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OSCILLATION AND COMPARISON THEOREMS FOR
NEUTRAL DIFFERENCE EQUATIONS

B.G. ZHANG* AND PENGXIANG YAN

Abstract. In this paper we study qualitative properties of solutions of the neutral
difference equation

i=1

{A(yn —PYn—k)+ Y GhYn—k; =0
Yn=An forn=-M,...,-1,0

where p > 1, M = max{k,k1,...,km}, and k,k;,7 = 1,...,m, are nonnegative
integers. Riccati techniques are used.

Introduction

In 2 number of recent papers [2-10], the oscillation and nonoscillation of solutions of
delay difference equations are being extensively investigated. In paticular the oscillation
of solutions of the neutral difference equation

A(Yn — CYn—k) + PnYn—m =0 (1.1)

has been investigated in [3, 6, 8, 9, 10], where p, > 0, ¢ € (0,1), A denotes the forward
difference operator Ay, = Yn+1 — Yn. Equation (1.1) was considered by Brayron and
Willoughby [1] from the numerical analysis point of view.

In this paper we consider the case that ¢ > 1 in (1.1), or the equations which we
will consider are neutral difference equations of the form

A(Yn — PYn—t) + I _ Go¥n—k; =0, n=0,1,2,... (1.2)

=1

Received June 30, 1993; revised March 26, 1994

1991 Mathematics Subject Classification. Primary 39D10.

Key words and phrases. Neutral difference equations, oscillation, comparison theorems.
Research was supported by NNSF of China and Fundation of Shandong Province

343



344 B.G. ZHANG AND PENGXIANG YAN

Lt M = max{k br,....Bals dn = {10}, k = max(ey, ) ki- where k, k; are
nonnegative integers 1 = 1,...,m and p > 1.

By a solution of (1.2) we mean a sequence {y,} which is defined for n > —M and
satisfies equation (1.2) forn =0,1,2,..., clearly, if

Yp = Ap, forn=-M,...,-1,0 (1.3)

are given, then equation (1.2) has a unique solution satisfying the initial condition (1.3).
A nontrivial solution {y,} of equation (1.2) is said to be oscillatory if for every N > 0
there exists an n > N such that y,y.4+1 < 0, otherwise it is nonoscillatory. In this
paper sufficient conditions for all solutions of (1.2) to be oscillatory and (1.2) to have a
nonoscillatory solution are obtained respectively. As a consequence we prove that the
oscillation of equation (1.2) with periodic coefficients is equivalent to the equation with
constant coefficients. Finally, a comparison result for the oscillation of equation (1.2) is
derived.

2. Main Results

We assume through out this paper that (H) Y . ¢% can not be identically zero on
[Ny, Np] with N3 < Ny where N;, N, are any two positive integers

Lemma 2.1. Assume thatp>1, ¢* >0, i€ I, and

m

qu; = BO. (2.1)

=N 1=1

Let {y.} be an eveniually positive solution of (1.2). Then z, < 0 and Az, < 0
eventually, where

Zn = Ui ~— D (2.2)

Proof. From (1.2), Az, < 0. If z, > 0, then y, > py,_, which implies that there
exists an d > 0 such that y, > d > 0 for all large n. Hence from (1.2)

Azn+d) g <O0. (2.3)

=1

(2.1) and (2.3) lead to that z, — —oo0 as n — o0, a contradiction. Therefore z, < 0
eventually. The proof is completed.

Lemma 2.2. In addition to assumptions of Lemma 2.1, we further assume
that

¢S Gy 1€ In, n=N,N+1,.... (2.4)
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Let {y,} be an eventually positive solution of (1.2) and z, is defined by (2.2).
Set

iy, = BB (2.5)
Zn
The eventually
1 n+k—1 1 m nt+k—k;—1
Wp =2 I_an+k H (1 + wi) + 5 qu; H (1 + wi). (26)
i=n i=1 i=n

Proof. From (2.1) and (2.2) we have

m .

== z q:z,yn—k,
=1
m .

— Z q:z(yn—k,- — PYn—k;—k . pyn—k.'—k)

= Z q‘n,z‘n-— : pz q-n,yn—-k -

- Z e pz T

=1 =1
m .

=i Z q;zn—k.- + pAzn.-—k-

=1

Exchanging terms in the above inequality we obtain

Az k
A'zn = — + - an+kzn+k k;
p =1
Azn Az +k
2 = an+kzn+k ki (2.7)

By (2.5), Zn+1/2n = 1 + w, and hence

Zn+k

= (1+wn+k_1)..‘(1+wn). (28)

n

Substituting (2.5) into (2.7) we obtain (2.6). The proof is finished.

Remark 2.1. If m = 1 and ¢, > 0 for all large n, then (2.4) is not necessary.
(2.6) is replaced by

n+k—1 n+k—k;—1

dn dn
Wy 2 —— Wntk 14 w;)+ — 1+ w;). 2.9
Sy, T+ 2 aem. o

t==13 i=n
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Theorem 2.1. Assume that
(1) p>1L,k>2k+2;
(2) ¢ >0,n=N—k,N—k+1,...,¢, < g, _4,i€In,n=N,N+1,...;

nt(i5E]-1 m
iminf Y O _d)>0; (2.10)
j=n =1
(3)
'n.+T 1

_ {;(1+ +—Z(— Z Qo)L+ )5} > 1.

inf
Tl>N [.L>0 = kk ;,1611".

Then every solution of (1.2) s oscillatory.

Proof. Suppose the contrary. Let {y,} be a positive solution of (1.2). It is easy to
see that (2.10) implies (2.1). Then Lemma 2.2 holds, i.e., (2.6) holds. Define sequence
{/\g)},n =N,N+1,...,1=1,2,... as follows:

(A0} = {0},n=N,N +1,...,

n+k—1 n+k—k;—1

AUHD) = ,\(‘lk H (1+A0)+ 2 an+k I a+). (2.11)

=n

n=NN+1,...,1=12,...

Define a sequence of numbers as follows:

pr =0
) nHTo1
prea=inf  m .,zezm[ pr(1+ pe)* + Z(— Z Cor) (1 + )]
=21 R (2.12)
Condition (3) implies that
0 = jiy € jig < conn

(2.6) implies that
A <y, 1=0,1,2,..., n=N,N+1,...

and
n+T-—1

¥, B0 s, i =012, (2.13)
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where T = k,k — ki,i € I,,n = N,N +1,... From (2.12) and condition (3), if p* =
klim L exists and p* is finite, then

m n+T-—1
: ; 1 ko L ! ' k—k;
* = inf “pt(l+ ot - (= L)@+ %)
i JIZINT=k,kn—nkI:,ieI,,.{p“( kol +P;(T ; qﬁk)( &) )
hence

n+T-1

1 1 1 .
in ; Lo+ =S 3 dh)@+mry<y,
n__>_}\1}1,u>0 T=k,’§Elin1,i€Im{p( IL) joJ) i=1(T — q.’l+k)( IJ') } =

a contradiction. Therefore klim pr = +00. Hence from (2.12) and (2.13) we have
—CO

and hence from (2.8)

Entr

— 00 as m — 0. (2.14)
Zn

On the other hand, z, > —pyYn—k, therefore from Lemma 2.1

m ) 1 m 1 m i
Az, =— ZQny‘ﬂ-—ki < .I_)Zq:‘z""'k“k‘ o (5 Z Qn)zn+k_1}'
1=1 =1 i=1

Hence i
n+[25E]-1 L p "
s iy “ntk—k
2 (qu,)z b <1, (2.15)
ji=n =1 n+[-5=]

. 1 1 ]
".+k""k/ n+ __“'"]

which contradicts (2.14). The proof is completed.
For m = 1, from (2.9) the following theorem holds.

Theorem 2.2. Assume that
(1) p>l.k>k +2;
(2) g~ >0 and

nt[22]-1

lim inf Z gj > 0;

n—oo :
J=n
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(3)
B T L - (1+p)ehe "R
infmin {———"< gl —
n>N,p>0 {p(k - k) ; Qi+k pu(k — k1) i=n % ( :

Then every solution of (1.2) is oscillatory.

Theorem 2.3. Assume that
(1) p>1, k> ki€l

(2)
lim inf (Z q)
(3) there erist p >0 and N such that
1 Lo 050" |
- (1+ = Y1+ p)F R <1 (217
n>N, T=k,£—k;,ie]m[p w'* p ; 7 Z qJ+k( w)* %] (2.17)

Then equation (1.2) has a positive solution.

Proof. Define
DOy ={0},n=N,N+1,...,

1 ; n+k—1 n+k—k; -1
AG+D — ;,\( ) H (1 4M% 4 anH [T a+x"
1.—1 i=n

n=N,N+1,...,1=1,2,...
Clearly MY < A{*Y 1=1,2,...,.n=N,N+1,.... We claim that

n+T 1
Z AD <y n>N. (2.18)

i=n

In fact, [ = 1 is true. Assume that (2.18) is true for some I, then

1 n+T—1 1) n+T—1 ) i+k—1 itk—k;—1
i i
T Z A T Z { ’\z+k H (1""\( ))"’ Z‘LH—. H (1+/\§ "}
i=n i=n j=i

n+T 1 m
u 1 ; -
S;(l + )k + T Yo Qod)a+mt R <
Jj=1

i—y

Hence {/\Sf’}—e» {An}asl—o00,n=N,N+1,..., and

1'n.+T—1
= Z Ailp, n>N

=n
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and

n+k—1 n+k—k;—1

An :—/\n+k H (1+A an+k H (1+/\‘L)v n 2> N.

i=n i=n

Set zy =1, 2% =14 As, n=N,N +1,..., therefore

z om Az
Zo=zn= [+ 2n), A= —2,
“M =N Zn

hence (2.19) becomes

Az, 1Azn+k Tl Zn+k—k;
L Z In+k

ZN P Zn+k Zn p i Zn

-

and hence

1
Azn = —A2n+k i = E qn+kzn+k k;
1.—1

m
pAzn == Az'n.+l<: + Z q:1,+kzn+k——k,' )

=1

which implies that equation (1.2) has a positive solution

n-—1
=l = H(1+)‘i)’ B Nl
i=N

For m = 1, we have the following
Theorem 2.4. Assume that
(1) p> l,k > kl,'

(2} Bt i, S0
(3) There ezist p >0 and N such that

sup {

Uk + 250 aapiP-® £ 1,
n>N an+k pu

Then equation (1.2) has a positive solution.
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(2.19)

(2.20)

Corollary 2.1. If m = 1,p > 1,k > k1,9, = ¢ > 0, then every solution of

(1.2) zs oscillatory if and only if

. 1 k, 9 k—k;
nz}\,ﬁ)o{p(l +p)" + p#(l +p) > L

(2.21)
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Remark 2.2. Theorem 2.2 includes Theorem 4.1 of [8] and Theorem 4 (a) in [4],

since g -
mm(l'*'ﬂ) = (k= k1 )*™

e (k—k; — 1)f—Fi-1°

Remark 2.3. Equation (1.2) with constant coefficients has been studied in [3].
The result in Corollary 2.1 is better.

As an application of Theorem 2.1 and 2.3 we consider equation (1.2) with periodic
coefficients, i.e., we assume that there exists an integer 6 > 0 such that

ghrs = qp, @ € Iy, for any n. (2.22)

Then

| =

n+6—1 . _
3. G=F (2.23)
j=n

is a constant, ¢ € I,,.

Theorem 2.5. Assume that p > 1 and there exist positive integers mo and
mi,t € Im such that k = meb, k; = mi6, k—k; > 2, i € I,. Then following
statements are equivalent.

(1) Every solution of (1.2) s oscillatory;
(2) Ewvery solution of the neutral difference equation with constant coefficients

A(Yn — pyn—ik) + Y §Yn—k; =0 (2.24)
2=1
18 oscillatory.

Proof. Suppose that (2.24) has a nonoscillatory solution. Then the characteristic
equation [6]

A=DA-pA™*)+) @r* =0 (2.25)
has a positive root. It is easy to see that A > 1. Set A = 14 u. Then (2.25) is reduced to

L+ +—Z (14 p)hh = 1, (2.26)

which implies that Theorem 2.3 holds. Hence (1.2) has a positive solution, a contraction.
If (2) holds, then (2.25) has no real roots. Therefore

A=-1)(1-pr7 %)+ iqi)\-ki 0, (2:27)

=1
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Setting A = 1 + p, then we have
1 m
—(1+u -;Z (1 4p)% 31, (2.28)

By Theorem 2.1, every solution of (1.2) is oscillatory. The proof is completed.

Remark 2.4. Using the average method to Theorems 3.5 and 3.6 in [8], it is not
difficult to show that Theorem 2.5 is true for p € [0,1] too, where k > k is not required.

Now we present a comparison result for oscillation of (1.2). we consider (1.2) asso-
ciated with

A(Yn — Pyn—i) + ZQnyn k: = 0. (2.29)

Theorem 2.6. Assume that

(1) k>k+2;
(2) P>1,Q:_,>QL >0, ¥ Q=00 and
J=Ni=1
P 7
;SQ:“SLn=N,N+1,...,i€Im. (2.30)

Then if every solution of (1.2) is oscillatory, so is (2.29).
Proof. Suppose not. I.ct {z,.} be a positive solution of (2.29). By Lemma 2.2,

1 n+k—1 nt+k—k;—1

unzﬁun% H 14+w)+ = ZQn+k H (14 u;)

i=n =n

where A
s (@ —pick) _
Ty — PTi—k
In view of (2)
1 ntk—1 1 nkoked
Un 2 Unik I @+w)+ EZQ:‘““ [ a+w. (2.31)
i=n i=1 i=n
Define
A0} = {ua}, n=N,N+1,...
and

n+k—1 m nt+k—k;—1

1 Ry
A= o0 [T a0+ a1 (1 +27).

i=n =1 =n



352

B.G. ZHANG AND PENGXIANG YAN

n=N,N+1,...,1=12,... (2.32)

In view of (2.31), we have

AS+I)SA$:): l=1,27--') n=N7N+1’

Hence

Jim AW =,

exists and A, > 0 satisfies

ntk—1 ntk—ki—1
An :—’\n+k H (1+X) zqn+k H (1 + X).

Similar to Theorem 2.3, we obtain a positive solution of (1.2)

n—1

e H(1+’\i)’ n=N+1,...
=N

which contradicts the assumption. The proof is completed.
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