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ASYMPTOTIC NONNULL DISTRIBUTION OF LRC FOR TESTING
H:p=po;T =02l, IN GAUSSIAN POPULATION

D. K. NAGAR AND A. K. GUPTA

Abstract. In this paper asymptotic expansions of the nonnull distribution of the
likelihood ratio statistic for testing H : p = po; T = oI, against alternatives
which are close to H, for Gaussian population, have been derived.

1. Introduction

Let z1,...,zn be a random sample of size N from a p-variate normal population
with unknown mean vector u and positive definite covariance matrix ¥. The likelihood
ratio criterion for testing H : u = po; X = o2I,, where pq is a known p-vector, I, is the
identity matrix of order p, 6% > 0 is an unknown scalar; can be expressed as

A = [pPlAl/{tr A+ N(2 — o) (& —w0)}"IV2, N —1=n2p,

where Z = N1 Z;’LI zjand A = Z;il(xj -z)(z; — ).

Khatri and Srivastava (1973) pointed out that the test based on A is unbiased and
have also derived the nonnull distribution of A in multiple series of zonal polynomials
and G-functions. Singh (1980) derived the null distribution of A and also computed the
percentage points. Nagar and Gupta (1986) derived the nonnull distribution in series
involving H-functions.

In this paper we derive the asymptotic nonnull distribution of a multiple of —2log A
for certain alternatives. First in Section 2, some preliminary results are given. The
nonnull moments of A are derived in Section 3. This moment expression involves zonal
polynomials and some coefficients, 3;, which are given explicitly. In the end asymptotic
nonnull distribution of —2logA is given in a series of central/non-central chi-squared
distributions.
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368 D. K. NAGAR AND A. K. GUPTA

2. Preliminaries

Let Cx(B) denote the zonal polynomial, a symmetric function in the roots of a
symmetric matrix B (James, 1964) of degree k corresponding to the partition K =

4
(kiyeo o kp)y k1 > ... > ky >0, 3 ki =k and
1=1

P : k
(G)K=H(a—]——;—}—) Ha—i—y—l (BJs = 1.

If a is such that all the gamma functions are defined then (a)x = %LT;I){—), where

0 e Tr(o- 250 k)

j=1

T'p(a) =nPlr=1/4 ﬁ r(a- %)

Jj=1
We now state the following result available in Khatri and Srivastava (1974).

Lemma 2.1. Let ||B|| = mazimum characteristic root of B < 1 and d; =
B tr{B‘(I - B)"*},1=1,2,3, and 4,8 > 0. Then

() 3 S k(B)xCEE) = dy|I — BP

k=0 K

() 3 Tkik—1)(B)x 2B = (dy + &B)|I - B|~*
k=0 K

(©) 3 S k(k = 1)(k - 2)(8) 5 OB = (2d3 + 3dod, + d)|I - B|~F
k=0 K

8

(d) ;k(k 1)(k—2)(k—3)(8) k S£LB) = (6d,+8d,dy+3d3+6d2dz+d})|[—-B|~*

o
I}
o

w .
Lemma 2.2. Let the asymptotic series > a,y’ converge to the function g(y)
7=1
i the neiwghbourhood of v = 0. Then we have (KNaltinw: »nd Shalaevskii, 1971)

explg(y)] = Y_ 3y’
j=0

where 8; =1, and

Lo
prpEm o ¥ Cukediopg,3=1,2... ..
,JJ:---
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Also differentiating the identity

[o9] [e.e]
=5 e f= 3 B
i=1 j=0

with respect to y once, twice, ..., we get the following identities.

(i) > iBiy =exp | Y a5y | | D] jay’
2
(it) > i —1)By’ = exp lz ajyjj| (z josy’ |+ 3G - Day?
=2 Jj=1 j=1 =2

3
(ii) Z] (5 —1)(5 —2)B;%" =exp | Y_ojy (Zjajyj)
s =

=3
+3 (> oy’ | | oG —Deyy? | +D 306 - D - 2)ayy?

~

4

(iv) Y GG -1G -2 -8y =exp | D | || D sy’
=4 Jj=1

J=1

2
+6(Zjajyj) (Zj(j—l)ajyf)w Zjawﬂ)
j=1 §=2 j=1
> (o.0) =
> i -1 - 2)ajy~") +3 (> i - Doy’

5=3 5=2

+Z‘?(J - -2y = 3)ajyj
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3. Nonnull Moments of A

The nonnull moments of A are available in Khatri and Srivastava (1973). But certain
coeficients, involved in the expression which are necessary for deriving the asymptotic
distribution, have not been cited explicitly in that paper. Nagar and Gupta (1986)
have also derived the nonnull moments in series of Lauricella’s hypergeometric functions.
Using Equation (2.3) of Nagar and Gupta (1986), the ht" moment of A is obtained as

pNPh/2|S-1N/2T ( 1 +—) exp[—-N(M po)'E l(ﬂ—#ﬂ)]
T(ph)T, (252)

/ 28P-1 . exp [%N(u — )2 (E + 2)7IZ " (- uo)] 1S 4 2|~ NOHR2gg,
0
Re(h) > —(N —p)/2. (3.1)

E(AM) =

Expanding |Z~1 4 2I|~N(1+h)/2 in terms of zonal polynomials,
ISt 4 pI|~NO+R)/2 = (1 4 gqg)~PN(+R)/2gpN(1+h)/2

(N(1+4h)/2)xkCx(I —g=7")
ZZ (1 +I:1:1:)’°k!

(3.2)
k=0 K

where 0 < ¢ < oo and can be so chosen that the expansion in the series form is valid, i.e.
Il = q=7*|| < 1+ qz. One can choose ¢ such that 0 < ¢ < 2), where A, is the largest
characteristic root of & (Khatri and Srivastava, 1973). Also, note that

1 e i
SN (1~ po)'T '+ 2T e (p - o)
1 P
=5Nq(1+¢2) 7 (b~ po) BT = (1+g2) ™ (I - ¢Z 7)) 7T (1 — o)
=Y ai(l+e@), II-¢Z7I<1 (3.3)
where

1 .
o = 5 Ng(p— po) T7H(I = g=TY T2 (1 = po)- (3.4)

So that using Lemma 2.2, we have

exp{%N(u — )TN ET +2D) T B (p - #0)] =exp [E e ”’qrj]

i=1

=Y Bi(1+4qz)~? (3.5)
3=0
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where Gy = 1, and

Zfazﬂ] & J=12,, (3.6)

E 1

Substituting (3.2) and (3.5) in (3.1) and integrating out term by term, we get the Rtk
nonnull moment of A as

pNer/2gs 1N, (N(1+ h)/2 ~ § ) exp [~ 3N (4 — o) S (1 = po)]
T,((N - 1)/2)

cond o Cx(I—qZ 1) T[Np/2+j+k]
'j_z_:oéﬂj;(ml +h)/2)k k! TIN,(1+h)/2+j +k Ll

E(AM) =

4. Asymptotic Nonnull Distribution of A

In this section we derive the asymptotic nonnull distribution of a multiple of —2¢nA
for certain local alternatives (see Khatri and Srivastava, 1974). Let

p?(2p® +9p+11) -4

4.1
12p(p? + 3p — 2) 1)
=1-22 M=pN (4.2)
p - N? - p .
and let us consider the alternative hypothesis
9 1/2
Tl 2 p. -1/2
Ay T—q= = =P ¢ (u—p) = (3 M) 5 (4.3)

where P is a fixed matrix as M — oo. Then the characteristic function of —2plnA is
derived from (3.7) as

M/24«a

o(t) = |1 - %P| exp|-(a+ M/z)—é' (1- —) 6] Zm(t) (4.4)

where (3; is given by the recurrence relation (3.6) and the coefficient o; is given by

2 \i-1 2 4 8
a; = (—M—) [aj_l + ﬁ(aaj_l —-20;) + m(aj+l - 2a0;) + ma0j+1] (4.5)

with o; = §' P38, j =1,2,..., 00 = 8,

¢;(¢) ’_‘ZZ (e + Mg/2)k

k=0 K

——= k(1) (4.6)
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g =1-2wt,w = (—1)/2. Here ¢, ;(t) is the characteristic function of —2pfnWp;, where
the random variable Wy ; has the h** moment as

E(W}) = pPhN/2

T[Np/2+j + k] H{P[N1+h/2~z/2]}_
C[Np(1+h)/2+ 5 + K] LN —1)/2]

Using Equation (16) of Anderson (1984, p. 314),

, . o
ox,;(t) =g~ /2 [1 — 57 U0 = 1) + k(k = 1) + 2apj + 2apk + 2kj}(g 1)
P

1
k(k—1)(k—2
t 2 )2{k( 1)(k —2)(k —3) +4(1 + j + ap)k( ) )
+2(1 + 352 + 6apj + 2a°p® + dap + 37)k(k — 1)
+4(a2p2 + ap] o 2a2p2j B Saij +]3)k +]2(] s Tl 2ap)2}(g—1 . 1)2
® (Mp)? (9 1)+ _3(Mp)2 {J T (30123 2)3 + (301 p° — 3ap+ 2)]
1 : .
+k(k = 1)(k - 2)+3(ap+ + 5 ) k(k — 1) + 3(5% + 2apj + o*p)k }

(972 - 1) +0M)] (4.7)
where f = v +2(k + j), v = 1(p* + 3p— 2), and

Y= %pS(p +1)(p+2)(p+3) - %05"292(102 +3p—2). (4.8)

Substituting (4.7) in (4.6) and using Lemma 2.1, the approximate value of ¢,(t) is

ol

2P Mg/2—«
Mgl [

¢;(t) =g~/

2
— M—{231(a31 + 82) + s2 + (2ap + 27)(as; + 52)}(9"1 -1)

1. . _
1- ‘M‘;{J(J —1)+2(ap+s1)j + s+ 2apsi }(g™t — 1)

2(M E sz WU =1 -2)G - 3)+4(1+ap+5)i(i — 1) - 2)
+ (2 + 8ap + 1251 + 657 + 12aps; + 4a2p?)j(j — 1)
+ (451 + 1257 + 16aps; + 402p? + 453 + 12aps? + 8a2p®sy)j + s

+4(1 + ap)s? + 2(1 + 2a%p® + 4ap)s? + 402p’s,} (g~ - 1)% + (]V;/p)z (g™ —1)

2 i : .
+3(_1W_)2"{JJ—1)(J—2)+3(C¥P+S1+ )J(j~1 + 3(s1 + o?p? + 2aps; + 52)j

1 g
+ 5 +3(ap+5)sd +30% 011072 = 1) + O(M )] (49)
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where s; = trP%, i = 1,2 and 3. Substituting (4.9) in (4.4) and using equalities (i)-(iv)
of Lemma 2.2 the approximate value of ¢(t) is obtained as

#(t) :i] - —AQZP‘M/HQ - MigPrﬂl]gﬂ_olg_”/2 exp[ (a+ M/2)——5' (I - —2]5)6
+§ajg ][1+ ——{ZT —1} {§Btg } 3)] (4.10)

where i 3
ag
To = 5(8% + 20(])31), T, =-To + —59(31 + Otp)

1 200 1,

Ty = -02 ——(s1 +ap), Tz=-—-0

p® p ( ) p "
1 1 4 4 3 2
Bo= 5[+ 5ot + (5 + 20) st + 200(1 + ap)ed

p

4 o .
B; =-Z;(51 + ap)(aoy — 201) + p—g{4sf + daps; + 253 + 6aps? +4a’p?s1}

1 ;.2 s
— st —4(1+ap) L + Z(1+ 251 + 2ap)sy — (2 + dap + 407p%)
D p p P

4 4
By = — E(aoo —401)(s1 +ap) + 2‘){00(0‘00 —201) + 01}
{2ap+ 451 + 391 + 6apsy + 20 P }

{451 + 1252 4+ 12aps; + 40°p® + 451 % 1204)31 + 8a2p?s; — 4psa}

+ = { ( +ap)91+2(1+ap+ozp)s ~2p(251+2ap+1)52}+£5

By =—

c 4 1 3
~(s1 + ap) — ;(affg — 40901 +01) + F{Q(l +ap + 51)0;

—02(2+8ap+12s; + 632 + 12aps; + 4a’p?)
& B 2 ¢
+ 0o(4sy + 852 + 8aps; + 4a”p? + 253 + 6apst + 4a’p’s) — dpsa)} — 5—203
P

8 [ |
By = — —op01 + ———{—04 —403(1 +ap + s1)
p pl27? 70
+02(2 + 6ap+ 8s; + 353 + 6aps; + 2a2p2)}

1 2 1
B5:?{—0'34'2(1-{—(1])‘{“81)084-503}, and B@‘:ﬁag
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Now using the asymptotic expansion

]1 - 2|I - %If“—mﬂ exp[—(a+ M/2)%6’ (1- EA‘;—))&]
X exp j;il(%)j-l{Uj_l + %(aaj_l —20;) + %(Uj.}.l = 200']')?'%}9-]'

=exp [—ao 4 —(01 - agg) + 301 + Z( ) {O‘j_1 + -;7(0103'-1 - 20;)

2P
Mz(aj“ 2aa,)M3aa,+1}g = (a+ )EnlI . e ( + —) |I~ g”
=exp[-—ag =+ aog_1 + %{01 — aop — as; — % + (aoo - 201 +as; + -§-)g_1 = 019_2}
4 asy 83 -1 asz fg) -2 -3
+—M—2{a01—7—?+(02—200‘1)g +(001—202+?+3 g “+o2g }
+ O(M'3)]
2
=exp[ao(g‘1-1)] [1+—{01 —aao—-asl—2+ (aao—-201+asl+s—2)g"1+alg’2}
M 2 2
1 2
{aal - _a_sz s 2 —(al — aog — as; — 2) + (02 — 2a0,)g7?
3 2 2
s

S
+ (01 — QOg — Q8) — —2) (aao — 20, + as; — 5—2)9"1 + (aal — 209 + i = 53) -2
2 2 2 3
1 2
+ E(aao — 201 +as; + %2) g"2 + o1 (al —aog — sy — izz—)g”2 + 029_3
1
+(ao'o — 201 + as; + %2)019_3 + §afg_4} +p(M‘3)] (4.11)

in (4.10), the final asymptotic expansion of the characteristic function o(t) is

$(t) = exploo(g — 1))g~*/2 [1 = ZA e Ec g +O(M?)]  (412)

1.—0 1—0
where i
Ao = 1—)8% — 82 + 2(01 = O{O’o) (413)
200
Ay =—-Ay — 2071 + ?(31 + ap) (414)
1 2
Ay =—-Apg—A; + ;0’0 (4.15)
1 2
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1 4 (s3 v
Cp = EAg + 2al + 40!20'0 + 3 (;5 — S ) = ;5 (4.17)
2 4 244
C, =-—;l(A0 + A + 20’1) - 1—381A0 - MAO + Ay — 2a(Ao + A1 + 20‘1)
+ %(al — aop) — 8ao; + 402 (4.18)
1 1 2 20
Cs; =4(aoy ~ 202) + EUSAO —Ao(Ao+2Ay) + -2-Af + %(Ao + A; +20,) — -p-ag
4s 2 4a 4 /s
— —p;}-(Ao + Ay + 201) — E(Ao + A +201)+ —b—do + % = g(p—; — 53)
4 2(1 4 4 4
- :40—0A0 + —810¢ + (+ap) Ao + ol (201 — 2a00) + —aog — 4a’0g — -0y
D p p p p
80’1 4
+ 7(81 + ap) + 4ao; + ;{Uo(aao - 207) + 0’1} (4.19)

801 4 4 , 20% daoy
C3=——p—(81 +ap)‘-'5(0'1—20'001)+y00——p—2-—. p

1
+ 5{4})0’2 v 20’(2;0'1 + 800’3 + ((73 - 60’0)(A0 + Al e 20‘1)}

2 1 2 g
+ ——-(31 +;p+ ) (Ao+A1+20; )— ;O’ng —A1(Ao+A1)+ %AO (4.20)

40y 20-ap) , 40§ 1

= 1 2 20(2) 1 4
Cy = 5(A0+A1) +—;—(A0+A1)'——p—(§Ao+A1)+ 7 ag o +2p20'0 (4.21)
4 3 2
__9% , 80 , 9
C5~—'p—2+§p—2'+;(Ao+A1) (4.22)
ai 1 4
Ce = fz'?p?""' (4.23)

Now inverting (4.12), we get the following result.

Theorem 4.1. Under the sequence of local alternatives given by (4.3), the
distribuiion function of —2pfnA can be erpanded as

3
P[~2ptnA < w] =P[x}(200) < w] + % > AP 15:(200) < w]
1=0

6
1 o
+ 32 ) " CiP[x215:(200) < w] + O(M~3) (4.24)

=0
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where the random variable x2(oo) is distributed as a non-central chi-square with
v d.f. and non-centrality parameter oo, and the constants Als and Cjs are given
by (4.13)-(4.16) and (4.17)-(4.23) respectively.

Substituting u = po in the coefficients Als and Cjs in (4.24), we get the following
corollary.

Corollary 4.1. Under the sequence of local alternatives Ay : p = po; I —
g=~! = Z P, the distribution function of —2ptnA can be expanded as

A
P[-2ptnA < w] =P[x} < w] + 22{P[x} <w] - P35 < wi}

2
1 -
+ W E C.;P[Xi_*_% < w] + O(M 3) (4.25)
1=0

where Ao = %S% ~ 89,

L o 4 /82 ¥
CO:§A0+2QAO+§(F—SS>—F

(2 + 4ap)

4
C] = —Ag == ESIAO = Ao

and C2 = —'(Co + Cl)
Now consider another alternative hypothesis
2 2Q)

1/2
An g P(p-p)=(37) & I-g7'B=2 (4.26)

where () is a fixed matrix as M — oo. The asymptotic nonnull distribution of —2pfnA
for this case is obtained by making the following replacements in the coefficients A’s and
Cisin (4.24).

trP——»—trQ—%trQ2=—T1——A2/_7T2

4 4
trP2—>trQ2+—MtrQ3:T2+ﬁr3

tr PP = —tr Q3 = —ryg

o1 — —6Q6 — 36Q2(5 = —gf — ia"‘
' M T AT

o2 — 6'Q% = a3.
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Theorem 4.2. Under the sequence of local alternatives given by (4.26), the
distribution function of —2pfnA can be expanded as

-
P[-2ptnA < w] =P[x;(200) < w] + i ;Ail’[xﬁm(?ao) < w]

6
1 " -
* o > CrP[X2,5:i(200) Sw +O(M™?) (4.27)

1=0

where the constants A¥s and C}'s are given below.

Al = -;;rf — 19 — 2(0] + aoy), Al = —Aj + 207 + %(—Tl + ap)
Ay=-AL-Al+102  Ar=-lg2
P P
Gy = %Af + 2aA} + 4a’og — —g—(g— - 7‘3) - 52— +4(Tlp£ — T3 — 0’2")
Cr=— 2L (At 4 AT —20%) + %rlA(’; _ (2H40P) \u L ATAT _20(A 4+ AT - 207)

s

T ooT
,_5(0f+aag)+8aof+4a;—4(-—12;3—T3—205+ 0 2)

1 1 2
G5 = —4(a0] +203) + —ofAL — AJ(AG + AD) + 547 + —2AF + A - 207)

20 5  4m 2 4o 0

— —o05 + —(Af + AT —207) — = (A; + A —207)+ —00 + —
5 0 o TR 1) p( o+ A7 1) 7
4 13 400 4 2(1+ ap) 4og

2 —(—‘ - rg) s BB e ety B A% — Z%00(90% 4 200
3 pz P 0 P 0 p 0 P ( 1 0)

4 8o} 4
+ —aog — 4’0o + Ea’f - pl (=71 + ap) — 4oy + I—j{ao(aag +207) — o7}
4
—do5 + i
8a7 4 4 202  4dao Jocol
2 0 %o 0% + 40,

Cy; =—2(—r1 +ap) + —(0f — 20007) + =505 —
3 » ( ) p( 1 1 3292 0 P2 P

8ac e 6
=70+ Th G + A - 201) = —2(AF + AT - 207)

40’0

2
4 (A3+AT—2UT)—;USA3‘AI(AT+A3)+?A3

2l+ap—rm11)
D

2
200

R S PRY: 1, 'S 1., ). 21—« 403 1
C4=§(A0+A1)2+—;°—(A0+A1)——p—(§A0+A])+( Pl %% 4

p? 4o 2 ﬁ )
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o 83 1
(2 o v Bl o i 3
5 p? * 3 p? 2p20°

Substituting u = po in the coefficients in (4.27) we get the following result.

2
4 %"(A; +AY) and C} =

Corollary 4.2. Under the sequence of local alternatives Ay : p = po; I —
¢ T = &Q, the distribution function of —2pfnA can be expanded as

A*
P[-2p tn A < w] =Pl <w]+ 3H{PIX S v] - Plsa < wi}

2

1 . .
e Z;Ci P} 42 Sw] +O(M7%)

1
where A} = =13 — 1y
D

M T . 4grd ¥ T1T2
CO-—--Z—AD +2QA0—§(I—J2'—T3)'—FZ‘+4(—I)—— T3)
* __ 4 * (2 +4Clp) * *2 T1T2
Cf = -nA§ - == Ay - A - 4( : r3)
and C3 = (C} +C3).

For u = po; & = 021, we get the following corollary of the above theorem.

Corollary 4.3. Under the null hypothesis H : p = po; £ = 021, the distribu-
tion function of —2ptnA can be expanded as

Pl~2p tnA < w] = PG < w] + 375 (PG4 S ] - PIG S wl} +O(M™2).
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