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A NOTE ON HARDY LIKE INTEGRAL INEQUALITIES

B.G. PACHPATTE

Abstract. The aim of the present note is to establish two new integral inequalities
of the Hardy type by using a fairly elementary analysis.

1. Introduction

IN [3] G.H. Hardy proved the following integral inequality. If p > 1, f(z) > 0 for
0 <z < oo and F(z) = [ f(t)dt, then

[ Gra<

unless f(z) is identically zero.

This inequality has received wide attention after the book “Inequalities” written in
1934 by Hardy, Littlewood and Polya [4, p. 240]. There exists a vast literature which
deals with the simple proofs, various generalizations and series analogues of Hardy’s
inequality (1) and its generalizations in several different directions, see [2, 6-9] and the
references given therein. Our objective here is to establish two new integral inequalities
which in the special cases reduces to the inequalities similar to that of the variants of
Hardy’s inequality (1) given by Adams [1, p. 402], Zygmund [10, p. 20] and Izumi and
Izumi [5, p. 279]. An interesting feature of the inequalities established here is that the
analysis used in their proofs is quite elementary and our results provide new estimates
on inequalities of this type. Throughout the presesnt note we shall assume that all the
integrals exists on the respective domains of their definitions.
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2. Statement of Results

Our main result is given in the following theorem.
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Theorem 1. Let a >0, p >0, g > 1 be real constants, f be a nonnegative
and integrable function on (0,a) for fizd a > 0. If F(z) = [ f(t)dt, then

/ * 2 PP+ (g)dz < MY / getapr(g) (L )+ f(@)}dz, 2)
0

0

where M = max{2$2 Hetaly

at+l? a4+l
A slightly different version of Theorem 1 is established in the following theorem.

Theorem 2. Let o, p, q, f be as defined in Theorem 1. If G(z f f(t)dt,
then

G(a:)

/ “aGrra(a)s < Mo [ “stier@{CE L ipa) - L Eayae, )
0 0

where M is as defined in Theorem 1.

Remark 1. We note that in the special case when p = 0, inequalities (2) and (3)
reduce respectively to the following inequalities

/ " 22 F9(z)dz < MY / * gty ( B8 & P, (4)
0 0

G(:v)

/0 " 2%G(z)dz < MY / “amt (€8 4 \f@) - L 5(D)1)de, (5)

where Mo = max{2+2 +1 i +1} It is easy to observe that the inequalities obtained in (4)
and (5) differ from those of given by various authors in [1-10].

3. Proofs of Theorems 1 and 2

If f is null, then inequality (2) in Theorem 1 is trivially true. We assume that f is
not null. Integrating by parts, we have the following identity:

/ [xa+1 a a+2]Fp+q l(x)f(x)

qm)

T (6)

/ [(a + 1)z ——(a+2) "“]

From (6) we observe that
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HARDY LIKE INTEGRAL INEQUALITIES 223

< ((7“% /0 * gt P (g)de

+ %{—3)) Oa 2o+ + %x]F”“‘l(x) e
< (%r% Oa 2o+ FPH(g)do

2 2?(5_}% /0 * gl prta=1(g) f(z)dx

< [[arprrrie T + f@)de

_ M/Oa[$a+1—a(1%1‘)pf,i (m){.Fla:Tl e f(g;)}]

[z P8 (1)) da. (7)
By using the Holder’s inequality with indices g, ;= —4_ on the right side of (7) we get
/ z* FPt(z)dz < M{/ c""“’F”(.’t){F(x) = f(a:)}qda;}%
5 :
{/ :c“F”"'q(a:)dx} ol (8)
0

Now dividing both sides of (8) by { [, z*F P"‘q(x)da:}g;_l and then raising the gth power
on both sides of the resulting inequality, we get the required inequality in (2). This
completes the proof of Theorem 1.

In order to establish the inequality (3) in Theorem 2, we assume as in the proof of
Theorem 1, the function f is not null. Integrating by parts, we have the followin identity:

f [zo+] — - a+2]GP+q Ya)[f(z) _lf(f)]dx
/[(a+1):1: ———(a+ 2) °‘+1]Gp:(;)dw. (9)

Now by following exactly the same arguments as in the proof of Theorem 1 given below
the identity (6) with suitable modifications, we get the desired inequality in (3). The
proof of Theorem 2 is complete.

Remark 2. It is interesting to note that if the function f involved in (2)-(5) is
integrable on (0,00), then letting a — oo in (2)-(5) we get respectively the following
inequalities

/00 z*FPH9(z)dz < M7 /°° z*TIF?(z) f9(z)dz, (10)
0 0

[ aeratas < e [~ @@l - 5, a
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/oo z*F9Y(z)dz < Mg /00 =*(zf(z)) dx, (12)
0 0
/000 z*Gi(z)dx < M{ /000 ot f(z) - %f(;)r’da:, (13)

where M and M, are as defined in Theorem 1 and Remark 1. Here it is to be noted that
the inequalities obtained in (12) and (13) are respectively similar to those of the variants
of Hardy’s inequality given by Zygmund [10, p.20] and Izumi and Izumi [5, p.279).
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