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TOTALLY UMBILICAL SEMI-INVARIANT
SUBMANIFOLDS AND CR-SUBMANIFOLDS OF
A SASAKIAN MANIFOLD

S. M. KHURSEED HAIDER, V. A. KHAN AND S. I. HUSAIN

Abstract. In the present paper, a classification theorem for totally um-
bilical semi-invariant submanifold is established. C R-submanifolds of a
Sasakian space form are studied in detail, and finally a theorem for a CR-
submanifold of a Sasakian manifold to be a proper contact C R-product
is proved.

1. Introduction

" The notion of semi-invariant submanifold of a Sasakian manifold, which is
a natural generalization of both invariant submanifolds [10] and anti-invariant
submanifolds [9] in a Sasakian manifold was introduced and studied in detail by
A. Bejancu and N. Papaghuic [4]. On the other hand, M. Kobayashi [12] initiated
the study of C R-submanifolds of a Sasakian manifold and established that there
exist no proper contact C R-product in a Sasakian space form M (c) with C < -3.
In view of this, it was interesting to ascertain the existence of a proper contact
C R-product in a Sasakian space form M(C) when C > —3. The purpose of the
present paper is to classify semi-invariant submanifolds of a Sasakian manifold
and to investigate the situation under which the CR-submanifold becomes a

proper contact C R-product.
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2. Preliminaries

Let M be a (2m+1)-dimensional almost contact metric manifold with struc-
ture tensors (¢,&,n,g) where ¢ is a tensor field of type (1,1), £ is a vector field,

n i1s a 1-form and g is the Riemannian metric on M. These tensors satisfy [6]

#2 = ~X +n(X)E, $€ =0, n(€) = 1, n($X) = 0 (2.1)
and _
9(X,¢Y) = g(X,Y) — n(X)n(Y), n(X) = g(X,£)

for any vector fields X, Y tangent to M. We denote by v the covarient derivative
with respect to the metric g on M. It is known that M is a Sasakian manifold

if and only if
(VxB)Y = g(X,Y)¢ — n(Y)X, Vx&=—¢X. (2.2)

Let M be an m-dimensional Riemannian manifold with induced metric g iso-
metrically immersed in M. M is called a CR-submanifold of 3 if M is tangent
to £ and there exists a differentiable distribution D : z — D, C T:M such that
¢D, = D, and §D C T M, where D+ denotes the orthogonal complementary
distribution of D and T, M, T*M denote the tangent space and the normal
space of M respectively. We call the pair (D, D) ¢-horizontal (resp. {-vertical)
if € € D (resp. £ € D)[12]. M is said to be proper if neither D = 0 nor D1 = 0.
For a vector field X tangent to M and N normal to M , we put

¢X = PX + FX, and ¢N = BN +CN, (2.3)

where PX (resp. FX) denotes the tangential (resp. normal) component of ¢.X,
and BN (resp. CN) denotes the tangential (resp. normal) component of ¢N.
It follows that the normal bundle Tt M splits as Tt M = ¢D+ @ u, where u is
the orthogonal complement of ¢D1 and is invariant subbundle of T+ M under
¢. Let 7 be the Riemannian connection on M , then the Gauss and Weingarten

formulas are given respectively by

gXY = VXY+ h(X)Y)a ' (24)
VxN = —ANX + 72N (2.5)
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for each vector fields X,Y tangent to M and N normal to M, h and A are both |

the second fundamental forms related by
9(AnX,Y) = g(h(X,Y),N), (26)

and 71 denotes the connection in the normal bundle T1 M of M. We call the
normal connection 7+ of M to be (D — u)-flat if RY(X,Y) N=0for X,Y € D
and N € u. M is called (D — u) totally geodesic if Ay X = 0 for each X € D
and N € u.

The equation of Codazzi and Ricci are given respectively by

R(X,Y,Z,N) = g(vxh(Y,Z) - h(VxY, Z) - lY,vxZ),N)
- 9(V¥h(X, Z) - H(Vy X, Z) - (X, vy Z),N). (2.7)
R(X,Y,N,N1) = RY(X,Y,N,N1) - g([An, An, )X, Y) (2.8)

for each X,Y and Z tangent to M and N, N; normal to M. R, R and R*
denote the curvature tensors associated with 7, 7 and w+ respectively. In case

of Sasakian manifold, the following equations are well known [9].

R(X,Y)$Z = ¢R(X,Y)Z + 9(¢X,2Z)Y - g(Y,Z)$X

+9(X,Z)pY — g(¢Y, 2)X. (2.9)
R(X,Y)Z = - ¢R(X,Y)$Z + g(Y,2)X — g(X,2)Y
— 9($Y, Z)pX + g(¢X, Z)¢Y. (2.10)

If M is a Sasakian space form of constant ¢-holomorphic sectional curvature C,
then R is given by [6]

i i)

R(X,Y)Z = 2(C +3)lo(Y, )X — (X, 2)Y]

+ i(c ~ D{n(X)n(2)Y - n(Y)n(Z)X
+9(X, Z)n(Y)¢ - g(Y, Z)n(X )€ + g(¢Y, Z)pX
— 9(9X, Z)¢Y + 29(X,9Y )9 Z}. (2.11)
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for each X,Y and Z tangent to M.
The 2-form Q on M is defined by Q(X,Y) = g(X,#Y) is skew-symmetric
[4], that is,
§(X,4Y) = —g(¢X,Y), (2.12)

and the covarient derivative of ¢ is defined by
VxdY = (Vxd)Y +$(VxY) (2.13)

for each X,Y tangent to M.

Now, let M be an m-dimensional Riemannian manifold isometrically immersed
in M. We assume that the structure vector field £ on M is tangent to M and
denote by {£} the distribution spanned by £. Also we denote by TM and T+ M
the tangent bundle to M and respectively the normal bundle to M.

The submanifold M of the Sasakian manifold M is called semi-invariant
if it is endowed with the pair of distributions (D, D) satisfying the following
conditions: ‘

(i) T(M) = D@ Dt @ {¢}, and D, D*, {¢} are mutually orthogonal,
(ii) the distribution D is invariant by ¢, i.e., D, = D for each z € M,
(iii) the distribution D' is anti-invariant by ¢, i.e. ¢DL C T} M for each

z € M[4].

The semi-invariant submanifold M is called anti-invariant submanifold
(resp. invariant submanifold) if D = 0 (resp. Dt = 0). The projection mor-
phisms of TM to D and D' are denoted respectively by P and Q. Using this
notation we have

X = PX + QX +n(X)E (2.14)

for each X tangent to M.
The equation of Codazzi for totally umbilical semi-invariant submanifold M is

given by

R(X,Y,Z,N) = g(Y,Z)g(vx H,N)
—g(X, Z)g(v¢H;N)s (2°15)
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where X,Y, Z are vector fields on M and N € T+ M, H being the mean curvature
vector. 7
For totally umbilical semi-invariant submanifold M, the equations (2.4) and (2.5)

take the form

VxY = vx Y +g9(X,Y)H (2.16)
VxN = —g(H,N)X + vxN (2.17)

A semi-invariant submanifold M of M is said to be semi-invariant product
if the distribution D @ {¢} is involutive and locally M is a Riemannian product
My X M, where M (resp. M) is a leaf of D @ {¢} (resp. DY) [3].

3. Totally Umbilical Semi-Invariant Submanifolds

An m(> 2)-dimensional submanifold of an arbitrary Riemannian manifold
M is called an extrensic sphere if it is totally umbilical and has nonzero parallel
mean curvature vector [8]. In the present section we shall prove a classification
theorem for totally umbilical semi-invariant submanifold of a Sasakian manifold.

In fact we prove the following;:

Theorem 3.1. Let M, (m > 5) be a complete connected and simply con-
nected totally umbilical semi-invariant submanifold of a Sasakian manifold M.
Then
(1) M is a semi-invariant product, or
(2) M is anti-invariant submanifold, or
(3) M is isometric to an ordinary sphere, or
(4) M is homothetic to a Sasakian manifold, or
(8) M is a C-totally real submanifold and the f-structure C' is not parallel in

the normal bundle.

The cases (4) and (5) occur only when m is odd.

Proof. We take Z, W € D' and using (2.4), (2.5), (2.17) and (2.2) in
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(2.13) we have
~9(H,¢W)Z +zW = ¢(Z, W)+ §(VzW) + ¢h(Z, W). (3.1)

Taking inner product with Z and using the fact that M is totally umbilical we

obtain
g(H, oW)Z|* = 9(2,W) g(H,$Z). (3.2)

Interchanging Z and W in (3.2) we get
9(H,$)NWI* = ¢(Z,W) g(H,$W). (3:3)
(3.1) together with (3.2) gives

ALY a1, ). (3.4)

LA = fapwE

The possible solutions of (3.4) are:
(a) H =0, or (b) H-¢W, or (c) Z||W.
Suppose condition (a) holds, i.e., H = 0 shows that M is totally geodesic, which
ensures the first part of the theorem.

Next, suppose H # 0 and H € u. Then with the help of (2.13), (2.2) and
(2.1) we get Yy ¢pH = ¢V x H for each X € D which further implies that

Vx$H = —g(H,H)$X + ¢ v+ H. (3.5)

by the use of (2.17). Since M is semi-invariant, therefore by (2.1) it follows that
vxoH and V% H belongs to u. Thus ¢X = 0, guarantees the second part of
the theorem.

Finally, suppose H # 0, H ¢ u and Z||W, i.e., dim DL = 1. Since dim M "
5, we can choose vectors X, Y € D satisfying 9(X,Y) = g(X,4Y) = 0. For
each IV in T+ M, the equations (2.9) and (2.15) implies that R(¢X,Y,¢Y, N} =
9(Y,Y)g(¢ V¢ x H,N) and R(¢X,Y,4Y,N) =0 respectively, which further im-
plies that 7% H = 0. Next, we take Z € D, N € w and N; € ¢D*. Then a di-
Tect consequence of (2.10) and (2.15) are R(Z,Y, Y,N)=0and R(Z,Y,Y, N) =
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g(Y,Y) g(\y% H, N) respectively. Hence combining both, we obtain 7z H €
#DL. On the same l_ines, one can immediately have —R-(Z, Y,Y,N;) = 0 and
R(Z,Y,Y,N;) = g(Y,Y) g(v$H,N;), which implies that \yZH € u. Thus
we have proved for Z € Dt, ytH € ¢Dt nu = {0}, ie, vzH = 0.
Again, using (2.10) and (2.15) we have R(¢,Y,Y,N) = 0 and R(£,Y,Y,N) =
9(Y,Y) g(vg-H ,N) for each N € T+ M respectively follows that v-gLH = 1.
Hence syt H = 0 for all vector fields X tangent to M, i.e., M is an extrin-
sic sphere. Thus parts (3), (4) and (5) follow from [13]. This theorem thus
gives a complete classification of totally umbilical semi-invariant submanifold of

a Sasakian manifold.

4. C R-Submanifolds of a Sasakian Space Form

In this section we shall study in detail about the mixed totally geodesic
C R-submanifold of a Sasakian space form with parallel horizontal distribution.

We recall that the ¢-holomorphic bisectional curvature of M is given by [11]
H(X,Y) = R(X,¢X,¢Y,Y)

We have,

Lemma 4.1. Let M be a mized totally geodesic C R-submanifold of a
Sasakian manifold M with parallel horizontal distribution. Then for each X € D
and Z € D,

H(X,Z) = 0

Proof. Taking into accoount the mixed totally geodesicness of M in (2.7)

to get

R(X,9X,2,¢Z) = — g(h(Vx$X,2),$Z) — g(h(¢X,vxZ),pZ)
+ 9(h(Vpx X, 2),62) + 9(h(X,Vx Z),$Z). (4.1)
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Since D is parallel, h(Vx¢X,Z) = 0 = h(V¢xX,Z). Using this and (2.6),
equation (4.1) yields

R(X)¢X7Z7¢Z) = _g(A¢Z¢X7VXZ)+g(A¢ZX7v¢XZ)7 or
-R(X3¢Xa Z,¢Z) &= g(VXA¢Z¢X) Z)—Q(V¢XA¢ZX’ Z) (42)

Using the mixed totally geodesicness of M and the parallelness of D in (4.2), the
assertion follows.

We now state the main result of this section.

Theorem 4.1. Let M be a Sasakian space form M(C) of constant ¢-
holomorphic sectional curvature C. In order that it may admit a mized totally
geodesic C R-submanifold M with parallel horizontal distribution D, it is neces-
sary that C = 1.

Proof. From lemma (4.1), it follows that H(X,Z) = 0 for each X € D
and Z € D*. Using the curvature equation (2.11) of the Sasakian space form
together H(X,Z) = 0 and (2.12) we obtain

& =1)

0 = == g($X,4X) o(42,42).

Le., (C-1)||6X])? ||#Z]|* = 0, which gives that C = 1. This completes the proof
of the theorem.
The following theorem which we shall prove in Sasakian setting is well known

in case of Kaehler manifold.

Theorem 4.2. Let M be a mized foliate, and (D, D) be ¢-horizontal
C R-submanifold of a Sasakian space form _J\Z(C’) If the normal connection is
(D — u)-flat, then C < 1. The equality holds good if and only if M is (D — u)-
totally geodesic.

Proof. Since the normal connection is (D — u)-flat therefore RY(X,Y)N =
0 for each X, Y € D and N € u. Using this in Ricci equation (2.8) we obtain
R(X,Y,N,¢N) = — g(AynX,A,Y) + 9(A4NY, A, X), or
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Next, by the use of (2.11) it is easy to obtain
1
R(X,Y,N ¢N) = —(C' 1) 9(X,9Y) g(¢N,¢N). From (2. 1) it follows that

R(X,Y,N,6N) = 2(C 1) g(X, 6Y) o(N, ). (4.4)

Taking N as a unit vector field of the normal subbundle u, and substracting
(4.3) from (4.4) to get

(C—1)g(X,9Y) +49(ANX, AN®Y) = 0. (4.5)

We put X = ¢Y and since g is a positive definite metric, therefore from (4.5)
follows that C'— 1 < 0 or C < 1. Moreover, if M is (D — u) totally geodesic,
then ANX = 0 for each N € u and X € D implies that C —~ 1 =0o0r C = 1,

which completes the proof of the theorem.

5. Propér Contact C'R-Product

A CR-submanifold M of a Sasakian manifold M is called a contact CR-
product if it is locally a Riemannian product of a Sasakian (invariant) subman-
ifold M7 and a totally real (anti-invarient) submanifold ML of M. First we

prove some basic lemmas which we use subsequently.

Lemma 5.1. Let M be a C R-submanifold of a Sasakian manifold M. Tlien
M is D-totally geodesic if and only if ANX € D for each X € D and N € TM.

Lemma 5.2. Let M be a CR-submanifold of a Sasakian manifold M and
(D, DY) be &-horizontal. Then the leaf MT of D is totally geodesic in M if and

only if
g(AF2Y,X) — n(X)'n(AFZY) (5.1)

for each X,Y in D and Z in D*.

Proof. We take X, Y in D and Z in D1. Then

9(2,vye¢X) = —g(VyZ,¢X). (5.2)
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We recall that for each X, Y in D and Z in D, we have [11]
9(VyZ,X) = g(PArzY,X) + n(yyZ)n(X) - n(Z)g(Y,PX). (5.3)
By the use of (2.1), (2.2) we obtain
W(VvZ) = 9(VrZ€) = 9(Z,4Y) = 0. (5.4)
Using (5.3), (5.4) in (5.2) with (D, D%) is ¢£-horizontal we get
9(Z,Vy¢X) = —g(PApzY,¢X). (5.5)

Taking into account (2.3), (5.5) becomes

g(Z, VY¢X) = —g(¢AFzY, ¢X) By (21) it follows that

9(Z, 7y dX) = ~9(ArzY, X) + n(ArzY) n(X), from which our assertion
follows immediately.

Finally we arrive at:

Theorem 5.1. Let M be a D-totally geodesic, but not totally geodesic C R-
submanifold of a Sasakian manifold M and (D, DL) be &-horizontal. Then M is

a proper contact C R-product submanifold if the leaf of DL is totally geodesic in
M. If in addition, M is a Sasakian space form M(C), then C > —3.

Proof. Since M is D-totally geodesic, therefore by lemma (5.1) ApzY €

DL, A direct consequence of this is
n(ApzY) = 0 (5.6)
for each Y in D and Z in D<. Moreover,
9(ArzY,X) = 0 (5.7)

for each X in D.
Hence (5.6), (5.7) and lemma (5.2) assures that the leaf M7 of D is totally
-geodesic in M, and by the hypothesis, the leaf M+ of D+ is also totally geodesic
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in M. Thus M is a contact C R-product submaifold. Furthermore, using (2.1),
(2.3), (2.12) and the fact that [|h(€,Z)||* > 0 for each 0 # Z € D+, we get

g(h(&,Z),Bh(€, Z)) + g(h(€, Z),¢Ch(£, Z)) < O (5.8)

Next by (2.4) and (2.2) it follows that Ch(€,Z) = 0. Finally using (2.6) together
with Ch(£,Z) = 0, (5.8) becomes g(Agpn(e,z)¢,Z) < 0 which shows that

Agh(e,z)e 7 0. (5.9)

On the contrary, suppose that DX = 0. Then by (5.9), An{ & D+ for some
N € TJM which contradicts the fact that M is D-totally geodesic (See lemma
5.1). Thus Dt cannot be zero, that is, M is a proper contact C R-product. The
last part of the theorem follows from theorem (3.5) by M. Kobayashi [11].
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