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ON A CERTAIN CONVOLUTION OPERATOR
FOR MEROMORPHIC FUNCTIONS

MING-PO CHEN AND SHIGEYOSHI OWA

Abstract. A certain convolution operator D f(z) for meromorphic functions and
two subclasses M(a) and J(c) are introduced. The object of the present paper is
to derive some properties of the classes M(a) and J(a). The results of the paper
are the generalizations and the improvements of the former results.

1. Introduction

Let T denote the class of functions of the form
f(z)—l+ia . (1.1)
B % n=0 " '

which are regular in the annulus E = {z: 0 < || < 1} with a simple pole at the origin
with residue one there. For functions

1 — = .
fiz) =+ Zoan,jz (G=1,2) (1.2)
in the class ©, we define the convolution of fi(z) and f2(2) by
Aaha) =24y ; 13
1 zz)—;+Zoan,1an,2z s (1.3)

Using the convolution, we introduce the following convolution operator D f(z) by

D*f(z2) = Zl-—_lz—)—;ﬁ «f(z)  (a>-1) (1.4)
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for f(z) € . A function f(z) € ¥ is said to be in the class M(a) if it satisfies

Detlf(z) a+2
Re{ DoF(2) }<a+1 (1.5)

for some a(a > —1) and for all z € U = {z : |z] < 1}. The class M(a) when a = n €
No ={0, 1, 2, ...} was introduced by Ganigi and Uralegaddi [1].

Theorem A ([1]). M(n+1) C M(n) for each n € N,.
Further, a function f(z) € T is said to be a member of the class J(a) if it

satisfies :
(DL £y a+2
Re{ (D=f(2)) }< a+1 L5

for some a(a > —1) and for all z € U. The class J(a) when a =n € Ny was also
studied by Uralegaddi and Ganigi [4].

Theorem B ([4]). J(n +1) C J(n) for each n € N,.
In the present paper, we give the improvements of the above theorems.

2. The Class M(a)

We begin with the statement of the following lemmas.

Lemma 1 ([3]). Let o(u,v) be a complez valued function,
¢:D— C,DC C? (C is the complez plane 3

and let w = u; +1uy, v =v; +1v;. Suppose that the function ¢(u,v) satisfies
( i) o(u,v) is continuous in D;
( i) (1,0) € D and Re{p(1,0)} > 0; _ oo
(i) for all (iuz,v1) € D such that v; < —224 | Re{y(iuz,v1)} < 0.
Let p(z) = 1+ p1z + p22® + --- be regular in U such that (p(2),20'(2)) € D for
allzeU. If ‘

Re{p(p(2),2p'(2))} >0 (2€U),
then Re{p('z)} >0 (z€U). | |

Lemma 2 ([2]). Let w(z) be regular in U with w(0) = 0. Then if |w(z)|
attains its mazimum value on the circle |2| =r at a point zy, we have

20w’ (20) = kw(zo),

where k is real and k > 1.
Now, we derive
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Theorem 1. If f(z) € M(a+1), a > -1 and 1 < f(a) < &£}, then

a+l
Re {%)—af%;_)} < B(a) (z € U), (2.1)
where " .
ﬂ(a)=2a+ +\/(42(aaibi)) +8(a+1). (2.2)
Proof. For f(z) € M(a + 1), we define the function p(z) by
D°‘+1f(z) _
Def(z) B+ (1-P)p(z) (2.3)

with 8 = B(a). Then p(z) = 1+ p1z + p22® + -+ is regular in U. With the help of the
identity ;
2(D*f(2)) = (a + 1)D**1 f(2) — (e + 2)D* f(2), (2.4)

(2.3) gives that
a+3 D*t2f(z)
a+2 Dt1f(2)
1 (1 -B)zp'(z)
e+ - @+ DB+ A=) - g Gyl @Y

that is, that - ‘ £ o

a+3 D*t2f(z)
e {a ¥z D"‘“f(Z)}

{(a +2) = (a+1)(B+ (1 - B)p(2)) - (1 - B)zp/(z) } >0. (2.6)

1
=He B+(1-A)p

a+2
Now, we define the function ¢(u,v) by

o0 = g {@r D - @ ra-om- gt @D
which satisfies Re{p(p(z), 2p'(z))} > 0 for z € U. Also we see that
(i) ©(u,v) is contirous in D = (C — {E%I}) x C,

(i) (1,0) € D and Re{y(1,0)} = &5 > 0;

(iii) for all (fug,v;) € D such that v; < _1+_2u§,

Re{p(iuz, v1)} =;%_—2 {(a +9) = (a4 1) = o PE =P }

B? + (1 — B)2U3
B(1=B)(1 +u3) }

2(8% + (1 — B)%u3)

_1-AB+2a+ A=A} 5,

T 2a+2)(B+(1-8)ud) T

gﬁg{(a+2)—(a+l)ﬂ+
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because 2a+1)82 - (2a+3)8-1=0,a>-land1 < f < 22 < ety =
1+ ( . Thus the function ¢(u, v) satisfies the conditions in Lemma 1. Therefore

we have that Re{p(2)} > 0 (z € U), or, that

D=4 2a+ 3+ /(2a +3)2 +8(a + 1)
Re{ D7 (z) } = fa+1)

(2.8)

Corollary 1. M(a+1) C M(a) for a > -1.

Proof. Noting that 1 < 8(a) < 22, we have the corollary.

sl

Remark 1. Theorem 1 is the improvement of Theorem A by Ganigi and Urale-

gaddi [1].

Taking o = 0 in Theorem 1, we have
Corollary 2. If f(z) € M(1), Then

_2f'(2) 517
Re{ ( ) )} > 2 (z € E), (2.9)

that is, f(z) is starlike of order (5 — V/17)/4.

Applying Lemma 2, we prove
Theorem 2. If f(z) € T satisfies

DerLf(2) 142(a+2)(c+1)
Re{ D1 (z) } I CES)) el 8]

for @ > ~1 and c > 0, then the function F(z) defined by

F(z) = i t°f(t)dt (2.11)
0

C
zc+1

15 in the class M(a), where F(z) #0 (z € E).

Proof. From the definition of F(z), it can be verified that

2(D*F(z)) = cD*f(2) — (c+ 1)D*F(2) (a>-1). (2.12)

Therefore, using (2.12) and

2(D%F(2)) = (@+1)D**'F(2) — (a + 2)D*F(z) (a > -1), (2.13)

our condition (2.10) may be written as

(2.14)

Re (0“"2)3—:;%& (a+2-¢) ‘<1+2(a+2)(c+1)
(a+1) - (a+1—c)£.,,—f—}(,f)z—5 2a@+1)(c+1)
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We define the function w(z) by

D*tF(z) a+2 1 1-w(z) (a+1)+(a+3)w(2)
DeF(z) T o+l a+ll+w(z)  (a+1)(A+w(2)

(2.15)

Then w(z) is regular in U with w(0) = 0. Making use of the logarithmic differentiations
of both sides of (2.15), and simplifying we have

(a+2)-g—:-1-1%3§ (a+2-c)
(a+1)—(a+1 —c)D—Da;%(,%
_(a+1)+ (a+3)w(z) 2zw'(2)
T (e+ 1)1 +w(2)) (a+ 1)1 +w(2))(c+ (c+2)w(z))

(2.16)

Suppose that there exists a point 29 € U such that |1’11<a’.x||w(z)| = jw(20)| = 1. Then,
FARSEQ]

using Lemma 2, we have
2w (20) = kw(zo) (k> 1).

It follows from the above that

{(a+2)g—m;r§-§z—°% (a+2—c)}

(@ +1) = (@+1-¢) gy

~ - 2kw(zo)
= {a 717 e+ DA+ w())(c+ (e + 2)w(z)) }

_Rel® + 2 " 2kw(20)(c + (¢ + 2)w(20))
- (a+1)(1 +w(20)) | ¢+ (c+ 2)w(20) |?

1+2(a+2)(c+1)
= 2a+1)(c+1)

This contradicts our condition (2.10). Thus |w(z)] < 1 for all z € U, or

D“'HF(Z) 42
Re{ DoF(z) } a+1

(z€U). (2.17)
Remark 2. Taking a = n € Ny in Theorem 2, we have the result by Ganigi and
Uralegaddi [1]. '

Further, we have
Theorem 3. If f(z) € M(c), then the function F(z) given by

G(z) = "‘;j /0 £+ £(¢)dt (2.18)
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is in the class M(a + 1), where G(z) #0 for z€ E.

Proof. Since
(¢ +1)D*f(2) = (a + 1)D**1G(z2) (2.19)

and
(o +1)D** f(2) = (a + 2)D**2G(2) — D**1G(2), (2.20)

we see that

_f[a+2 D*tlf(2)
_{a+1_ L }>o (2.21)

for f(z) € M(a). It follows from (2.21) that G(z) € M(a +1).

R a+2_a+2D“+2G(z)+ 1
“\a+1 a+1D%¥G(s)  a+l

Remark 3. Letting a = n € Ny, Theorem 3 gives the corresponding result by
Ganigi and Uralegaddi [1].

3. The Class J(a)

For our class J(a), we prove
Theorem 4. If f(z) € J(a+1), a > —1, then

(D=+1§(z)
{ D7) } S

where B(a) is given by (2.2).

(zeU), (3.1)

Proof. Defining the function p(z) by

(DHfE)Y _ 32
D7y =B+ Bpe) (3:2)
with 8 = B(a), we see that p(z) =1 ;i-plz + p222% + -+ - is regular in U and

2D f(2)" _ (Df(2))" _ (1= B)pl(2)
(DFfR)Y ~ (Df(2)) ~ B+(1-Bp(a)’

(3.3)

Using that
2(D*f(2))" = (. +1)(D**' f(2))' - (a +3)(D*f(2)), (3-4)

(3.3) can be written as

(D=*25()y _ 1 e (1 e 4 (LB
e ERM RS CRCE O P L AL ST
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or
a+3  (D**2f(2))
a+2 (D)

{(a +2) - (a+1)(B+ (1 -B)p(2)) — ﬁ(izlﬂ—)zg;;z) } '

Therefore, using the same manner as in Theorem 1, we conclude that Re{p(z)} > 0
(z € U). Noting that 8 > 1, (3.2) gives

(D=+1§(z)Y _ 20+3+,/Za+32 8@t ])
re { gty } <7 -

4(a+1)
Since 1 < B(a) < 212, Theorem 4 gives

(3.6)

a+2

Corollary 3. J(a+1) C J(a) fora > -1.

Remark 4. Theorem 4 is the improvement of Theorem B by Uralegaddi and
Ganigi [4].

Letting @ = 0 in Theorem 4, we have

Corollary 4. If f(z) € J(1), then

zf"(z) 5— V17
Re {—(1 + —f'(z) )} b =T

or, f(z) is convez of order (5— V17)/4.

(z € E), (3.8)

Finally, Using the smae techniques as in the proofs of Theorem 2 and Theorem 3,
we have

Theorem 5. If f(z) € T satisfies

(D""'lf(z))’ 1+2(a+2)(c+1)
Re{ (D=f(2)y }< 2(a+ 1)(c+1)

for a > —1 and ¢ > 0, then the function F(z) given by (2.11) s in the class J(a),
where F(z) #0 (z € E).

(z € U) (3.9)

Remark 5. Taking a = n € Ny in Theorem 5, we have the result by Uralegaddi
and Ganigi [4].

Theorem 6. If f(z) € J(a), then the function G(z) defined by (2.18) is in
the class J(a + 1), where G(z) # 0 for z € E.

Remark 6. For a = n € Ny, Theorem 6 gives the corresponding result due to
Uralegaddi and Ganigi [4].
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