right side of (21) for large 2

2 -
and small 7 can be shown to come from the terms %ao%"br—‘ and ao%ﬁl. Since

y T ’ T "
- f(0 ~ f"(0 22
iyl f()}/H% #0) (22)
as 7 is small, and f'(0) =0, we have
| P 1 niy_ B
LA . ~ 0 ; 23
T 1Iﬁ 14+ £ f()z+R 28]
We find that (21) is approximated as
2 da da,y 2REB:z
L3 — e P = e 24
0[(Z+R)6z +T3r + a4] GRS (24)
where E = f(0) and B = n, Ef"(0)R® — 1n, E?R. Equation (24) can be written as
da; Oa,y EBR EBR? ,
i O . = — A 2
(Z+R)Bz +T3r ol (z+R)2+(z—{—R)3 (26)
Solving (25) with a;(r,0) = 0, we obtain
EBz?
= 26
(1,1(7', Z) 2(Z+R)3 ( )
For small r and large z, ag(r, z) can be written as
ao(r,2) & S (27)

In order to determine the value of z at which the asymptotic series becomes disordered,
we set % ~ ag. From (26) and (27) we conclude that

—B2z2

%20 1 BY 22 R. (28)

(28) can be written as

Ni\/n1E2 mEF"(0)

1
- —. 2
4kR? 2k R (29)

1
z

We note that if
f(X) = Be~X'/e" (30)
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1 n1E2 n1E2 1
-= = - —.
2 \Ekm Gk R (1)

For finite R there are two possible focal points as was found by Akhmanov et al. [3], but
the term nyE?/4kR? does not appear in their result. If we assume that the beam is thin
1 the sense that 0 < a < 1, then we find that Z; 3> 37, and hence the focal length (s)
determined from (29) or (31) reduces to the results of plane wave case, i.e., we have

1 n1 E2
— = ﬂ:\/ " 2
zf a?k (82)
To determine the diffraction length for the spherica1 beam, we have to know as(r, z).
In the absence of nonlinear effects, (11) becomes

then (29) becomes

2V¢0 2 V¢2 = alv%o. (33)
0

Ifweset f=F exp[—?ﬁé—%v], substitute (13) and (17) into (33), and keep only the
most significant terms, we obtain

dp2 0o 2R4r? 2R?

) 0z T T oA(z+R)? o2(z+R) (&4

Solving (34) with condition ¢2(r,0) = 0, we have

2R371%2 2Rz
$2(r,2) = o (z+R)® a2(z+R)’ (35)
In the absence of nonlinear effects, (12) becomes
2V ¢y - Vags + a2V2¢0 = —2V¢s - Vag — aoVqug. (36)

Substitute (13), (17) and (35) into (36), and keep the most significant terms, we have

Oas Oas _ 4R*Ez
(Z+R) 92 +TE_—+G2——a4(z+R)3. (37)

Solving (37) with condition az(r,0) = 0, we obtain

a(”)~_4R4E[ R 1 1
AT ot 12(24RP (2+R)? 22+ R)R]
2R3E2? '

~ T ai(z+ R o)
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For a linear medium, the asymptotic expansion of the amplitude a can be written as

iy ey b
a(r, z) =ao z01+ 1502

RE 1 2R3EZ?

N—— — = — . 39
z+R k? a*(z+ R)3 3%
Thus the secular effects occur when
RE 1 2R3E (40)
z+R "~ k2 oA(z + R)3
which implies
kao? P
a2 0 By 41
When R — o0, (41) reduces to the plane wave case. The diffraction length is given by
ka?
== — 42
Zd \/5 ( )

From (32) and (42), we conclude that self-focusing effects and diffraction effects occur
in different regions. In general, diffraction cannot influence self-focusing. But in some
special situations diffraction and self-focusing might happen in the same region; then they
do influence each other. To see this, we express the amplitude a(r, z) as a combination of
a9, a1 and az, where ag and a, are obtained for the linear case and a3 is from a nonlinear
medium. Thus we have the following asymptotic expansion

1 1
a('r, Z) ~ag + Ea-] o+ Faz
RE 1 n; E3R322 1 2R3Ez?

" i i R 3
2+ R * k a?2(z+ R)® k2 o*(z+ R)3 (43)
When i 5 .
E z[l mE'R® 1 2R°E 122, (44)
z+R "k o?(z+R)® k2 o*(z+R)3
the asymptotic expansion of a(r, z) becomes disordered, so we have
1 1 n1E2 2
R + z i\/ ko2 k2ot )
According to (32) and (42), (45) can be written as
1 1 1 1
LT TV (46)

Zg Z)% Z42 R
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where z, is called the self-focusing length of the beam in the spherical wave case. If

;:12c > zg2 or E? < ;gh, self focusing is impossible because z, becomes a complex

number. If zf < z2, then we ma.y have two focal points when 0 < , / — % < -%, and
s

only one focal pomt when ;1; - = > ——— > 0. We will discuss the situation when
1

z} = 22 ot B2 = —{"— in the next sectlon

3. Self-trapping of a spherical beam

From the previous results, the asymptotic expansion of the phase o(r, z) is given by
1 1
¢(,2) = do + E¢1 e TC—2‘¢2- (47)

; —9r2 = r2 R?
if we use (15), (35) and (19) with f2 = E? exP[Z’Tl_i—%V] ~ E?[1 - E’%W]’ (47)
ecomes

T2 1.1n,E?Rz mE%R3r?z
P~ R —[ —
bime) S+ )+2( +R)+k[2 Zz+ R a2(z+R)3]
1, 2R3%z 2Rz
T [a4(z +R)® o2(z+ R)] (48)
With E? = 2, (48) can be simplified as
2 ¢ 2R
¢(r;z) s (24 B)+ o7——== 2t R R [m] (49)

From (41) we know that m = O(k) in the diffraction region. We now present
a boundary layer analysis of the field in the region where diffraction effects become
important. We set

1
o(r,z2)=(z+R) + m =+ E(f) (50)
where ¢ = O(1). According to (39) we have
RE R V2 1
\Z) RS R = 0(—=). 51
a(r, z) 2 R G+ R) avnJE (\/I_c) (51)
We also set 1
a(r,z) = ﬁ&, (52)
where 4 = O(1). Substituting (50) and (52) into (4) and (5), with d = }, we obtain
T 184, r 10y o L
O -srmet3:) T GrrtRa) e+
118% 11109, 0a
3 G ot 3 = 1 £ 0 53
k? a 022 kzarav"( 37') =)
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r2 1 8¢ a T 1 8¢, Oa ar?
2(1—2(2+R)2+E52—)6z+ (z+R+k6r)6r+(z+R)3
a 82¢ 2a al d
59 i = 4
tiait TRt kra( 3)=0 (54)

To simplify the above equations, we set

gl BebBe (55)
Then £ =1 a?e so that (53) and (54) become respectively
8 2R 3¢ 84, 2 110 —4
e i e - 56
S0+ 2R B Py om0 Ty 0p =0 (9

and

9 , 2 04, 004 a0 0p 2

")t e Ry

1 .
= s ~5Y =1
%[2a§+g+Ro BF “andr vBr By A

The leading terms in the expansions of é and & which we denote by do and ao satisfy

3¢  2r Opo B0, 118, dao

25 Y EiE, o T Nor)  Bgrmd Epd =D s
and
dag . 2r 03y , OBy Bdy o &, B,  2dp
§+ Ry Or 5 8r+r6r(rar)+£+Ro—0' (58}

~ 2
Let ¢p = )\ETR%-O where ) is an arbitrary constant and substitute it into (59). We obtain

(£+Ro)%(29+ra—a9+ao_0 (60)
Solving (60), we obtain
: 5. B
dilr = £f°RO Pl ) (61)

where I is an arbitrary function we need to determine. Substituting ¢o and & into (58),

and letting ¢ = E—ﬁ%—, we have

() + %ﬁ”(t) — 2AF(t) + g F3(t) = 0. (62)

The approximate solution of equation (62) is known (see [4]) and is given by

b @{0.85 exp[~0.25(2\)¢?] + 1.32 exp|-1.18(2))¢%]). (63)
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From (52), (55), (61) and (63), we have

/2/\ R2p?
R2¢2

G

+1.32 exp[—2.36/\ (64)

Thus, using (3), (50), (64) and qASo = /\ﬁ—, the field u(r, z) can be written as

2.4
4(r,z) —( )\/,{085exp[ 050/\ it R)2]

2 by R2
+1.32exp[—2.36A ———— S

ekl R et gl )

According to Akhmanov et al., a ﬁeld with spherical phase term ¢(r, z) = (2+R)+ 2(7’:1{—)
Flanrx )] where F' determines the field, is called a

; B o
and amplitude term a* = (1 +R 3

spherical beam. For example, if F(2) =e ~2* it is called a Gaussian beam. Thus, (65) is
obviously a beam with spherical wavefront propagating in a nonlinear medium. Because
the diffraction effects and self-focusing effects are balanced, there will be no spreading
and focusing under this situation. This means that the shape of the beam will not
change as it propagates over a long distance. The solution (65) may be referred to as a
self-trapped spherical beam.
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