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ON EXISTENCE OF POSITIVE SOLUTIONS OF NEUTRAL
DIFFERENCE EQUATIONS*

J.H. SHEN, Z.C. WANG AND X.Z. QIAN

Abstract. Consider the neutral difference equation
A(zn — cn—m) + PnZTpn—t =0, n2N (%)

where ¢ and p, are real numbers, k and N are nonnegative integers, and m is
positive integer. We show that if

Z |pa| < o0 (%%)

n=iV

then Eq.(*) has a positive solution when ¢ # 1. However, an interesting example
is also given which shows that (**) does not imply that (*) has a positive solution
when ¢ = 1.

1. Introduction

For the last few years the oscillation and nonoscillation of solutions of delay difference
equations are being extensively investigated [1-3,5-8], for a recent survey, we refer to [4].
In particular, the oscillation of solutions of the neutral difference equation

Az, ~CTpom) + PnTn-—k =0, B2 N (1)

have been intestigated in [9-10], where ¢ and p, are real numbers, k and N are non-
negative integers, and m is positive integer. A denotes the forward difference operator
AZn = Tny1 — To. However, the results for the existence of positive solutions of Eq.(1)
are relatively scarce in the literature, we refer to [10,11], see also Cyori and Ladas’s book

[4].
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Our aim in this paper is to study the existence of positive solutions of Eq.(1). In

section 2 we show that -

Z |pn| < 00 (2)

n=N
implies that Eq.(1) has a positive solution when ¢ # 1. In section 3, an interesting
example is given to show that it is possible that Eq.(1) has no positive solutions under
the hypothesis (2) when c = 1.
Let p = max{m, k}, by a solution of (1) we mean a sequence {z,} which is defined
for n > —p and which satisfies Eq.(1) for n > N. Clearly, if

&= Ay forn=—py...,~1,0 (3)

are given, then Eq.(1) has a unique solution satisfying the initial conditions (3). We
assume throughout that p, cannot be eventualy identically zero. A nontrivial solution
{z,} of (1) is said to be oscillatory if for every No > N there exists a n > Ny such that
TnTns1 < 0, otherwise it is nonoscillatory.

2. Positive solutions of Eq.(1)

In this section we study the existence of positive solutions of Eq.(1) with ¢ # 1. The
main result in this section is the following theorem.

Theorem 1. Assume that (2) holds with ¢ # 1, then Eq.(1) has a positive
solution. |

Proof. The proof of this theorem is rather too long and will be divided into five
claims.

Claim 1. Show Theorem 1 for the case 0 < c < 1.
Indeed, choose a positive integer Ny > N sufficiently large such that No —p > N

and
s 1~@
s
D Il <=

n=Np

Consider the Banach Space IY of all real sequences z = {z,} where n > N with sup
norm |z|| = sup,>y |&n|. We define a subset S in IJ as

S={zxel¥ :2(1-c)/3 <z, <4/3,n> N}

Then S is a bounded, closed and convex subset of IY. Now we define an operator
T:5—IN Forzes,

T, = 1—C+cxn—m+2?:npixi—ka 'I'LZN(),
i £ N<n< N,
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Clearly, T is continuous. For every z = {zn} € S,n > Ny, we have

Tz, <1 c+4c+éi| |
" ‘3i=n a

3

4 4 1—c¢c 4
<1— o -_— —_— -
< c+-3c+3 2 3

— 4 1 2(1-¢)
c- —-c
>1- - =
Tz, >1—c+ 3 7 3
Hence, 2(1 —¢)/3 < Tz, <4/3forn > N,andso TS CS.
Now we will show that T is a contraction mapping on S. In fact, for any z,y € S

and n > Ny, we have

oo
lTxn = Ty'n.l S clzn—m - yn——m' t E |p1| ' lxi—k = yi—kl
1—-c¢ 1+ 3c

< e+ =l —yll =

It follows that .

14 3c
| Tz — Tyl < 1 lz — yll.

Since 0 < (1 +3¢)/4 < 1, we see that T is a contraction on S. Therefore, by the Banach
contraction princile, T has a fixed point z € S, ie., Tz = z. It is easy to see that
& = {x,} is a positive solution of Eq.(1) and so the proof of Claim 1 is complete.

Claim 2. Theorem 1 holds for the case ¢ > 1. Let Ny > N be such that No+m —
k > N and

e o]

l1-c¢
2, ImlE—

n=Ng+m

Consider the Banach Space IY as in the proof of Claim 1. Set
S={zx el :c/2<z,<2forn>N}

Then S is 2 bounded, closed and convex subset of IX. Define a mapping T : S — IN as
following

fe=1+4lzaym 12 PiTick, 12N,
Taw =
T2y N <n < Np.

Clearly, T is continuous. For every z = {z,} € S and n > N, we have

Txn$c—1+2—c+12c i |2
¢ ¢ i=n+m

g—1 8e+l
4 = 2

<c-1+4+2+2 < 2c
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d
= 1 & 1 c—1

c 2 © T4
Hence, ¢/2 < Tz, <2cforn > N, and so TS C S. Now by a proof similar to the proof
of Claim 1, we see that, for any z,y € S,

=§, for n > Ny

3+c¢

Tz — Tyl <
ITz — Ty|| < 1

Jlz -yl

Since 0 < (3 + ¢)/4c < 1, it follows that T is a contraction on S. Therefore, by the
Banach Contraction Princile, T has a fixed point z = {z,} € S. It is easy to see that
this z is a positive solution of Eq.(1) and the proof of Claim 2 is complete.

Claim 3. Prove Theorem 1 for the case —1 < ¢ < 0.
Let Ng > N be such that Ny — p > N and

co
l1+c¢
E s

n=N~Np

Let [Y be defined as in the proof of Claim 1. Clearly, the set
S={zelll:2(1+c) <z, <4forn >N}
is a bounded, closed and convex subset of I¥. Define T : S — I

n TxNO, NSTLSNO

Clearly, T' is continuous. It is easy to see that T maps S into itself, and for any z,y € S,

1-3c
4

ITz — Ty|| < iz -yl

As 0 < (1 —3c)/4 < 1, the Banach Contraction Priciple can be applied to obtain a fixed
point = = {x,} of T'. It is easy to see that this {z,} is a positive solution of Eq.(1). This
completes the proof of Claim 3.

Claim 4. Theorem 1 holds for the case ¢ = —1.
Indeed, let Ny > N be such that Ng +m —k > N and

(oo}

Z |pn| <

n=Ng+m

N

Let I be defined as in the proof of Claim 1.Then

S={zel :2<z,<4forn>N}
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is a2 bounded, closed and convex subset of IN . Now we deifne a mapping as following

11.+2m 1
T-TNOJ N S_ n S NQ

Since, for any z = {x,} € S and n > No,

n+2mj—1

Tz, <3+ Z > 4l

1= lz"n+(2] l)m

00
<3+4- Y. Inil
i=No+m
<3+4 1—‘4
-_— 4 S
and
n+2mj—1 * B )
Tzn 23 -4 Z oo ml23-4- ) Ind
j=1li=n+(2j-1)m i=No+m ‘
1
o O
—_— 4 7

it follows that T maps S into S. It is also not difficult to see that for any z,y € S we
have

ITz - Tyl < 7 - llz - ull

Therefore, the Banach Contraction Princile can be applied to obtain a fixd point z € S
of T', that is,

n+2 -1
(3T T i, 12 B
mNoa i N S n S NO

It follows that

foe) n—m+2mj—1 ‘ n+2mj—1
Tn + Tn—m =6 + E . E PiZi—k + E . Di%ik
j=1 |i=n—-m+(2j—-1)m i='n.+(‘2j,—1)m‘

(o o]
=6 + Zpgazi_k, for n > Ng + m,

i=n

From this we see that ¢ = {z,} is a positive soluton of Eq.(1) on n > Ny + m, and so
the proof of Claim 4 is complete.

Claim 5. Complete the proof of Theorem 1 when ¢ < —1.
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Let Ny > N be such that No + m —k > N and
£ —c—1

Y. Ipal <

n=No+m

Let I be defined as in the proof of Claim 1 and let
S={zell:-2(c+1) <z, < —4c,n >N}

Clearly, S is a bounded, closed and convex subset of I. Define a mapping T on S as
following

T — —3c+ 14 2Tnim + X jonim PiTi-ky N> No
== g N<n<Ng

By an argument similar to that in the proof of Claim 2 we can easily show that the all
hypotheses of the Banach Contraction Principle are satisfied. Therefore, T has a fixed
point z = {z,} € S. It is easy to see that this {z,} is a positive solution of Eq.(1) for
n > Np + m and the proof of Claim 5 is complete.

Combining Claim 1-5, we see that the proof of Theorem 1 is complete.

3. An example

The aim in the section is to show by the folloing example that Theorem 1 does not
hold when ¢ = 1.

Example 1. Consider the neutral difference equation

Ay, —Zp_1)+ —ZTp_1=0,0>2 (4)

1
nin?n
Herem =k =1,c=1, and p, = 1/nIn%n, Since

Sp=3

n=2 n=2

< 00,
nln’n

it follows that (2) holds. Next we will prove that Eq.(4) has no positive solutions.
Otherwise, assume that (4) has a positive solution = {z,} satisfying z,_; > 0,n >
Npy > 2, for some Ny > 2. Set

Zp = T — Tn—i, forn > Ny

Then by (4) we have

Azy=————2,_1 <0 for n>Np (5)

nln“n
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We consider the following two possible cases:
(i) If 2, is eventually negative, then by (5) we see that there exist & > 0 and positive
integer N; > Np, such that
zn < —aforn > N;
This is
Tn < —Q+Tpn_1, forn >N

By using the Induction Principle, we get
Tp4N, < —Na+ TN, — —00a8N — X0

which contradicts the positivity of {z.}.
(ii) If 2, is eventually positive, then there exists positive integer N > N; such that
2, > 0 for n > N». Now we let

lim z, = B € [0,0)
n—0oo
and sum (5) from n > N3 to oo, we have

ﬂ—‘zn'*‘zl-cml‘k-—l:o (6)

k=n

this implies that

co

2,

n=N

57— Tn—1 < 00
2nln n

On the other hand, since z, —Tn—1 > 0, for n > Na, it follows that there exists a positive
constant M such that z, > M for n > Ny, Substituting this into (6) we find that

1
kln® k

1

di
tln¢

2 2B+M Y 2ﬁ+M/
k=n »

M
='B+Il-l—;)._, forn > Ny + 1,

that is,

M

It follows that

x >M[ L P e - +
™= Inn  In(n-—1) In(n +1— (n — Nz)) o
Y gt

, forn >Nz +1
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Hence, we find that

Tn1>M n—Na—! | fiap Nytd (7)

nln?n nln®nln(n — 1)

A F e N, —a=Ne—l _ — o, it follows from (7) that

nln® nln(n—-1) —
= 1
E p) Tpn—1 = O
n

Ny nln

This contradiction shows that the case (ii) is also impossible. The proof which Eq.(4)
has no positive solutions is complete. ;

The following example 2 shows that it is also pos51b1e that Eq.(1) has a p051t1ve
solution when (2) holds and ¢ = 1.

Example 2. Consider the neutral difference equation
A(Zp = Tp—1) + PnZn-1=0,021

Here p, = n(n Y (Zn_l 1)~1 It is obvious that (2) holds, and this equation has a positive
solution z, = 3 &, 1/z,n =12,

Remark. Combining the Theorem 1 and Example 1, we know that

is an necessary condition. for the oscillation of all solutions of Eq.(1) when ¢ # 1.
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