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ASYMPTOTIC NONNULL DISTRIBUTION OF LRC FOR TESTING 
H: µ = µ0; E = u2 Ip IN GAUSSIAN POPULATION 

D. K. NAGAR AND A. K. GUPTA 

Abstract. In this paper asymptotic expansions of the nonnull distribution of the 
likelihood ratio statistic for testing H : µ = µo; l: = u2 Ip, against alternatives 
which are close to H, for Gaussian population, have been derived. 

1. Introduction 
Let x1, ... , XN be a random sample of size N from a p-variate normal population 

with unknown mean vector µ and positive definite covariance matrix E. The likelihood 
ratio criterion for testing H : µ = µ0; E = u2 Ip, where µ0 is a known p-vector, Ip is the 
identity matrix of order p, u2 > 0 is an unknown scalar; can be expressed as 

A= (pPIAl/{tr A+ N(x - µo)'(x - uo}}P]Nl2,N -1 = n ~ p, 
where x = N-1 Ef=1 Xj and A= Ef=1 (xi - x)(xi - x)'. 

Khatri and Srivastava (1973) pointed out that the test based on A is unbiased and 
have also derived the nonnull distribution of A in multiple series of zonal polynomials 
and G-functions. Singh (1980) derived the null distribution of A and also computed the 
percentage points. Nagar and Gupta (1986) derived the nonnull distribution in series 
involving fl-functions. 

In this paper we derive the asymptotic nonnull distribution of a multiple of -2 log A 
for certain alternatives. First in Section 2, some preliminary results are given. The 
nonnull moments of A are derived in Section 3. This moment expression involves zonal 
polynomials and some coefficients, /3j, which are given explicitly. In the end asymptotic 
nonnull distribution of -2logA is given in a series of central/non-central chi-squared 
distributions. 
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2. Preliminaries 

Let CK(B) denote the zonal polynomial, a symmetric function in the roots of a 
symmetric matrix B (James, 1964) of degree k corresponding to the partition K 

p 
( k1, ... , kp), k1 :?: ... 2: kp :?: 0, I:: ki = k and 

i=l 

p ( j-1) 
(a)I< = II a - -2- kj' 

j=l 

k 

(a)k = IT (a+ j - 1), (a)o = 1. 
j=l 

If a is such that all the gamma functions are defined then (a)K = r~(~~1;), where 

r p(a, K) =1T"p(p-l)/4 IT r ( a - j ; 1 + kj) 
j=l 

rp(a) =7T"p(p-1)/4 fI r(a- j; 1 ). 
J=l 

\Ve now state the following result available in Khatri and Srivastava (1974). 

Lemma 2.1. Let !!BIi = maximum characteristic root of B :::; 1 and di = 
/3 tr{Bi(J-B)-i},i = 1,2,3, and 4,,B > 0. Then 

00 

(a) I:: I::k(f3)KcKk(,B) = dill -Bl-.6 
k=O K 
00 

(b) I:: I:: k(k - l)(f3)K CKk(!B) = (d2 + dr)II - s1-.a 
k=O K 
00 

(c) L I::k(k - l)(k-- 2)(.B)r/2.\\B) = (2d3 + 3d'2dl + dn,r - Bl-,6 
k=O K 
00 

(d) I: I:: k(k-l)(k-2)(k-3)(f3)I< c\\B) = (6d4+8d1d2+3d~+6drd2+dt)11-B1-.a 
k=O K 

00 

Lemma 2.2. Let the asymptotic series I: CX.1Yi converge to the function g(y) 
j=1 

-in the neighbourhood of 1! = 0. Then ·w<: have (.[{,1.lii1,t,:, 11nd Sha!aevskii, 1971) 

exp(g(y)] = I::>117;' 
J=O 

·where .(30 = l, and 
,- 
/ ( ,.iea. -c. · = 1 2 t i:..,_........ . ,.' 1 J ' l •••. 
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Al8o differentiating the identity 

w'ith respect to y once, twice, ... , we get the following identities. 

(i) 

(ii) 

(iii) f j(j - l)(j-2)/3jyj = exp [t OjYj] [(t JO'.jy1)3 
J=3 J;;;;l J:;l 

+3 (t ja ;Yi) (t, j (j - 1 )a;yi) + t j(j - 1) (j - 2)a;yi] 
(iv) f j(j - 1)(:j - 2)(j - 3)/31yj = exp [f a.1yj] [ (f ja.jyj) 4 

J=4 J=l J=l 

+ 6 (f ja.JY1) 2 (t j(j - l)a.jY1) + 4 (t JO.jY1) 
J=l J=2 J=l 

· (t j(j - I)(j - 2)a.jy1) + 3 (f j(j - l)a.1yj) 2 
1=3 J=2 

+ t. j(j - l)(j - 2)(; = 3)<>;'1'] . 
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3. N onnull Moments of A 

The nonnull moments of A are available in Khatri and Srivastava {1973). But certain 
coefficients, involved in the expression which are necessary for deriving the asymptotic 
distribution, have not been cited explicitly in that paper. Nagar and Gupta {1986) 
have also derived the nonnull moments in series of Lauricella's hypergeometric functions. 
Using Equation {2.3) of Nagar and Gupta (1986), the hth moment of A is obtained as 

Expanding IE-1 + xJI-N(i+h)/2 in terms of zonal polynomials, 

{3.2} 

where O < q < oo and can be so chosen that the expansion in the series form is valid, i.e. 
III - qE-111 < 1 + qx. One can choose q such that O < q < 2,.\p where ,.\P is the largest 
characteristic root of E {Khatri and Srivastava, 1973). Also, note that 

1 
2N(µ - µo)'E-1(E-1 + xl)-1E-1(µ - µo) 
1 =2Nq(l + qx)-1(µ- µo)'E-1(1- (1 + qx)-1(/ - qE-1))-1E-1(µ- µ0) 
00 

= 2::C:tj{l + qx)-i, III - qE-111 < 1 
j=l 

{3.3) 

where 
ai = !Nq(µ - µo)'E-1(1- qE-1)j-1E-1(µ- µo). 

2 

So that using Lemma 2.2, we have 

(3.4) 

1 00 . 

exp(2N(µ- µo)'E-1{E-1 + xJ)-1E-1(µ - µ0)] =exp[~aj(l + xq)-1] 
1=1 

00 

= I: /3j(1 + qx)-j (3.s) 
j=O 
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where ,Bo = 1, and 
l j 

,Bj = -: L eatf3j-l, j = 1, 2, .... 
J l=l 

Substituting (3.2) and (3.5) in (3.1) and integrating out term by term, we get the hth 
nonnull moment of A as 

(3.6) 

4. Asymptotic N onnull Distribution of A 

In this section we derive the asymptotic nonnull distribution of a multiple of -21!.nA 
for certain local alternatives (see Khatri and Srivastava, 1974). Let 

p2(2p2 + 9p + 11) - 4 
Q = --------'--- 

12p(p2 + 3p- 2) (4.1) 

a 
p = l - 2 N, M = pN 

and let us consider the alternative hypothesis 

2 
AN : J - qE-1 = MP; 

(4.2) 

(4.3) 

where P is a fixed matrix as M ---t oo. Then the characteristic function of -2pl!.nA is 
derived from (3.7) as 

I 2 IM 12+0 [ 2 ( 2P) ] 
00 

</>(t) = I - Mp exp -(a+ M/2) Mb' I - M b Lf3j</>j(t) 
j=O 

(4.4) 

where ,Bi is given by the recurrence relation (3.6) and the coefficient O.j is given by 

(4.5) 

with CTj = 8' Pi 8, j = l, 2, ... , a0 = 818, 

(4.6) 
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g = 1 - 2wt, w = ( -1) 1 /2. Here <Pk ,j ( t) is the characteristic function of - 2pt'n W kj, where 
the random variable Wkj has the hth moment as 

E(W{) = pphN/2 f[Np/2 + j + k] ITP {r[N(l + h)/2 - i/2]} 
1 f[Np(l + h)/2 + j + k] i=l I'[(N - i)/2] . 

Using Equation (16) of Anderson (1984, p. 314), 

<Pk,j(t) =g-f 12 [ 1 - ~ {j(j - 1) + k(k - 1) + 2a.pj + 2o:pk + 2kj}(g-1 - 1) 
p 

1 . + _,. _ '" {k(k - l)(k - 2)(k - 3) + 4(1 + J + a.p)k(k - l)(k - 2) 

+ 2(1 + 3j2 + 60:pj + 2a.2p2 + 4o:p + 3j)k(k - 1) 
+ 4(o:2p2 + a.pj + 2o:2p2j + 3o:pj2 + j3)k + j2(j - 1 + 2o:p)2}(g-1 - 1)2 

'"Y ( -2 2 { ·3 ( 3) ·2 ( 2 2 1) . + , . _ , ,.. g - 1) + .., 1 ~ ,r _ \? J + 3o:p - 2 J + 3a p - 3o:p + 2 J 

+ k(k - l)(k - 2) + 3( o:p + j + ~)k(k - 1) + 3(j2 + 2apj + o:2p2)k} 

· (g-2 - 1) + O(M-3)] (4.7) 

where f = v + 2(k + j), v = !(p2 + 3p - 2), and 

1 1 
'"Y = -p3(p + l)(p + 2)(p + 3) - -o:2p2(p2 + 3p - 2). 48 2 

Substituting (4.7) in (4.6) and using Lemma 2.1, the approximate value of </>j(t) is 

( 4.8) 

·1 2P i-Mg/2-cx [ 1 . 2 -1 ) </>j(t) =g-v/2-1 I - - I - -{j(j - 1) + 2(ap + s1)J + s1 + 2a.ps1}(g - 1 
Mg Mp 

- 
2 

{2s1(o:s1 + s2) + s2 + (2o:p + 2j)(o:s1 + s2)}(g-1 - 1) pg 

+ _ , . ~ , ,.. {j (j - 1) (j - 2) (j - 3) + 4 ( 1 + ap + s 1 ) j (j - 1 )(j - 2) 

+ (2 + 80:p + 12s1 + 6si + 12o:ps1 + 4a2p2)j(j - 1) 
+ ( 4s1 + 12Si + l6aps1 + 4a2p2 + 4sf + 12apSi + 8a.2p2 S1 )j + Si 
+ 4(1 + ap)sf + 2(1 + 2a.2p2 + 4ap)sf + 4a2p2s1}(g-1 -1)2 + (J:;p)2 (g-2 - 1) 

+ _, . : , ,.. {j (j - 1) (j - 2) + 3 ( ap + s1 + 1) j (j - 1) + 3( s1 + a2p2 +· 2aps1 + sf )j 

+sf+ 3( ap +~)sf+ 3a2p2si}(g-2 - 1) + O(M-3)] (4.9) 
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where Si = tr Pi, i = 1, 2 and 3. Substituting ( 4.9) in ( 4.4) and using equalities (i)-(iv) 
of Lemma 2.2 the approximate value of ¢(t) is obtained as 

where 2Jo 
T1 =-To+ -(s1 + ap) 

p 

1 2 2Jo T2 = -J0 - -(s1 + ap), p p 

Bo= ;2 [-,+1st+ (1 +2ap)sf +2ap{l +ap)sf] 
4 Jo 2 3 2 2 2 } B1 =-(s1 + ap)(aJo - 2u1) + 2{4s1 + 4aps1 + 281 + 6aps1 + 4a p 81 . p p 

1 4 Si 2 ( 2 2 Sf - 2s1 - 4(1 + ap)2 + -(1 + 2s1 + 2ap)s2 - 2 + 4ap + 4a p )2 p p p p 

4 4 
B2 = - -(aJo - 4Ji)(s1 + ap) + -{uo(aJo - 2J1) + Ji} 

. p p 
UQ 2 2 2 + 9{2ap + 4s1 + 3s1 + 6aps1 + 2a p } p- 

- a~ { 4s1 + 12sf + 12aps1 + 4a2p2 + 4si + 12apsf + 8a2p2 s1 - 4ps2} 
p 

+ ;2 {~sf+ 2(~ + ap )sl + 2(1 + ap + a2p2)si - 2p(2s1 + 2ap + l)s2} + ;2 
-80-1 ( 4 2 1 "{ B3 =-- S1 + ap) - -(aJo - 4Jo0"1 + ui) + 2{2(1 + ap + S1)Jo p p p 
- u5(2 + 8ap + 12s1 + 6sf + 12aps1 + 4a21i) 

2 22 3 2 22 2 3 + o-o( 4s1 + 8s1 + 8aps1 + 4a p + 2s1 + 6aps1 + 4a p s1 - 4ps2)} - -2 <10 3p 

1 { 4 3 2 3} B5 = p2 -o-0 + 2(1 + ap + s1)<10 + 3u0 , and 
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Now using the asymptotic expansion 

I 2P,a+M/21 2P,-a-Mg/2 [ 2 '( 2P)] I - M I - Mg . . exp -( a + M /2) M 8 I - M 8 

[
~ ( 2 )i-1 { 2 4 8aui+l} 1] x exp {;;;_ M o-1_1 + M (aui-I - 2u1) + M2 (0-1+1 - 2aui) M3 g- 

[ 2 4 
00 

( 2 )j-1 { 2 =exp -cro + M(cr1 - aero)+ M2acr1 + L M cr1-1 + M(acri-1 - 2crj) 
j=l 

+ i2(cr1+i -2acri) i3al11+1 }g-i + (a+ ~)enjI- ~I- (a+ ~g)enll- :1] 

[ 1 2 { S2 ( S2) -1 -2} = exp -cro + £1og- + M cr1 - aero - as1 - 2 + auo - 2cr1 + as1 + 2 g + £11g 

4 { as2 S3 1 ( aS2 S3) -2 -3} + - acr1 - - - - + (£12 - 2a£1i)g- + a£11 - 2£12 + - + - g + £12g M2 2 3 2 3 
+ O(M-3)] 

[ ( -1 )) [ 2 { S2 ( S2) -1 -2} =expcro g -1 1+ M £11-acro-as1-2+ a£10-2cr1+as1+2 g +cr1g 

4 { as2 S3 l ( s2 )2 1 + - a£11 - - - - + - 0-1 - a£10 - as1 - - + (cr2 - 2acri)g- M2 2 3 2 2 

( S2 ) ( S2 ) 1 ( as2 S3 ) 2 + £11 - aero - as1 - 2 a£10 - 2£11 + as1 - 2 g- + acr1 - 2£12 + 2 + 3 g- 
1 ( S2) 

2 
-2 ( S2) -2 -3 + 2 a£10 - 2cr1 + OS1 + 2 g + CT1 CT1 - aero - QS1 - 2 g + £12g 

+ ( aero - 2£11 + cxs1 + s; )cr1g-3 + ~O"~g-4} + p(M-3)] ( 4.11) 

in (4.10), the final asymptotic expansion of the characteristic function </>(t) is 

where 

(4.13) 

{ 4.14) 

(4.15) 

1 2 .6.3 = --(10 p ( 4.16) 
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1 2 2 4 ( sf ) 'Y Co = - ~o + 2a~o + 4a ao + - - - S3 - - 2 3 p2 p2 

375 

( 4.17) 

~l 4 {2+4~) 
C1 =-(~o + ~1 + 2ai) - -s1~0 - ~o + ~0~1 - 2a(~o + ~1 + 2ai) p p p 

4 + -(u1 - aao) - 8au1 + 4u2 (4.18) p 

8a1 4 4 3 2a5 4auo C3 = - -(s1 + ap) - -(a1 - 2uou1) + -a0 - - - -- p p 3p2 p2 . p 
1 2 2 2 } + -{ 4pu2 - 2a0a1 + 8au0 + (a0 - 6uo)(~o + ~1 + 2ui) p . 
2(s1 +ap+ 1) 2 2 4ao + (~0+~1 +2ui)- -a0~0-~1(~0+~1)+-~o (4.20) p p p 

a~ 8 uJ a5 Cs = - - + - - + -(~o + ~i) p2 3p2 p 

1 4 c6 = 2p2uo. 
Now inverting (4.12), we get the following result. 

( 4.22) 

( 4.23) 

Theorem 4.1. Under the sequence of local alternatives given by (4.3), the 
distribution function of -2plnA can be expanded as 

1 3 
P[-2plnA :5 w) =P[:x~(2ao) :5 w) + M L ~iP[x~+2i(2uo) :5 w] 

i=O 
6 

+ ~2 L CiP[x~+2i(2ao) :5 w) + O{M-3) (4.24) 
i=O 
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where the random variable x~(u0) is distributed as a non-central chi-square with 
v d.f. and non-centrality parameter er0, and the constants ~~s and Cis are given 
by ( 4.13)-( 4.16) and ( 4.17)-( 4.23) respectively. 

Substituting µ = µ0 in the coefficients ~~s and Cis in ( 4.24), we get the following 
corollary. 

Corollary 4.1. Under the sequence of local alternatives AN : µ = µo; I - 
qE-1 = if P, the distribution function of -2pfnA can be expanded as 

P[-2pfnA ~ w] =P[x~ ~ w] + ~ {P[x~ ~ w] - P[x~+2 ~ w]} 
2 

+ ~2 L CiP[x~+2i ~ w] + O(M-3) 
i=O 

(4.25) 

1 2 4 ( Si ) _ J_ Co = 2 ~o + 2a~o + 3 p2 - s3 p2 

and C2 =-(Co+ C1). 
Now consider another alternative hypothesis 

( 4.26) 

where Q is a fixed matrix as M ---+ oo. The asymptotic nonnull distribution of -2pfnA 
for this case is obtained by making the following replacements in the coefficients ~~s and 
Cf s in ( 4.24). 

2 2 2 tr P---+ -tr Q - -tr Q = -r1 - -r2 
M M 

4 4 
tr P2 

---+ tr Q2 + M tr Q3 = r2 + M T3 

tr P3 ---+ -tr Q3 = -r3 
,:IQ,: 2 ,:Q2,: * 2 * u1 ---+ -u u - -u u = -er - -er M i M 2 
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Theorem 4.2. Under the sequence of local alternatives given by (4.26), the 
distribution f71,nction of -2pl!.nA can be expanded as 

1 3 
P[-2pfnA:::; w] =P[x~(2<Jo):::; w] + Af I:ii;P[x~+2i(2<Jo):::; w] 

i=O 
6 

+ ~2 L c; P[x~+2i(2<Jo) :::; w + O(M-3) 
i=O 

( 4.27) 

where the constants Li;' s and C;' s are given below. 

A* 1 2 ( * ) Llo = -r1 - r2 - 2 <J1 + a<Jo , 
p 

A* A* A* 1 2 L....}.2 = -uQ - Ul + -(TQ, 
p 

* 1 *2 * 2 4 ( rf ) 1 ( r1 r2 *) C = -Li + 2ali + 4a <Jo - - - - r3 - - + 4 -- - r3 - <72 0 20 0 3p2 p2 p 

C* 2r1("* A* *) 4 A* (2+4ap)A* A*A* 2 ("* A* *) 1 = - - u0 + u1 - 2<J1 + -r1u0 - u0 + u0u1 - a Do+ u1 - 2<J1 p p p 

4( * ) * * (T1T2 * O'QT2) - - <71 + CT<Jo + 80'.0'1 + 4<72 - 4 -- - T3 - 2<72 + -- 
p p p 

C* ( * *) 1 2 A* A* (A* A*) 1 A *2 2<JQ (A* A* *) 2 = - 4 a<71 + 2<72 + -<7oDo - Do Do + D1 + -u1 + - Do + u1 - 20'1 
p 2 p 

2a 2 4r1 ( * * *) 2 ( * * *) 4a 1 - -cr0 + - li0 + Li1 - 2<J1 - - li0 + 61 - 2<J1 +-<Jo+ 2 p p p p p 

4(rf ) 4<J0 * 4 * 2(1+ap) * 4<Jo * + - 2 - r3 - -li0 - -r1li0 + li0 - -(2<J1 + 2a<J0) 3 p p p p p 

4 2 4 * 8<Ji ( ) * 4 { ( *) *} + -a<Jo - 4a <Jo+ -<J1 - - -r1 + ap - 4<71 + - <Jo a<Jo + 2<J1 - <J1 p p p p 

4 * 4aor2 - 0'2 + -­ 
p 

* 8CTi 4 * * 4 3 2<J5 4aCT0 2<J5<7i * C3 =-(-r1 + ap) + -(CT1 - 2crocr1) + 3 2 cr0 - -2 - -- + + 4cr2 p p p p p p 

8acr5 0-5("* "* 2 *) 60-0("* "* 2 *) + -- + - Do+ DJ - (J"l - - UQ + Ul - (Tl 
p p p 

+ 2(1 + er.p- ri) (Li*+ Li* - 2 *) - ~ 2li* - Li*(Li* +Li*)+ 40-o Li* p o 1 0-1 Pero o 1 1 o p o 

C* _ !("* "*)2 4uo("* "*) _ 2<J6 (!Li* 6*) + 2(1- ap) 2 _ 4uJ _1_ 4 
4 - 2 uo + U1 + Do + D1 2 0 + 1 2 O"o 2 + 2 2 CTo p p p p p 
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4 8 3 2 1 
* ao ao ao (" * "*) d C* 4 Cs = - 2 + - 2 + - uo + u1 an 6 = -2 O"o. p 3 p p 2p 

Substituting µ = µ0 in the coefficients in ( 4.27) we get the following result. 

Corollary 4.2. Under the sequence of local alternatives AN : µ = µo; I - 
q-11; = ilQ, the distribution function of -2plnA can be expanded as 

~* 
P[-2p ln A~ w] =P[x; ~ w] + iJ {P[x; ~ w] - P[x;+2 ~ w]} 

2 

+ ~2 L c; P[x~+2i ~ w] + O(M-3) 
i=O 

h A* 1 2 w ere u0 = -r1 - r2 p 

C* 1 A *2 A * 4 ( Tf ) "f 4 ( T1 T2 ) = -u0 + 2au - - - - T3 - - + -- - T3 0 2 0 3p2 p2 p 

C*-4 A* (2+4ap)A* A*2 4(T1T2 ) 
l - 1;r1 uo - p Uo - Uo - p - T3 

and C2 =(Ci+ C0). 
Forµ= µ0; E = u2 I, we get the following corollary of the above theorem. 

Corollary 4.3. Under the null hypothesis H: µ = µ0; E = o-2 I, the distribu­ 
tion function of -2plnA can be expanded as 

P[-2p lnA ~ w] = P[x~ ~ w] + M1p2 {P[x~+4 ~ w] - P[x; ~ w]} + O(M-3). 
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