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A REFINEMENT OF HADAMARD’S INEQUALITY
FOR ISOTONIC LINEAR FUNCTIONALS

SEVER SILVESTRU DRAGOMIR

A refinement of Hadamard’s inequality for isotonic linear functionals and

some applications to norm and discrete inequalities are given.

1. Introduction

Let f: 1 CIR — IR be a convex function. The following double inequality

130 < == [ syar < L2210 (11)

where z,y € I, z < y, is known in literature as Hadamard’s inequality (see
[6], [9] or [5]). For some recent results in connection with this famous integral
inequality we refer to [2-5] and [9-11] where further applications are given.

In this paper we will give an analogous of this fact for isotonic linear func-
tionals (compare with [8]). Some natural applications are also pointed out.

As in [1], let E be a nonempty set and let L be a linear class of real valued

functions g : £ — IR having the properties:
L1: f,g € Limply (af + bg) € L for all a,b € IR;
L2:1€ L, thatis,if f(1)=1(t € F) then f € L.
We also consider isotonic linear functionals A : L — IR. That is, we suppose:
Al : A(af + bg) = aA(f) + bA(g) for all f,g € L and a,b € IR;
A2: fe L, f(t) > 0on E implies A(f) > 0.
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We note that common examples of such isotonic linear functionals A are given

by A(g) := [z g dp or A(g) = Y prgr where p is a positive measure on E in
keE
the first case and F is a subset of natural number IN in the second case with

pr > 0for k€ E.

We also will use Jensen’s inequality (see e.g. [1]):

Theorem 1.1. Let L satisfy properties L1, L2 on a nonempty set £ and
suppose ¢ is a convez function on an interval I C IR. If A is any isotonic linear
functional with A(1) = 1, then for all g € L so that ¢(g) € L, we have A(g) € I

and

$(A(g)) < A(4(9))-

2. The Main Result
We will start with the following simple lemma.

Lemma 2.1. Let X be a real linear space and C be its convex subset. If
f:C — R is convezx on C, then for all z,y in C the mapping g5y : [0,1] = IR
given by

9z,y(t) := 1/2[f(tz + (1 = t)y) + f((1 - t)z + ty)]

is also convez on [0,1]. In addition, we have the inequality:

z+y f(z)+ f(y)
2

e

for allz,y in C and t € [0,1].

) . gr,y(t) o (2'1)

Proof. Suppose z,y € C and let t,,¢; € [0,1] and o, > 0 with o+ 5 = 1.
Then

gz:,y(atl ¥+ ,Bt2)
E % (fl(ats + Bt2)z + (1 — aty — Bt2)y] + f[(1 — aty — Bt2)z + (ats + Bt2)y])

= 3 (Flattiz + (1~ )y) + Bltaz + (1 — o)y
+fla((1 = )z + t1y) + B((1 - t2)z + t29)])
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< %(af[t1x+ (1= t1)y] + Bf [taz + (1 — t2)y]
+af[(1-t)z + tiy] + Bf [(1 - t2)z + t2y)))
= agsy(t1) + B9z,y(t2)

which shows that g, , is convex on [0,1].

By the convexity of f we can state:

P ull) 2 F [%(tw +(1-ty+(1—t)e + ty)} _ s (m ; y)
and also

9o u(t) < %[tf(x) + (1= 0)f@) + (1 - )f(z) + tf(y)] = f(w);f(y)

for all ¢ in [0,1], which completes the proof.

Remark 2.2. By the inequality (2.1) we can state:

f(z)+ f(v) . (x+y)
SUP gz y(t) = ———=and inf g,.(1) =
te[()I,)]_]g :y( ) 2 tG[O,l]g ,y( ) f 2

for all z,y in C.

Now, we can give our main result.

Theorem 2.3. Let f: C C X — IR be a convez function on convez set L,
L and A satisfy conditions L1, L2 and Al, A2 and h : E - R, 0 < h(t) <1
(t € E), h € L is so that f(hz + (1— h)y), f((1 - h)z + hy) belong to L for z,y
fized in C. If A(1) = 1, then we have the inequality:

F(5E2) < JUAGE + (1 - A + 11 - Az + ABY)

< 3 (Alf(he + (1= R+ ALF((1 = B)e + hy))
< M (2.2)

Proof. Let consider the mapping g,, : [0,1] — IR given above. Then
by the above lemma we know that g, is convex on [0,1]. Applying Jessen’s

inequality for the mapping ¢, , we get

9z,y(A(R)) < A(gz,y(h)).
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But
= (AR)) =3 [(A(B)s + (1 = A(R)) + (L = AWz + AR)Y)]
and

A(g=(h)) =3 (Alf(he + (1~ Byl + A[S((1 = W)z + ko))

and the second inequality in (2.2) is proved.
To prove the first inequality in (2.2) we observe that, by (2.1), we can write

£(24Y) < geata)

which is ecxactly the desired statement.

Finally, we observe that, by the convexity of f, we get
; .
L [fha + (1= W) + (1~ W)z + b)) < LW o .

Applying to this inequality the functional A and since A(1) = 1, we obtain
the last part of (2.2).

Remark 2.4. If we chose: A = fol, E=01,t)=tC=[zyCcR

and since a simple calculation shows that

1 1
1 y
/ f(tz + (1 - t)y)dt =/ f(1=t)z +ty)dt = ————/ f(t)dt
0 0 Y=7 Jz
we recapture, by (2.2) the inequality (1.1) of Hadamard.

3. Applications

1. Let A : [0,1] — [0,1] be a Riemann integrable function on [0,1] and p > 1.

Then for all z,y vectors in normed space (X;|| - ||) we have the inequality:
T4y p 1 1 1 "
<5 = | A@d)z+ ([ ht)d)yl
2 2 0 0

HI[ hoige +a - | h(t)dt)yu"] (3.1)

1 1
< 2 Whwe+ - epuipac+ [ 10 - ho)e + boulper]

lizli” + llyll”
2

IA
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If we chose h(t) = t, we obtain

"< [ e+ 1ty < Bl Bl (32)

for all z,y in X.
The inequality (3.1) follows by Theorem 2.3 for the functional A = fol .

2. Let f:C C X — IR be a convex function on convex set C of a linear

space X, t; € [0,1],4=1,...,n. Then we have the inequality:

1EDE %( [ th+ Z(l—t)y}+f[;i(1—ti)x+%;tiy})

= [Z fltiz + (1= t:)y) + Zf((l - ti)e+ t;y)}

=1

f(z) ;r f(y) (3.3)

I/\

5

If we put t; =sin’a;, a; e R, i = 1,...,n, then we obtain

f(x;—y) % (f [(%;siﬁ ai)x+(;ll-;cos2a;)yJ
[ S+ 2 S a]
i=1 =1

n

21n }: (f [(sin® @)z + (cos? a;)y] + f [(cos® @;)z + (sin’ a;)y])

f(x) + f(y)
2

IA

I/\

%

The inequaltity (3.3) follows by (2.2) for A =1/n Y, h(3) = t; € [0,1].
i=1
By the use of the inequality (3.3), we can obtain a refinement of the arith-

metic mean-geometric mean inequality

T+ Yy
2

> +/zy where z,y > 0.
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Indeed, chosing f(z) := —Inz, z > 0, we obtain

z+ Yy
bl i
/2 n

n 1 n 3
1 1 1
= ;:1(1 — i)y = > (1—ti)z + ~ ;:1 ti |y

i=1

> [ (s + (@ - 02 [ =tz + ) " 2 vaw.

=11

The equality holds in the previous inequalities simultaneously iff z = y.
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