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RELATION ON SOME SUMMABILITY METHODS

W. T. SULAIMAN

Abstract. In this note a new theorem concerning ¢ — |C, a|r summability of
infinite series is proved. This Theorem contains as a special case the result of Bor
(1986) which gives a relation between the two summability methods |N,pn|r and
IC, 1]k.

1. Introduction

Let A = (ani) be an infinite matrix of complex numbers ani(n,k =1,2,---) and let
(¢n) be a sequence of complex numbers. Let ) a, be a given infinite series with sequence
of partial sums (s,,). We denote by A,(s) the A-transform of the sequence s = (s-),

An(s) = iam_s,. (1.1)
r=1
We say that the series ) a, is summable |A]|, if
i |An(s) — An—1(8)| < o0. (1.2)
n=1
and it is said to be summable ¢ — |A|x, k > 1, if (see [1])
3 [6alda(s) — Ana(]I* < oo, (13)
n=1

If we take @, = n'~1/* (resp. @, = n®t1~1/k where § > 0), then ¢ — |A|x summability
is the same as |A|, (resp. |4, d|x) summability (see [4], [5]).
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Let o8 and 7% denote the n-th Cesaro mean of order §(6 > —1) of the sequences
(sn) and (nan,) respectively. The series 3 an is said to be absolutely summable (C,6)
with index k, or simply summable |C, 6|, k > 1, if

oo

St ok — o8y < oo,

n=1

or equivalently

co

1 1k
— < 00
E:nlnnl

n=1

Let (p,) be a sequence of positive real constants such that
n
Pn=Zp,, —00 as n— oo(P-; =p_1=0).
v=0

The series Y an, is said to be summable |N, Pk, k > 1, if
— Pn k-1 i
E ;(5—) T — Tn-1|* < 00 (see [2])
n=1 L

where n
1
T = P_n 1);_()pvsﬂu-

If we take p, = 1, then [N, p,|x summability is equivalent to |C, 1|x summability. IN, Pnl1
is the same as |V, p,|. In general the two methods |C, 6|x and |V, p,|x are not comparable.
Bor (1986) established the following result.

Theorem A. Let (p,) be a sequence of positive real constants such that as
n — 00

(i) npn = O(Pn), (41) P, = O(npy). : (1)
If 3 an is summable |N, pn|x, then it is summable |C, 1|k, k 2> 1.

2. Main Result

We prove the following

Theorem B. Let (x») be a positive non-decreasing sequence and let (B,)
and (\,) be sequences such that

|AXn| < Bn (2.1)

Bn—0 asn— o0 (2.2)
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co

> n|ABalxn < 0 (2.3)
n=1
[Anlxa = O(1). (2.4)
If there exists an € > 0 such that the sequence (nc~*|pn|*) is non-increasing and
= P,
S v e ATt = Oxn), m— o0 (2.5)
v=1 s

where (p,) is a sequence of positive real constants satisfying (I), and T, 13
the (N,pn)-mean of the series 3 a,, then the series S an), is summable ¢ —
IC.alx, k=1, 1-1/k<a<l

Remark. fweput a = 1,\, = 1,0, = w1~k and x. = 1 in Theorem B, we

obtain Theorem A.

3. Lemmas

Lemma 1[6]. If the conditions (2.1)-(2.4) are satisfied, then

nfnxn = O(1), (3.1)
and -

) Baxn < o0 - (32)

n=1

Lemma 2(7]. If o > 6 >0, then

m Y |
Z @—-z—)— =0(1*7), m— o0 (3.3)

n=v+1 L

4. Proof of Theorem B

Let t& be the n-th (C, a)-mean of the sequence (nanA,). Then in order to prove the
Theorem, it is sufficient to show that

oo

1
> lentalt < o0, (41)
n=1
where
1 n
th=—a D AZTv aghs,

n y=1

o« (n+a) _(a+1)(a+2)---(a+n)  n°
A”—( n )_ n! T'(a+1)
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As -
T'n,:_l—zpv arz_Z(P P'u la"v;

=0 ™ »=0

- :
E P,,_lav.
-1 v=1

3
@
Il
=)
3

then

n—n4=Pp

Abel’s transformation gives

1

& = Aa;Aa- lva,\, = n;a 10, {vASZE PN )
-1

[l

1
1

: d

I
S
M

Ao BT g

n—v—1

{vf_AAa INAT,_ +vAXZ)_ A AT, — Fos
n lo=1 b Pu Py

+ ('U + 1)Pv - Ag_.ll, IA)\vATv—-l} %+ ng_nAnATn—l]

v
=t:.,1 + tz’z + t3‘3 + tg:,4 + t;'ll.,S’ say.
In order to prove the Theorem, it is sufficient, by Minkowski’s inequality, to show that

— 1
> Slents f <o, j=1,2.3,4,5.

n=1
Applying Holder’s inequality, we have

m=+1

1 o |k
Z _}c'(p'ntn,l'
n=2 o
m+1 |<p - 1 k-1
n k a—1 k k =
< Z nE(AZE 2 Z" ( VAV ] [ W VAV (Y {,,ZI'AA I}
m+1 ]k n—1 P - n—1 k-1
=0(1) Z pyTET > v k(;)l)k(n — )2 2|\ |F|AT, | {Z(n - v)“‘z}
v=1 4 v=1
m+1 k a—2
nl (n—v
-—0(1)2 P T Y L T e 'iHM) 0<a<l,
n=v+1
(when a=1, tﬁ:’l =0, as AA%"! =0)

m+1 1

m i P
1)) vk (p Dol oo FIAT, 1 |* D g
v=1

n=v+1
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—ou)ZlA L ’°°‘( )" o ATy_1|*

m—1

=0(1) z Alxo + O(1)|AmlXm

v=1

m—1

=0(1) Y [AXlxv + O(W)Am|xm

v=1

=0(1) D _ Buxv + O(D)Am|xm

v=1

In view of (2.1), (2.4), (2.5), (3.2), (3.3) and the boundedness of A, (see [3])

mil m+1I i 1 e ged Al
3 plential <3 S > o AT MIIAT |{ ~Zs }
ne? n =1 v=1 "
m—+1 k
I(pnl An—v-—
=O(1)Zv"|,\,,|’°|ATv_1I'° Z TpEAs
v=1 n=v+1 n
m m+1 k a-—1
oal*(n—v
oW Y- HalaT o Y el
v=1 n=v+1
€ k- = (n—v)*!
w; I)Zvlz\ll% MATl* Y e
n=v+1
=0(1)Z|x\v|'°|%|’°|ATv_l|’°
v=1
=0(1) ZM Che ’“( =) oy AToa
—0(1)Z|A v~ ’“’( U Yo AT, |*
=O(1), as in the case of ¢y ;
m-+1

1
& ealt P

tel sopesf k-1
1 [ k, k k A'n—v—l
Z Fl(p”t“v‘*‘ Z nk(Aa) Z( ) An—-v 1|A | |AT,, 1 { _71—‘1’1—

n=2 v=1

=0 v \k k k = |‘pn|k|An-—v—1
= (1)Z(p—) MolF| AT, f Y
v=1 ©°

k fa
n=v+1 L An
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m+1 _
S e—k k k —'U)
_0(1)2 ( 2) Pol*lga[FIATu | IR — -
v=1 n=v+1
—0<1)Z "“( ) ol | AT ¢
-O(l)ZP\ o'~ k( )k Yoo Ay
=O(1), as in the case of ¢, 5
m1
1
3 lonts ff
n=2 nk
m+1 k n—1 1 o | k—1
a—1 k k) +

m+1 k a-—1 k

3 - wnl*|(AnZy-1)

=o<1)§3(5—)'°|AA,,|’°|AT,,-1|'° e
v=1 v

T (AR
B B P I )
DY oGV IANIAT I 3 e
y=1 n=v+1
m ; . i m+1 v)ka—k
1>Zv+“(,, AN N0u | AT Zl———nmm_
n=v+4

=0(1) Zvl M ANl AT
—0<1)Z|AA [P+, AT,

=0(1) 3 0ot 4 (2 AT,y

v=1
m

=0(1) ) 1A(vBy)|xo + O(1)mfBmxm

v=1

=0(1) ) BoXo + )_(v + 1)|AB,|xw + O(L)mBrmxm

v=1 v=1

=0(1),
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in veiw of (2.3), (2.5), (3.1), (3.2) and (3.3).

= 1 a |k - 1 k Pn k k
> —glentns] S;(—A—%FIA"' (5.) |on AT 1]

n=1
| . 1—keey Pr yk—1 k
=0(1) 3 Paln! ™ (S2) o AT
n=1 o
=0(1).
This completes the proof of the Theorem.
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