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THE SIMILARITY SOLUTION FOR NONLINEAR 
PARABOLIC EQUATION 

M.E. KHALIFA, M.S. SLEEM AND H.A. ZEDAN 

Abstract. We study the properties of Lie group and investigate the similarities 
of the flow of ground water equation in the form 

k 
ht = - [h2 + h2 ] 2m YY .,., 

1. Introduction 

In the study of partial differential equations, the discovery of explicit solutions has 
great theoretical and practical importance. In case of linear systems, general solutions 
can be built up by superposition from separable solutions; for nonlinear systems, explicit 
solutions are used as models for physical or numerical experiments, and often reflect the 
asymptotic behavior of more complicated solutions. Over the years, a variety of methods 
for finding these special solutions by reducing the partial differential equations to one or 
more ordinary differential equations have been deviced (see [1), [7], [8], [10]). 

In this paper we investigate the similarity for the flow of ground water (9] which was 
formulated by Forchheimer as follows: 

ah=~ [a2h2 + a2h2] at 2m 8x2 8y2 
(1.1) 

where h(t, x, y) is an unknown function which represents the ground water depth, m 
represents the porosity and k is a constant. It is obvious that equation {1.1) is nonlinear 
in h and is accordingly much more difficult to handle. 
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First, we will study the properties of Lie group and algebra associated with equation 
(1.1) (see [1], [6]). Second, we will investigate a new method of deriving similarities of 
partial differential equations which has recently been developed by [4]. The unusual char 
acteristics about this method in comparison.with the other [2], [3] is that it involves no 
use of group theory. This method has been successfully applied to obtain new similarity 
solution for several problems (See [5]). 

2. The Properties of Lie Group 

In equation (1.1) let h2 = u and ,! = S. We get 

Hu= -Ut + Svu(uxx +uyy) = 0 
Let 

a a a 
V =((x, Y, t, u) ax + rJ(X, Y, t, u) By + T(x, y, t, u) at 

a 
+</>(x, y, t, u) au 

(2.1) 

(2.2) 

be a vector field. We wish to determine all possible coefficient functions (, rJ, T, </>. Ac 
cording to the theorem 2.31. in [11], we need to know the second prolongation which is 
represented by 

We can apply the equation (2.2), (2.3) for the equation (2.1) to get 

(H )- S</>(x,y,t,u)( ) 
V U - -- ;:;; Uxx + Uyy 

2 yU 
(2.4) 

(2.5) 

Putting</>\ </>xx, <f>YY (See [11]) in (2.5) and equating the coefficients of various monomials 
in the first and second order partial derivatives of u, we get the most general infinitesimal 
symmetry of (2.1) in the form 

1 ( =2Ax-By +E, 

T =At+ D, </> = 0. 

1 
rJ = 2Ay +Bx+ C (2.6) 

It is easy to show that the Lie algebra of infinitesimal symmetries of equation (2.1) is 
spanned by five vector fields as follows 
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V3 = 8y, Vs= 8t 

Then the solution of equation (2.1) maps into itself, where this equation is invariant 
under the group of transformation 

x =x + c:((x, y) + O(c:2) 
y =y + c:11(x, y) + O(c:2) 
l =t + c:r(t) + O(c2) 
u =u + O(c:2) 

Then the characteristic equations are: 

dx dy dt du 
!Ax - By+ E = !Ay +Bx+ C = At+ D = 0 

We solve these equations to obtain the similarity transform which can be represented as 
follows: 

(!Ax - By+ E)2 
(i = At+D 

(!Ay +Bx+ C)2 
'T/i = At+ D 
u =F((1,'T/i) (2.7) 

Using (2.7) and (2.1) we get 

_ S(A2+4B2
) { 1n 1n 1 1 1n } H1 (F) = A (1 v F F(1(1 +'T/1 v F Friir,1 + 2../F F(1 + 2v F FT/1 +(1F(1 +rJ1Fr,1 = 0 

(2.8) 
It is obvious that the similarity transform reduces the independent variables by one; 
applying to equation (2.8) the same algorithim previously applied to equation (2.1) where 

a a a 
V = X((1, 'T/1, F) o(1 + Y((1, 'T/1, F) O'TJi + Z((1, 'T/1, F) {)F 

a a a a pr2v = v + z<i __ + zri1 __ + z<1<1 + zri1ri1 __ 
8F<1 8FT/1 8F(i(i 8Friirii 

we get: 
V(H1F) =(L\/FF(1(1 + F<1 )X + (L\/F'Fr,1r,1 + Fr,1 )Y 

1 ZL + 2 ./F ( (1 F(1 (1 + 'T/1 Fri1 r,1 + \/F F(1 + \/F FT/1) 
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pr2V(H1F) =LVF'Fc1c1x + Fc1X + LvFF711711 Y + FT/1 Y 
L 1 L L L L + 2Zc1F - 2F(1(1 + 2z1'/l - 2FT/17'/l + 2ZFc1 + 2ZFT/l 
L L + -z<1.JF + (1z<1 + _zT/1./F + 111Z711 
2 2 

+ £(1 #z<1<1 + £111 ,/FzT/11'/1 = o (2.9) 

and L = S(A
21482

) Substituting the values of z(i, ZT/1, z<1<1, Z711711 in (2.9) and 
equating the coefficients of the various monomial in the first and second order partial 
derivatives of F, we get the infinitesimal symmetry of (2.9) in the form, 

Z=O 

and hence the characteristic equation 

d(1 
X 

gives the following similarity transform 

d111 
- y 

dF 
z (2.10) 

() _.:_2CV(1 - 2D~1 

F =1/;(0) 

Substituting {2.11) into (2.8) we get the following ordinary differential equation 

L(C2 + D2)~1/;"(0) + 01/;'(0) = 0 

(2.11) 

where L,C,D are constants. 

3. New Similarity 

In this section we seek a reduction of the equation (2.1) to the form: 

u(x, y, t) = a(x, y, t) + /3(x, y, t)w(z(x, y, t)) (3.1) 

where a(x, y, t), /3(x, y., t) and z(x, y, t) are to be determined. First we prove that it is 
sufficient to seek similarity reduction of equation (2.1) in the form {3.1) rather than the 
more general form: 

u(x, y, t) = U(x, y, t, w(z(x, y, t)) {3.2) 

which is the most general form for similarity reduction (cf. Bluman and cole (9)). Sub 
stituting {3.1) into {2.1) and collecting coefficients of monomials of Wand its derivatives 
yields: 

sv'ff [w"(Uwz; + Uwz;) + W12 (Uwwz; + Uwwz;) 

+ W'(2UwxZx + 2UwyZy + UwZxx + UwZyy - Uwzt) + Uxx 
+ Uyy - Ut] = O; (3.3) 



SIMILARITY SOLUTION FOR NONLINEAR PARABOLIC EQUATION 235 

S = K' (') = .!!:_ 
m dz 

Remark 1. We use the coefficient of W" as the normalizing coefficient and there 
fore require that the other coefficient be of the form: 

Uw(z; + z;)I'(z, w) 

where r is a function to be determined. 

Remark 2. We reserve uppercase greek letters for undetermined functions of z so 
that after, performing operations ( differentiation, integration, exponentiation, rescaling, 
etc.) the result can be denoted by the same letter [e.g., the derivative of r( z) will be 
called r(z)]. 

Remark 3. There are three freedoms in the determination of a, /3, z and w we can 
exploit, without loss of generality, that are valuable in keeping the method manageable: 
(i) if a(x, t) has the form a= a0(x, t)+n(z )/3(x, t) then we can taken = 0 [by subsituting 
w(z)-+ w(z)-n(z)]; (ii) if /3(x, t) has the form /3 = /30(x, t)n(z), then we can taken 1 
[by substituting w(z) -+ w(z)/n(z)]; and (iii) if z(x, t) is determined by an equation of 
the form n(z) = z0(x, t), where n(z) is any invertible function, then we can take n(z) = Z 
[by substituting z-+ n-1(z)]. 

Using the coefficient of w" as normalizing coefficient, then the coefficient of w12 

requires that: 
SVUUw(z; + z;)I'(z, w) = SVUUww(z; + z;) 

and hence 
( Uww r z,w) = Uw 

Integrating twice and using remark (3) we get U(x, y, t, w) = B(x, y, t)I'(w, z) + </>(x, y, t) 
where (}, </> arbitrary functions. 
Therefore it is sufficient to seek similarity reduction of equation (2.1) in the form (3.1). 
After putting (3.1) into (2.1) and taking zy = 0 we can get the following: 

0 = - a; + s2aaxx + s2aa;Y + 2s2axx0'.yy + w'[-2atf3Zt 
+ 4s2aaxxf3xZx + 2s2aaxxf3Zxx + 4s2aayy/3xZx + 2s2a/3ayyZxx] 
+ w[-2atf3t + 2s2aaxx.Bxx + 2s2aayy,Byy + 2s2aaxx.Byy 
+ 2s2aayy/3xx + s2,Ba;x + s2,Ba;Y + 2s2,Baxx0'.yy) 
+ w'2 [-,82 Z; + 4s2a,B;Z; + s2a,B2 Z;x + 4s2af3f3xZxZxx] 
+ w2[-,82 + s2af3;x + 2s2a,B;x,8yy + 2s2axxf3f3xx + 2s2ayy,8,Byy 
+ 2s2axx.B.BYY + 2s2ayy,B.Bxx + s2a,B;y] + ww'[-2,B,BtZt 
+ 2s2a/3f3xxZxx + 4s2af3xf3xxZx + 4s2af3x/3yyZx + 2s2a,B,ByyZxx 
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+ 4s2 /3/3xZxO.xx + 2s2axxf32 Zxx + 4s2ayy/3/3xZx + 2s2 /32ayyZxx] 
+ w"2 [s2a/32 Z;] + w'w"[2s2a/32 z;Zxx + 4s2a/3/3xZ;] 
+ ww" [2s2a/3/3xx Z; + 2s2 /32axxZ; + 2s2ayy/32 Z; + 2s2a/3/3yyZ;) 
+ w"[2s2aaxxf3Z; + 2s2aayy/3Z;] + ww'2[4s2/3/3;Z; 
+ s2(33 Z;x + 4s2(32f3xZxZxx] + ww112 [s2(33 Z!] + ww'w"[2s2/33 Z;Zxx 
+ 4s2(32/3xZ!) + w2w"[2s2(32f3xxZ; + 2s2/32/3yyZ;) + w3[s2/3/3;x 
+ s2/3/3;y + 2s2/3f3xx/3yy) + w2w'[2s2(32f3xxZxx + 4s2f3f3xf3xxZx 
+ 4s2 f3/3x/3yyZx + 2s2 (32 /3yyZxx). (3.4) 

We can take the coefficient of ww"2 as a normalizing coefficient. Then coefficient w"
2 

becomes: 

and hence 
Q. = (3r(z) 

Therefore, using Remark (3), we get 
Q. = 0 

Substituting (3.5) into (3.4) we get: 

w'2 [-(32 Z;) + w2 [-/32] + ww' [-2f3(3tZt) + ww"2 [s2 (33 Z!] 
+ ww'2 [4s2(3/3;Z; + s2/33 Z;x + 4s2/3xZxZxx] 
+ ww'w"[2s2,B3 Z;Zxx + 4s2/32/3xZ;] + w2w"[2s2/32/3xxZ; 
+ 2s2 (32 ,ByyZ;) + w3 [s2 (3f3;x + s2 /3/3;Y + 2s2 f3f3xx/3yy] 
+ w2w'[2s2/32f3xxZxx + 4s2.B/3xf3xxZx + 4s2f3/3x/3yyZx 
+ 2s2 /32 /3yyZxx = 0 

Since the coefficients of w'
2 
and w2 yield 

(3.5) 

(3.6) 

Integrating and using Remark 3 it is easy to show that: 

z = t + b, 
Also the coefficients of w'

2 
and, ww' yield 

(b = const.) (3.7) 

-/32 z;r(z) = -2/3/3tZt 

Using Remark (3) and integrating, we obtian 

/3 = </>(x) (3.8) 
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where </>(y, t) is any arbitrary function, using (3.5), (3.7), {3.8), equation (3.6) becomes 

-q?(w2 + w'2) + w3(s2</></>;x) = 0 (3.9) 

This is an ordinary differential equation for w(z) provided that 

where -y(z) are to be detemined. Since Z = t + b, necessarily -y(z) = A constant. Hence, 
equation {3.9) becomes 

(3.10) 

Therefore the general similarity reduction of equation (2.1) is given by u(x, y, t) = 
</>(z)w(z), Z = t + b, bis constant. 
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