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EIGENVALUE ESTIMATES FOR HIGHER ORDER
ELLIPTIC EQUATIONS*

HSU-TUNG KU, MEI-CHIN KU AND XIN-MIN ZHANG!

Abstract. In this paper, we obtain good lower bound estimates of eigenvalues for
various Dirichlet eigenvalue problems of higher order elliptic equations on bounded
domains in R™.

1. Introduction
Let M be a bounded domain in the Euclidean n-space R™ with smooth boundary

OM, n > 2, and A be the Laplace operator defined by

n 92
Au:—za—u_ u € C2(M).

Let {Xi},O <Al <A <+, be the eigenvalues of the Dirichlet eigenvalue problem (a
classical membrane problem)

{Au:Xu in M,
u=0 on OM.

The Weyl’s asymptotic formula asserts that

1 2/n
: —2/ny ..
lim k=27, = C, (IMI) , (1.1)
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where C,, = 472 /(wn)?/™, w, is the volume of the unit disk R" and |M| denotes the
volume of M. A consequence of (1.1) is the following (cf. [71):

k 2/n
o _nt2 T\ n 1
kll»ngo(k i zﬁl = n+ 20" (lM|) ' W)

Thus, any good estimate of the eigenvalue x should be compatible with the Weyl’s
formula (1.1) or (1.2). The famous Polya conjecture states that

_ k 2/n
)\kZCn ('l'—MT) 3 k=1,2, (13)

This conjecture holds for some special domains in the plane [10]. In 1983 [8], Li and Yau
verified that (1.3) holds in the average sense (cf. (1.2)), that is,

~ _ nk k \2/m
Ai n ’ =L,4... .
L (lMI) k1,2 (1.4)

1

k
=1

Now let T'(z) and R(z) be polynomials of degrees ¢ and r respectively with non-negative
coefficients, say

i T
T(z)= Y. @m-rt™ Ge—r =1, and R() = ) bjo’.
s

m=r+1
In this paper we shall consider the following general eigenvalue problem:

[T(A)u=p(T,R)R(A)u in M,
E(T’R)'{(ga;)su=0 on 8M,s=0,1,---,t—1,

with eigenvalues {ux}, 0 < p1 < pp < -+, where py = pi(T, R), and % denotes the
unit outward normal derivative on OM. Let p > 0 be a fixed integer, p < 7. If b; = 0 for
j < p—1in R(z), then R(x) = Rp(x), where

R,(z) = ij:rj.

Hence, if we set
Hk,p = l‘l’k(Ta Rp)v k= 1121 o=y

then
Pk = k0, and pkp = Pkp-1 = **° = Pk,0- (1.5)

We propose the following general eigenvalue estimates:



EIGENVALUES FOR ELLIPTIC EQUATIONS 269

Generalized Polya Conjecture. The eigenvalues {uk,p} satisfy the inequalities

t—r k 2m/n (t—'r)/(t—p)
{Zam(cn)m(l-m) } Jo=1.2,~-,
m=1

HKk,p >

S| =

where b = Rp(1)-

t—7 min (t_T)/(t"P)
1 Tt o™ B &= /
Set Qip(M) =7 > = n) T ;
m=1

and
/\k,p = #k(T, a:p),k =1,2,--+,

We shall verify that the Generalized Polya Conjecture holds in the average sense for
many domains M in R™. More precisely we have

Theorem A.Let a and B be any positive real numbers and A1, > 1. Then

k
l) g#f’,p > k{Qk,p(M)}aakz 1,2,---.. (16)
k
i) 3 A <RQupD) k=12, (1.7)
i) Sty > (Qup(M)H k= 1,2,00 (19

The estimates of prp for some special cases are also contained in [3] [4] [6] [7].

The generalized ratio of the consecutive eigenvalues pik+1,p and pi p is defined as
the quotient pr+1,p/ #2/ z(,t—r). We have the following interesting estimate of the upper

bounds of the generalized ratio which is independent of the integer k.

Theorem B. If 1, > 1, then

t
Hk+1,p r/(t— 4
—=r) <b /(t—T) {1 + —3 Z m(n + 2m — 2)am_,} , (1.9)
k,p m=r+1

where Mk p = uk(z?Pt!, zP).

The hypotheses \; , > 1 and 71, > 1 in Theorems A and B respectively are unnecessary
if i p = Nip, i.e. R(x) = Rp(z). As an immediate corollary of Theorem B we obtain the
following inequality:

Mk+1, 4
= igl+ F(p—i— 1)(n + 2p). (1.10)

Mk,p
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This generalizes the following inequality of Payne, Polya and Weinberger [10] because
Me+1,0 = Ak+1 and o = Ag:

il g
Ak

g -

S|

2. Eigenvalue Estimates

For any fixed integer p,0 < p <, set
& it 0 ees / u(z) AP v(z)dz.
M
A function u is said to satisfy the condition (*m) if
9 \s
(=)’vu=0o0n oM fors=0,1,---,m — 1.
ov

Suppose the function u satisfies (xt) and < u,u >= 1. Then we can verify the following
inequality (cf.[3]):

<, APy SLcu, Ky 5B 1 e iamp (2.1)
Lemma 2.1 (cf. [3]) For k > 1, we have

t ’
/\k,rZ Z am-——r("k,r)m_r- (22)

m=r+1
Thus /\Ic,r 21 Zf M,r b

Proof. The inequality (2.2) follows easily from (2.1), maxi-mini principle and the
Rayleigh Theorem.

Lemma 2.2 (cf. [3]) For any k=1,2,---,
1) Lk,p < 71,‘/\k,p if mp 2 1;
i) prp 2 §(kp) R 4f Xy > 1.

Proof. Let
(u,v):/ u(z)Ry(A)v(z)dz.
M

and {u;}¥ (resp. {v;}¥) be a set of orthonormal eigenfunctions associated with the
eigenvalues {\;,}¥ (vesp. {i:,}¥). By maxi-mini method, there exists v = Z§=1 ciuj
such that (v,v;) =0for¢=1,2,---,k—1, and < v,v >= 1. From (2.1) we have

(<v,Av>) P <<y, APy >, j=p+1,---,r1, (2.3)
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and (2.3) also holds for j = p because 1 =< v,v >. Moreover from Rayleigh Theorem
and hypothesis we obtain

< v, A0 B= / v APy >, > 1 (2.4)
M
Hence it follows from (2.3) and (2.4) that (v,v) > b, and so,

k
< Ju?TBp Sy i€ Joy wiT(D)u; < Zj=t1 S ip
FERS (v,v) = b - b

1
< Zf\k,p

because Z?zl 2 = 1. This proves (i). The proof of (ii) is similar.

If R(z) = Rp(z) = P and pk,p = Aip, Lemma 2.2 holds trivially. Hence the
assumptions 71,, > 1 and A1, > 1 are unnecessary. Observe that (ii) also holds under
the hypothesis 7,0 > 1 by Lemma 2.1.

Lemma 2.3 If 10 > 1, then
Xy Z Ko B Qi P,

Proof. Let R,(z) = zP. Then A, = prp. Notice that b = R,(1) = 1. Since
M, > 1, by Lemma 2.2 we have

B < Mo < (pry0)/ P, (2.5)
But prp = pk,o by (1.5). Hence pgp = Ag,p. This proves the Lemma by (2.5).
Proof of Theorem A. Let

t—r 2m/n
NAm m( k
Pep(M) = Z n+2m(cn) (|M|) '

m=1

It was proved in [4] (and [6] for p even) that

k
ZAi,p 2 kPk,P(M)‘l k= 1721 Tt (2.6)

t=1

Hence we can show as in [6] using [4], that for any positive real number d > 0, we have

k
ZA;{P 2 k{‘Pk’P(M)}d!k = 1’2""- (27)
i=1

and

k
1
> 7= kP (M)} %k = 1,2,. (2.8)
=1  uHP
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i) Since A;p, > 1, it follows from Lemma 2.2 that p;p Z %(/\i,p)(t"/ (t=7) hence by

(2.7), we obtain

k k

1 -7 - k o(t—r -
S b 2 3 > () ) > o Pp (M)}
=1 =1

= k{Qk,p(M)}a'
ii) Since A1, > 1, again by Lemma 2.2 we have
1 b*
<
a = ya(t-r)/(t—p)’
Bip  Aip
hence by (2.7),
k k 1 '

1 o a —a(t—r)/(t—p) — —a
> S8 oy S B P (M} = Qe (M)}

= 5
=1 Pip i=1

i,p
iii)

k
S 42, 2 k{Qup(M)}* = K{Qrp(M)} P{Qrp(M)}**7
=1

k
= {Z —}3_} {Qrp(M)}*+7 Dy(i).

=1 y’i,p
from which the desired inequality follows.
As a corollary of Theorem A we have:

Theorem 2.4. Let 0 < p < r be as above, and let A\, > 1.

k — 1, 2’ sy
k t—r 2m/n m/[(m+r—p)
k n ol &
> o2 § 2 om | @ (i) b
Proof. Set

Ck,m+‘r = uk($m+r1RP)v 1<mst—r1.

Theorem A implies

k n k
E 7,m 1'>— n ml— 2
Civmet —b{n+2m(c) (|M|) }

=1

Moreover, from [3, Theorem 7] we have

k t—r

k
D ip 2 DY amGimer
=1

=1 m=1

Then for

(2.9)

(2.10)

(2.11)
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Thus, we establish the inequality (2.9) using (2.10) and (2.11).
Now let

L= (-l)t Z Ca D™ (ca’s are constants)
|a|=2t

be an ellipitic differential operator, that is ,there exists a constant ¢ > 0 such that

S cal™ 2 cléf*, forall = (61,1 &n) € R™. (2.12)

|a|=2t

Here a = (aj,---,@s) is an n-tuple of nonnegative integers; la| = a3 + -+ + an, and
D* = D& ...D%», D; = 8/8z;. Let Ax,’s be the eigenvalues of the Dirichlet problem
(where 0 < p <7 <)

L,=AR,(A) inM

u satisfies (xt).

Theorem 2.5. For k=1,2,---, we have

l) Ak,_t Z CCk,t, (213)
and
ii) Z;?:l Aj:> sic.{E_T&:;;(]T’}[)Z(t—r)/n}(t—r)/(t—p)_ (2.14)

Proof. Let {w;}* be the orthonormal eigenfunctions corresponding to the eigen-
values {(;:}¥ and let w € C%(M) be an non-zero function satisfying (#t) and (w,w;) =
0,j=1,2,---,k — 1. Since w|@M = 0, we can extend w to R™ by letting w(z) = 0 for
z € R*\M. Let #%(z) denote the Fourier transform of w(z). Then

(éi_,w) (6) = ig@(€), i=v-1,

hence
DAw(€) = 1P a(¢). (2.15)
Moreover, for any h > 0,
IVARw(E)] = €+ @(E), (2.16)
|DAhw(E) = |612H@(E)!. (2.17)

Write D%w = DP+7w with |8| = |y| = t. By integration by parts and the Planchel
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Theorem we have

(—1) /M w(z)D*w(z)dz =/M(Dﬁw)(D“w)dm

1

=7 | {[D°w+ D"u}® - [DPw — D"w]’}dz
Rn

=i {|DPw + Dw? — |DPw — Drw|?}de
R™

=% /M(ﬁTuDvw + DPwDw)de

—Re | DPwD wd
e/M wDYwd§
— /M EHDEPdE  (by(2.15))
= / £x1a(€) [Pd.
M

Observe that ,
[ terta©rds = [ watvs
M M

For instance, if ¢ = 2h, then
| teraterds = [ qertiaenias
M M
= [ 1ERu@re by (214)
= / | AP w(z)|?dz (by Planchel Theorem)
M

=/ w At wdz. (by Green’s Theorem)
M

It follows that

a— s 2
/M wLwd:r-/ Z ca & |W(E)|“dE

M |o|=2¢

e /M ERBE)PdE (by(2.12))

=c/ w At wdz.
M

From the mini-max principle we have

Jyy wLw |0 # w € C?*(M),w satisfies (xt) }

Ai, = infp sup { (w, w) E C C*(M),dimE = k

(2.18)
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and
. [y w A w0 #w e C?(M),w satisfies (xt)
Ck,p = inip Sup{ M(w,w) . EcC c?t((M)),dz'mE —k } '

This implies (2.13) by (2.18). Thus, the inequality (2.14) follows from theorem A and
(2.13).

We conjecture that Theorem 2.5 remains true for the differential operator L which
is self-adjoint and uniformly elliptic, that is, it satisfies (2.12) and c!s are functions
co(z) € C*(M) and there is a constant K > 0 such that’

E:lca(:::ﬂ2 < K, forall z € M.

We shall show that this conjecture is true for ¢ = 1. Since L is self-adjoint, we may
assume that L is in the divergent form, that is,

Lu= - Di(cij(z)Dju),
1,3

where the matrix (c;;(z)) is symmetric. Let {T\k} be the eigenvalues of the eigenvalue
problem: '
{ Iu=Auv in M (2.19)
=0 on OM.
The following result generalizes the result of Li and Yau (1.4).

Theorem 2.6.

i) Ak >che, k=1,2,-++, (2.20)
and

s k3 ckn g NP

11) ijl AJ Z mcﬂ (WT) ) k= 1127' "t (2.21)

Proof. Let {¢x} be the orthonormal eigenfunctions corresponding to {Kk}. Since
the quadratic form

Qw) = /M wLw

satisfies Q(vr) = Ax = Ar < ¢k, 9k >, hence the mini-max principle also holds for the
eigenvalue problem (2.19). Thus,

- iy wLw [0 # w e C2(M),w|dM =0
A’“_meS“p{<w,w>’ E C C*(M),dimE = k.

Nouw for any w € C?(M),w # 0 and w|0M =0,

/ wlw =/ ZCi,j(:v)Diijw > c/ | v w|? (by(2.12))
M Im M

=c/ w A w.
M
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Hence it follows from the mini-max principle that we have the inequality (2.20). Thus,
we can establish the inequality (2.21) via the estimate (1.4).

To conclude this section we verify the following comparison theorem for eigenvalus
Ck,t’S-

Theorem 2.7. Let0<p<'r <m<t and b, =1 in Ry(z). Then we have
)th>(th)t/m k=12
ii) S8 (Cee)® = k™ O/ T 1((z )s}/m k= 1,2,---, and s > 0 is any real
number.

Proof. i) Let W; be the subspace of L?(M) generated by wi,ws," -, wk, and so

(ws, wj) = 6; ;. Let w = Zf___l ajwj € Wy and [, w APw =1. Then

E
a? = (w,w) 2/ wAPw=1,
M

5=1
hence
(m—t)/t
wA™w w At w)m/t k
fM( ) S (fM ( ) ) S Za.? (Ck,t)m/t g (Ck,t)m/t- (2.22)
w,w w,w o

Now for u # 0, u € Wk, let |[u]|> = [,, u AP u and set w = u/|ju|. Then wa APw=1
and

Jued™e JywA™w
(w,u) (w,w)

(2.23)

Since w;’s also satisfy (*m); hence (i) follows from the mini-max principle, (2.22) and
{2,933,
ii) By (i) and Holder’s inequality.
The special case of Theorem 2.7 (i) when p = r = 0 was proved in 3] and [2] (for
= k= 1)

3. Generalized Ratio

Theorem 3.1. If g1, > 1, then

m
2

4 : z e t=m
Lit1,p — DTT f/.ck,p e Z m(n+2m—2)am_r{Z(bui,p)t—r} k.

m=r+1 =1

Proof. The following result is proved in [1]. The special case L = A was obtained
by Payne, Polya and Weinberger in [10].

m/t
4 t k
Aet1,0 = Ao £ 7= > m(n+2m—2)am—r {Z A,-,o} f(t—m)/t, (3.1)

m=r+l =1
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Thus, it follows from Lemmas 2.2 and 2.3 that

1 i 1
Bk+1,p S g)\k-l-l,p S _b_(Ak-f'l.O — Ak,O) + EAk)O

: k m/t
<—= Y m(n+2m-2)am {ZA,-,O} K 4 b)\ko (by (3.1))

m=r+1 =1

IA

m/t
4 : : t/(t—p) t—l-'i o P
Y Z m(n +2m — 2)am—r {Z A; k 5/\

m=r+1 =1
i k

m/i
& -r = B . T
= bkn? Z m(n +2m — 2)am—r {Z(bm,p)t/(t )} k 0=, o

m=r-+1 i=1

This establishes the Theorem.

Proof of Theorem B. Since A\ > 1, form the proof of Theorem 3.1, we get

k
s = 1
vt € gy 3 et m = Do Aol + D
) m=r+1

¢
1 4 -
< 7 {1 + 1 Z m(n +2m — 2)am-r} /\Z/J(f P) (by Lemma 2.3)
m=r+1
t

1 4 e
< 3 {1 -+ o m;ﬂ m(n + 2m — 2)am_,.} (bpok,p) = (by Lemma 2.2)

4 t
_ ar/(t—r t/(t—r)
= 5L ){1+—n2 E m(n+2m—2)am_r}pkp

m=r+1

This concludes the proof.

From [5], we also have the following inequality:

t—1
Ak+1,1 — /\kl_k 2Z(m+1(n+2m)am{2,\“} T

By repeating the arguments above using this inequality we have

Theorem 3.2. If g, > 1, then
i)
Bkl = br/(t—'r) t/(t—r,)

4 A . =1
fmZmH(mm)am{; b 7 P
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ii)
t—r
Bk+l,p pr/(t—r) 4
“;/(t_r) <b 1+ T2 Zl(m+1)(n+2m)am
’p m=

As a special case if ;1 p > 1, we have

Nk+1,p

& ;
1 e
nzj; n+2

This inequality is much sharper than the one in (1.10) if p > 1.
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