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CERTAIN CLASSES OF MEROMORPHIC FUNCTIONS
WITH POSITIVE COEFFICIENTS

NAK EUN CHO AND IJI A KIM

Abstract. Let ZP denote the class of functions of the form

(= =]
i3, ke k
f(z)=— +zakz (ax 20, a-1>0)
k=1
which are analytic in the annulus D = {z | 0 < |z| < 1}. Let X3 and Zp,2 denote

subclasses of &p satisfying f(z0) = zl—o and f'(z0) = _?12_ (-1<20<1, z0 #0),
0

respectively. Properties of certain subclasses of £p,1 and Ip,2 are investigated and
sharp results are obtained. Also a new characterization for certain subclass of Zp

is proved.

1. Introduction

Let ¥ denote the class of functions of the form

[e o]

Fla)= 9’;—1 + Y arz* (a-1 #£0) (1.1)
k=1

which are analytic in the annulus D = {z : 0 < |z| < 1}. The Hadamard product or
convolution of two functions f, g in ¥ will denoted by f * g. Let

1
z(1 - z)»H!

Uralegaddi and Ganigi [3] observed that

D™ f(z) = + f(z) (z€ D,n € Ng ={0,1,2,---}). (1.2)

n!

n+1 (n)
D™ f(z) = % (Z—i—&z—)) (z € D, n € Ny). (1.3)
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Also, we note that D°f = f.
Let T, be the subclass of & consisting functions of the form

f(z) : ———+ = S apz (qk'z 0, a.j > 0). - (1.4)
k=1

Let 37 (n, A, B, @) denote the class of functions f € >, such that

z2(D"f(2)) _ 1+ [B+ (A - B)(1 - a)]w(z)
D™ f(2) 1+ Bw(z)

(1.5)

(-1<A<B<1,A+B>0,0<a<l, n€Ny),
where z € U = {z : |2|] < 1} and w € H = {w analytic in U, w(0) = 0 and |w(z)| <

1,z € U}.
For a given real number z0(—1< 2 < 1 20 #0), let £, 1 and ¥, 2 be the subclasses
of T, satisfying f(z) = + s and f'(20) = ——;, respectively.

Let ¥,.1(20,m, A, B, a) and X, 2(z0,m, A B, a) be the subclasses of L, defined as
follows:
Ep,i(z0,n,A,B,a) =X,(n,A,B,a)NZ,; (1 =1,2). (1.6)

In this paper we obtain necessary and sufficient conditions for functions to be in
Xp(n, A, B,a) and T, ;(20,7n, A, B,a) (i = 1,2). We determine extreme points and radius
of conexity for the classes X, ;(20,7, 4, B,a) (i = 1,2). Also closure theorems are proved
for these subclasses. Further a new characterization theorem is proved for the class
Zp(n, A, B,a). Techniques used are similar to those of Silverman [4].

Remarks. (1). Taking n = 0, = 0 and a_; = 1 in the class > p(n, A, B, ), we
can obtain the results studied by Cho [2].
(2). Takingn = 0,4 = —3,B = B(0 < B < 1) and a_; = 1 in the class
Zp(n, A, B,a), we can get the results studied by Mogra, Reddy and Juneja [1].
2. The Main Results
We now introduce the following notations for brevity:
Dp=Mm+k+1)[(k+1)(B+1)+(A-B)(1-a),

= nl(k + 1)(B — A)(1 — a), Fi = Dy + Expzit.

Theorem 2.1. A function f € £, is in Z,(n, A4, B,a) if and only if

Z D’““’“ (2.1)
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Proof. Suppose f € X,(n, A, B,a). Then
z(D"f(2)) _ 1+[B+(A- B)(1 — a)]w(z)

Dnf(z) 1+ Bw(z) (2.2)
(-1<A<B<1,A+B>0,w(z) e H0<a<1,z€el).
From (2.2), we get
(D" §(z))' + D*£(2) -

&) = " BB )Y + B + (A- B)(1 - @)D"/ (2)

and |w(z)| < 1 implies

i %(k + 1)ax2*

etz = (B—-A)(1-0a)%t -, SHED (K +1)B + (4 - B)(1 - o)jaiz* s
(2.4)
Since |Re(2)| < |2|, we have, from (2.4),
- e %’%’;‘#—(k + 1)agz*+!
(B—-A)1 - a)acy — Tpoy SHEEF((E+1)B + (4 - B)(1 - a)laxz*+!
(2.5)

We consider real values of z and take z = r with 0 < r < 1. Then, for sufficiently small
r, the denominator of (2.5) is positive and so it is positive for all r with 0 < r < 1, since
w(z) is analytic for |z] < 1. Then (2.5) gives

(o o]
Dyaprtt!
S Deartt 28
k=1 Ek 3

Letting 7 — 1, we get (2.1).
Conversely, suppose f € £, and f satisfies (2.1). For |z| = r,0 < 7 < 1,(2.6) is
implied by (2.1), since 7¥*! < 1. So we have

n+k+1) +k+1 1

kzzl (—:—!—(ﬁ—l—)!l(k + 1)axz** Z (’; s 1),) (k + Darr** (2.7)
= +k+1)! k+1)B+(A-B)(1 -

<(B-A1-aj,-3 T { n,(,:+ 1)5 el

<|(B-A)(l-a)ar -, (n+k+ DYk :'(1,:1_3; JI)SA B)1 )] k41|

which gives (2.4) and hence follows that

z2(D"f(2)) _ 1+[B+(A-B)(1- a)|w(z)

Drf(z) 1+ Bul2) (2:8)
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(-1<A<B<1,A+B>0,we HO0La<l,z€el).
That is, f € £,(n, A, B, a).
Theorem 2.2. A function f € T,1 18 0 Tp1(20,7m, A, B,a) if and only if

(o o)
Fray

<1. 2
Pt (2.9)

k=1

Proof. Let f € £,1(20,n,4,B,a). Then for fixed z(-1 < 20 < 1,20 # 0),
flzo) = 22 + 302, arzg. Since f(z0) = &, we havea_; = 1- 3737, arzett. Since
f € Z,1(z0,n,4,B,a), f € Zy(n,A,B,a) and so from Theorem 2.1 and the relation
a_y=1-350 arzgt!, we get (2.9).

Conversely, let f € £, and let (2.9) be satisfied. Since f(20) = zl—o, we get Y po;
arzg ™! =1 —a_;. Substituting for (1 — a—;) in (2.9), we get (2.1). By Theorem 2.1, we

have f € &,(n, A, B,a) and hence f € ¥,,(z,n, A, B,a).

Corollary 2.3. If f € £,1(20,n,A4, B,a), then
Ex
ar < — (k € No —{0}), (2.10)
Fy

with equality for the function

Dy + Ekz’“"'l

e (k € No — {0}). (2.11)

f(z) =

Theorem 2.4. A function f € T, is in £,2(20,n, 4, B,a) if and only if

i (Dx — kEkzcl;"'l)

<1 :
Ek ar < 1 (2 12)

k=1

Proof. Suppose f € £,2(20,n, 4, B,a). Then, for fixed 20(—1 < 20 < 1,2 # 0),
Flen) = —“—;gl + 3% karzg ™!, Since f'(z0) = —%, wehave a_; =1+ Y 4o, kaxzg ™.
Since f € ¥p2(20,7, A4, B,a), f € £,(n, A, B, a) angi so Theorem 2.1 holds for f. Hence,
substituting a—y =1+ Y 5o, karzEt! in (2.1), we get (2.12).

Conversely, let f € £,2 and let (2.12) be satisfied. Since f'(2) = —;lg, we have
e kagzgtt = a_; —1. Substituting the value of 352 ; kar24*" in (2.12), we get (2.1).
From Theorem 2.1, f € ¥, 2(20,n, 4, B,a). '
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3. Closure Theorems

Theorem 3.1. The class ¥,1(z0,n, A, B,a) is closed under conver linear
combination.

Proof. Let the functions f;(2) = a—1:L + 3 pe; ak,iz" (ak: > 0,a_1; > 0) be in
the class £, (20,7, A, B,a) for ¢ = 1,2,---,m. We have to show that if the function h
is defined by h(z) = 1w, bifi(2) (b; > 0), where 37", b; = 1, then h also belongs to the
class £, 1(20,n, A, B,a). From the definition of h(z), we have

d_ (o]
h(z) = — + dezk, (3.1)
# k=1
where d, = 31, biax:. Since f;(z) arein £, 1(20,n, A, B,a) fori = 1,2,---,m, we have
from Theorem 2.2,
oo F ,
Y i<y, i=1,2,,m. (3.2)
k=1 Ek

Therefore we have

< ibi =1. (3.3)

This show that the function h belongs to the class ¥, (20,7, 4, B,a) and the theorem
is proved.
By the similar method of Theorem 3.1, we can prove the following.

Theorem 3.2. The class T,2(20,n, 4, B,a) is closed under conver linear
combination.

Theorem 3.3. Let fo(z) =1 and

Dy + Ekzk"'l

fr(2) = o,

(k=1,2,---). (3.4)

Then f € $,1(20,n, A, B,a) if and only if it can be expressed in the form f(z) =
> oo Bk fr(2), where each px >0 and 35, px = 1.

Proof. Suppose f(2) = Y peo tk fi(2), where pr >0 and > .2 o ux = 1. Then

f(2) = pofo(z) + Zﬂkfk(z) (3.5)
k=1
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o sz
(o o] co
k 1 Er &
= e - 4+ —UEZ

Now

Also by definition, we have fi(2z0) = 5. Therefore

Fla) = Yo mfiuleo) = 3 e = o (3.7)
k=0 k=0

This implies f € £, ;. By Theorem 2.2, f € £,1(20,n, 4, B, ).
Conversely, let f € £,1(20,7,4,B,). Thena_; =1 - i o akzg"" Define

F co
pe = —ak, k>land po=1- ) m. (3.8)
Ej k=1

From Theorem 2.2, we have y 77, px <1 and so po > 0.
Now

Skl _ k+1

R +Zakz =uo—+z.uk 1+ ——a]

(e o)
Dy + Ekzk“
—.uo % 4 ’; Bk e

=po fo(2) + Zﬂkfk(z) = Zukfk(z)- (3.9)
k=1 k=0

This completes the proof of the theorem.
In a similar manner, we can prove the following theorem.

Theorem 3.4. Let fo(z) =1 and

Dy + Epz*t!

fk(Z) Z(Dk _ kEkZ +1)

(=19 (3.10)

Then f € Zp2(20,n, A, B,a) if and only if it can be expressed in the form f(z) =
Y o bk f(2), where each px >0 and Y po o px = 1.
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4. The radius of convexity of the classes ¥, ;(z0,n, 4, B,a)(i = 1,2)

253

Theorem 4.1. Let f € }_,. If f € 3, ,(z0,7n,4,B,a), then f is meromor-

phically convez in the disk |z| < r, where

D ]L‘-l”l

=t e

The bound is sharp for the function given by (3.4).

Proof. To prove the theorem, it is sufficient to show that

2f"(2)

7(2) <1

2+

for |z| < r. Then we have

Zk i k(k + 1)ax|z|*+!
- Ia 1— O oreq kagzktl|

2f"(2)| _
2)

2+

Consider the values of z for which

1

Dy, E+1
<inf | —————
o<t [ rem]
that is,
|z|k+1 Dy
= k(k + 2)Ex
holds. Then - -
k k+1
; a2l z:: k+2)Ek
Now -
Zkak|z|k+1 & oy
k=1
provided
- Dkak
< G-
; (k + 2)Ex '

(4.1)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.9)
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or

ar <1- Zakzk“ =a_1

tq|b

and since
o0

Dkak Dkak
Z « (k +2)Ex kz :

(4.10)

(4.11)

(4.8) holds. Therefore we can rewrite the denominator of the right hand side of inequality

(4.3) for the considered values of z, using the fact that

(o o]
a—1 > Z kai|z|**1.

<1,

k=1
Thus &
sy 2G| o T bk + Daglal!
() | 7 a1 — 3052, kak)z|*+!
if -
> k(k +2)ax|2|**! < a-s.
k=1
If f € Z,1(20,m, A, B,a), (4.14) is equivalent to
Z[k(k+2 N2l** + 26 ax < 1.
k=1
By Theorem 2.2, f € £,.1(20,n, 4, B, ) if and only if
[ o]
Z (& + zk“) ar < 1.
E;
k=1
Hence the inequality (4.15) is true if
k(k + 2)|z]**! + 28+ < <E B g
for all k, that is, if
By
2] < __De
k(k + 2)Ex
for all k. This result is sharp for the extremal function
Dy + Epz*t!
fule) = 22— (ke No—{0}).

sz

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Similarly, we can prove the following theorem.

Theorem 4.2. Let f € £,. If f € Tp2(20,7, A, B, ), then f is meromorphi-
cally convex in the disk |z| < r, where

1

Dy 17
k(k + 2)Ek]

The bound is sharp for the function given by (3.10).

P = 1nf [ (4.20)

5. New criteria for £,(n, 4, B,a)

In order to prove our new characterization theorems, we shall need the followinng
lemma due to Mogra, Reddy and Juneja [1].

Lemma 5.1. A function f(z) of the form (1.4) is meromorphically starlike
of order B if and only if

S (k+B)ax < (1-Bla-y (0B <) (5.1)
k=1

Théorem 5.2. A function f(z) of the form (1.4) is in the class £,(n, A, B, )
if and only if (f *g)(z) 1s meromorphz'cally starlike of order B for the function

o) =1 Z GO0t 0<p <. 52)

Proof. In view of Lemma 5.1, a function f(z) of the form (1.4) is starlike of order

B if and only if
Z(fig) ar <a_j. (5.3)

k=1
Thus, using Theorem 2.1, we have

-
Dkak
f(2) € £,(n, A, B,a) & kzzj A < @1 (5.4)

» 2 (1%5) (5om.) s

& (f * g)(2) is meromorphically starlike of order 3.

This completes the proof of Theorem 5.2.
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