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ON THE EXISTENCE OF PERIODIC SOLUTIONS FOR
A CLASS OF NONLINEAR DIFFERENTIAL SYSTEMS*

LIHONG HUANG AND JIANSHE YU

Abstract. In this paper three theorems on the existence of nontrivial
periodic solutions of the system

dz/dt = e(y)
dy/dt = —e(y)f(z) — 9(z)

are proved, which not only generalize some known results on the existence
of periodic solutions of Liénard’s system (i.e. the special form for e(y) =
y), but also relax or eliminate some traditional assumptions.

1. Introduction

Consider the nonlinear autonomous differential system

dz/dt = e(y)
dy/dt = — e(y)f(z) - g(z) (1.1)
where ¢(y), f(z) and g(z) are continuous real functions defined on R, and are

subject to the conditions which ensure that the initial value problems of (1.1)

shall have a unique solution for every initial condition.
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The system (1.1) is a generalization of the following Liénard system

dzfdi =9
dy/dt = —yf(z)~- g(z) (1.2)

For the system (1.2), the question of the existence of periodic solutions has been
widely investigated by many authors, and many good results have been obtained
(sée e.g. [1] [2] for an extensive bibliography and also [3]-[5]). It is worthwhile to
generalize these results to more general nonlinear system. We shall be concerned
here with sufficient conditions for (1.1) to possess non-trivial periodic solutions.

In this paper we use some new techniques to deal with the existence of non-
trivial periodic solutions of (1.1) and obtain some new results (see Theorems 1-3
in Section 2). If applying these new results to the system (1.2), from Remarks
in Section 2, one will find that our results generalize some known results in this
direction, and, in certain important aspects our conditions are less restrictive.
For example, in our results, f(z) is allowed to change its sign infinitely many
times, in particular, our theorem 1 and theorem 3 give conditions under which the
system (1.1) has at least a non-trivial periodic solution without the traditional
assumptions that G(+oo) = +oco and f(z) is positive (or nonnegative) when |z|
is large. As is well known these assumptions play important roles in the proof of
many known results on the existence of periodic solutions of (1.2). In Section 2,
we also give several simple examples to illustrate cases in which the new criteria,
can be applied whereas criteria obtained in [1]-[7] fail.

For ease of exposition, throughtout the paper, we will use the following

notations . .
F@) = [ f)s  6(a) = | sts)as
0 0
and we make here the following assumptions

(Hl) ye(y) > 0 for all y # 0; zg(z) > 0 for all z # 0.
(H2) For 0 < |z| < 1, f(z) < 0 and # 0.
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2. Results and Remarks

Theorem 1. Assume (H1) and (H2) are satisfied. Moreover, assume the
Jollowing conditions (H3)-(H6) also hold

(H3) lim F(z) > —oo, 1_1@ F(z) < 400. (where lim and lim represent
limsup ang_l;'-;nozs)nf respectivelyj_) - '

(H4) lim (F(z) + G(x)) = +o0; _lim (~F(2) + G(s)) = +oo.

(H5) " Tm le(y)| > 0.

(H6) P catita 2 0 and ¢(z) € C' ((—o0,—a],R*) (or ¢(z) € C([a,
+00),R™)) such that

e(a(2))[f(2) + ¢'(2)] + 9(z) 20 (< 0)

for allz < —a(z > a).

Then there is at least one non-trivial periodic solution for the system L1,

Theorem 2. Let (H1) and (H2) hold, and the following conditions (HT7)-
(I19) be satisfied

(H7) e(y) is monotone z'hcreasing, and e(+o) = +o0.

(H8) There ezist a > 0 and b > 0 such that f(z) > 0 for all z ¢ (—a,b).

(H9) F(b) > F(—a); G(£) = +oo0.

Then there exists at least one non-trivial periodic solution of the system

(1.1).

Theorem 3. If the conditions (H1)-(H4) and (H7) are satisfied, and the
following condition (H10) holds
(H10) There exists a > 0 such that F(a) > F(—a), and for all z > q,

9(—z) = —g(z) and f(z) + f(~z) > 0.

Then the system (1.1) has at least one non-trivial periodic solution.

Remark 1. Theorems 1-3 are still valid if we consider the system

dz/dt = e(y — F(z)) (2.1}
dy/dt = — g(z)
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which is equivalent to the system (1.1). In fact the nonlinear transformation

T(m,y) = (:l:,y-l—F(l‘))

carries system (2.1) into system (1.1) preserving the z-coordinates.

Remark 2. (H2) is only used to guarantee that the stationary point (0,0)
is local repulsive, therefore, the assumption (H2) may be replaced by, any set
of assumptions which guarantee that the origin is repulsive. By the way, using
theorem 1-3 and the change of coordinates z* = z, y* = —y, and t* = —t, one
may consider the case “For 0 < |z| < 1, f(z) > 0 and # 0.” which implies the

origin is a local sink.

Remark 3. Obviously, if F(+00) = +o0, then (H3) holds naturally, and
(H4) also holds when zg(z) > 0 for all z # 0.

If G(£o00) = +oo, then (H4) holds when (H3) is satisfied.

It is easy to see that (H8) implies (H3).

If the condition (e) of Theorem in [3] “there exist A > § and b > 0 such that
f(z)+g(z)] > b > 0if |z] > h.” is satisfied, then (H4) holds when the condition
“zg(x) > 0 for all z # 0” holds.

Remark 4. If lim f(z) > 0 (or lim f(z) > 0) and hm {|g(.z:)|
/7)) < sup {e(y)) (esp. T {lg(2)I/f(=)) < sup {e(y)}), then (H6) is

YER™
satisfied 1f a:g(z) > 0 for all z ;é 0. In fact, the above hypothesis implies that

there exist @ > 0 and K > 0 such that f(z) > 0 and e(K) > lg(z)|/ f(z) (zesp.
—e(—K) 2 |g(z)|/ f(z)) for all z < —a (resp. z > a). Hence, let g(z) = K (resp.
= —K), then (H6) follows.

Remark 5. For the system (1.2), (H5) holds naturally. Therefore, Theorem
1 of [5] is a special case of our Theorem 2 for e(y) = y, and, by the above
Remarks, one can find that our Theorem 1 generalize the result of [3] and relax
some conditions imposed in [3]. _

In order to compare our results with those obtained in [1]-[7], let us now see

- several simple examples
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Example 1. The system

defdt = y*ntl
dyf/dt = — y*" (2% 4 227 — 3 — 2)e® - (€% +e7%) (2.2)

has at least a non-trivial periodic solution for any nonnegative integer n.

Proof. For (2.2), we have e(y) = y*"*!, f(z) = (2° + 22% — z — 2)e®
and g(z) = z°(e® 4+ e~%). Obviously, (H1), (H2) and (H7) are satisfied, and
g(—z) = —g(z) for every z € R.

By some simple calculuses, we have

F(z) =(z® -2 4+2-3)e*+3
G(z) = (2°+202°+120z)(e*—e™") + (~52% — 6022 — 120)(e”+e~%) 4240
Thus, it is easy to see that F'(+00) = 400 and F(—00) = 3 and G(+o00) = +00.
Therefore, (H3) and (H4) hold.
Again since
F(z) - F(-z) = (2 +z)}(e" + e %)+ (™% - e®)(z* + 3)
f(&) + f(=2) = (a? = 1)(=z + 2)e” + (2 — 1)(2 - z)e=

consequently

lim (F(z)- F(-z)) = 400 and xl{g_noo(f(x) + f(-2)) = +o0

z—400

this implies that there exists a > 0 such that F(a) > F(—a) and fz)+f(-z) >0
for all z > @, and hence (I[10) holds. It therefore follows from Theorem 3 that

the assertion of Example 1 is true.

Remark 6. For the system (2.2), it should be noted that f(z) < 0 for
¢ < =2 and f(z) > 0 for z > 1, therefore, the result of [3] cannot be invoked
to produce a periodic solution of (2.2) for the special case n = 0. Again since
G(£o00) = 400 and F(—o0) = 3, consequently, Theorem 3 and Corollaries 1 and
2 of [4] are also invalid for n = 0. |
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Notice also that the proof of Example 1 remains valid if y?>"+1 is replaced

by any function e(y) which satisfies (H1) and (H7).

Example 2. The following systems

dz/dt = arcigy

dy/dt = — (arctgy)(z®sin® z — 22 — 2) — 2¢/(1 + 22)? (2.3)
and

dz/dt =y

dy/dt = — y(z*sin®z — 2¢ — 2) — 2z /(1 + 2?)? (2.4)

have non-trivial periodic solution.

Proof. For (2.3) and (2.4), it is easy to show that (H1) and (H2) are
satisfied, and
1 s 1,

F(z) = zz° - -2

1 i
5 7 sin2a:——chos2x+§sin2x—z2—2x

This implies F(+00) = +o0, from Remark 3 it follows that (H3) and (H4) hold.
On the other hand, for (2.3) and (2.4), we have respectively lim le(y)] =
ylin.}olarctgy] = 7/2 and yli:%lole(y)l = yli_zgolyl = +o00, consequentfy?%oH5) also
holds.
Again since, for (2.3) and (2.4), we have lim f(z) = +00, and JIl)—__lﬁoo{lg(a:)|

[f(z)} =0 < sup {e(y)}, therefore, it follows from Remark 4 that (H6) is
yERT
satisfied. Thus, according to Theroem 1, the proof of Example 2 is completed.

Remark 7. For the system (2.4), it is easy to see that f(z) is oscillatory
on the interval (0, +00), and, xli_in-oof(z) = 400, xli% f(z) = —o0, so the result
of Villari [3] will fail. Again since glz) = 2:1:/(1:— x°§?)2 — 0 (as  — 00) and
G(z)=2?/(1+22) -1 (as 2 — 00), therefore, Theorems of A. B. Dragilev and

A. F. Filippov (see [1] Theorems 5.1 and 5.3), Theorem 3 of Villari [5] and the
- results of Huang [6] and Ding [7] cannot be applied.
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We also would like to point out that, according to Remark 4, y on the |
right-hand side of (2.4) can be replaced by any function e(y) satisfying (H5) and
(H1).

3. Proofs of Theorems
We first prove a lemma.

Lemma 1. If (H1) and (H2) are satisfied, then origin is a unique singular

point of (1.1), and is local repulsive.

Proof. According to (H1), it is easy to see that the origin is the only
singular point of (1.1), and for 0 < Cy < 1, the curve

V(z,y) = G(z)+ /oy e(s)ds = Cy

is a closed curve surrounding the origin. Thus, it is obvious, based on dV/ dt|(1.1)
= —e’(y)f(z) and (H2), that the origin is local repulsive, and the lemma is
proved.

By Lemma 1, if one can prove that there exists a bounded positive semi-
trajectory for (1.1) under the conditions of Theorem 1 or 2 or 3, then the

Poincaré-Bendixson theorem can be invoked to produce a non-trivial soltion
of (1.1).

(I). Proof of Theorem 1
We first consider the case ¢(z) € C' ((—oc0,—a], R") in (H6).
Let 9 < —a, yo > ¢(2o), and T} be a positive semi-trajectory of (1.1)

passing through point A(2o, o) at time to, and let its parametric equation be
p=a@t), v=ylt) 1>%6

Since ye(y) > 0 for all y # 0, it follows, when ¢ increases, that the point
(2(%),y(t)) moves along T} from the left (resp. right) to the right (resp. left)
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in the ¥ > 0 (resp. y < 0) half-plane. Now we prove that TX must intersect the
positive z-axis.

Suppose that T;{ doesn’t intersect the positive z-axis for all £ > %y, then we
have y(t) > 0 for every t > ¢y, and when t — +o0, T} must belong to one of the
following three possible cases

i). lim z(¢) < lim y(t) = +oo.
(1) Jim 2(t) < 400, llinooy( ) = +oo..
= in i)= .
(ii). hm :c(t) +00, Eooy( ) = 400
(iii). hm z(t) = 400, lim y(t) < +oo.
t—4o0 t—+4+o0
Integrating dz /di = e(y) along T’} from ¢, to t, we obtain

() = 2(to) + [ elule)at

Thus, it follows from (H5) that hm x(t) = +o0o0 when hm 'y(t) = 400, this
means that the case (i) is 1mp0351b]e

If the case (ii) or (iii) holds, then there exists ¢; > #, such that z(t1) = 0
and z(t) > 0 for all ¢ > ¢;. Thus, g(z)/e(y) > 0 for all t > #,, it follows that

- ~ T S\ds — (8)
y(t) = y(t1) /O f(s)d / e

<y(h) - Fz(t)  (as t> 1)

Using (3) and the above inequality, it is not difficult to show hm y(t) < +o0,
consequently, the case (ii) is also impossible.

Assume the case (iii) holds, then there exists P > 0 such that 0 < y(t) < P
for all ¢ > t,.

Let ) > max { 0 ?ZXS Pe(y), 1 }, then, for all ¢ > t;, we have
W) =) - [ s - [* Ly,
< u(h) - F(z) - 56() (3.1)

Again according to (1I3), there exists & > 0 such that F(z) > —k for all z > 0.
On the other hand, (H4) implies that there exists z* > 0 such that F(z)+G(z) >
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Qy(t1) + (@ — 1)k for all z > z*, i.e., G(z) > Qy(t1) + (Q — 1)k — F(z) for all
z 2 z*. Substituting this into (3.1), we obtain

W8 < —QQ;l(F(x) 1K) <0 (asz> 2"

This contradicts the fact that y(¢) > 0 for all ¢ > %o, the contradition illustrates
that the case (iii) is also impossible. Therefore, T'{ must intersect the positive
z-axis at some point B.

By using a exactly similar fashion, we can prove that when ¢ increases
continously, Tf must also intersect the negative z-axis at some point C(z¢, 0).

If zc > —a, by (H1) and the uniqueness of solutions for the initial value
problem associated with system (1.1), it is easy to see that 7'} is bounded. (see
Fig. 1).

L

AN

Figure 1

If z¢ < —a, using (H6), on the curve y = g(z), we have

—e(y)f(z) —g(z) dg(z)
e(y) dz <0

Consequently, TX cannot cross the curve y = ¢(z) as z < —a. Arguing as in the

(as z < —a)

case r¢c > —a we can know that TZ is also bounded.



182 LIHONG HUANG AND JIANSHE YU

For the case ¢(z) € C'([a, +c0), R™) in (1I6), we choose o > a yp < ¢(zo),
by the same argument that was used to analyze 7§, we can prove that the
positive semi-trajectory which starting at point (29, 4o) must be bounded.

The Poincaré-Bendixson theorem now implies that system (1.1) has at least

one non-trivial periodic solution.

(IT). Proof of Theorem 2

Let '
M = max{|g(z)| | —a < z < b}

N = max{|f(z)| | —a < z < b}
Using (H7) and (H9), we may choose W > 0 such that

2M(b+ a)

min{e(W), |e(-W)|} <f

F(—a) - F(b)+

Again let

M
min{e(), ie(—W)!}] Lk

Vi) = 6@+ [ e(o)ds
Cy > max{V(-a,4), V(-a,-A), V(b,4), V(b,—A)}

A:W—I-[N-l—

By (1I1) and (H7) and (H9), it is clear that V(z,y) = C, is a closed curve
surrounding the origin, and from our choice of C,, it follows that V(z,y) =C,
contains the region {(2,y)| — a < z < b,|y| < A} in its interior. Thus, the
curve V(z,y) = C. must intersect the lines £ = —a and z = b in the y>0
and y < 0 half-plane. Let their intersection points be A(—-a,y,), B(b,y;),
C(b,y:) and D(—a,y,) (see Fig.2), where y,, Ys > D, Yo, Yp < —A. Again
let TF : y = y(z) be a positive semi-trajectory of (1.1) starting at A at time #,.
Using a proof similar to that used for Theorem 1, we can prove that T} cannot
always stay in the region {(a,,y)| —a <z <by>W}forall t > t. Following
this, we will show that T’} must intersect the line z = b at a point B * (5,95.),
and y,. > W.
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x Y

Figure 2

Otherwise, there exists d € (—a,b) such that y(d) = W and y(z) > W for

all z € (—a,d). Again since

dy
dz

ey 42
=)~ 4 (32)

Integrating (3.2) along T’} on [—a,d], we obtain

d d
W—yA e e _af(x)dx_/ (g((a;)))
M M

Therefore
‘ M
<W+ N+ ——
s 5 +[ 4 (W)](b—}-a)gA
This contradicts y, > A. Hence T must intersect the line z = b at some point

B x(b,y,.) and y,. > W.
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Next we further prove y,. < y,. Notice that V(z,y) = C, is a integral

curve of the system
dz/dt = e(y) dy/dt = —g(z)

so along this curve we have

ppmus = - [ gy D 6:3)

e e(y(@) " T (W)

On the other hand, integrating (3.2) along T} from A to B*, we obtain

M(b+ a) » M +a)

(W) () (3:4)

Ypr — Ya < F(—a) - F(b)+
From (3.3) and (3.4) it follows easily y,. < y,.

By an analogous argument, one can prove that the positive semi-trajectory
T& starting at C must intersect the line z = —a at a poirt D*(—a,y,.) in the
¥ < 0 half-plane, and y, < y,. < -W.

From (H8) it follows, along the curve V(z,y) = C., that dV/dtl(Ll) =
—e*(y)f(z) < 0 for all z & (—a,b). Again since ye(y) > 0 for every y # 0,
consequently, it is easy to see that Tj and Tg cannot cross the closed curve
’ZB?UWUEC\U 6'—D?UD_*5U DA (see Fig. 2) into its exterior. This implies
that 77 and T2} are bounded, and the proof is completed.

(III). Proof of Theorm 3
Let
M* = max{|g(z)|[le] < ¢} N* = max{|f(z)|||z| < a}

According to (I7) and (H10), we may choose W* > 0 such that

2a M* <0
min{e(W*), le(—W*)I}}

F(-a) - F(a) +

Again let

A5 = W+ 49, [N* +-min{e(W’f‘){I‘3(‘W*)l}}

In order to prove Theorem 3, we first show two lemmas.
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Lemma 2. Let yo > A%, Tt : z = z(t), y = y(t) be a any positive semi-
trajectory starting at the point (—a,yo) (or (a,—yo)) at time to. Then, under
the conditions of Theorem 3, there exists t; >ty such that T intersects the line
z = a (resp. = = —a) al time t;, and y(t) > W* (resp. y(t) < —W*) for all
t € [to,11), further, we also have y(t1) < y(to) = yo (resp. y(t1) > y(to) = —yo)-

Proof. We only consider the case that 7't starts at the point (—a, o),
since, in exactly the same way we can treat the case that Tt starts at the point
(a,—%o)-

By a similar argument that was used in (II) to prove that T} intersects the
line z = b and y,. > W, we can prove that the two first assertions of Lemma 2
are true. Now we only prove y(t1) < y(to) = ¥o-

Integrating (3.2) along 7't from —a to a, we obtain

y(t1) =% = - _Z SREe= /_a egly((gva?))dx

2aM*
e(W*)

< — (F(a) - F(~a)) + <0

This implies y(t1) < y(to) = o-

Lemma 3. Let h > a, the trajectory y = y(z) of (1.1) intersect both the
lines z = h and = = —h, and let y(z) > 0 (or < 0) for z € [-h,h]. Then under
the conditions of Theorem 3, when y(—a) > y(a), we have y(—h) > y(h), and

the function z(h) = y(h) — y(—h) is monotone nonincreasing on h € (a,+00).

Proof. We only prove the case where y(z) > 0 for all z € [—h, A], for the
case y(z) < 0, it can be treated in the same way.

Integrating (3.2) along the trajectory y = y(z) on [—h, k], we have
h

h
A0) = W) -u(-h) = - [ f)a- [ L

A simple calculation yields
4oy - o |9 _g(=h)
2 = = U+ 1) - [+ E
- o()e(y(h)) — e(u(~h))]
— e(y(h))e(y(—h))
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Now let
g(h)e(y(h) = e(y(=R))] .
S = Cely-m) e A0

when z(h) =0

Then the above inequality means that
(k) < S(h)=(h) (3.5)

where ' = d/dh.

Using (H1) and (H7), it is not diffcult to show S(h) > 0 for b > a, and
hence 7'(h) < 0 as z(h) = 0. Again since S(k) is continuous at A of z(h) # 0,
thus, it follows from (3.5) that

h
Zide {z(h) exp l:——/a S(T)dr]} <0

Therefore
h h
z(h) < z(a)exp ,,/ S(T)dT} = (y(a) — y(—a))exp [/S .S'(‘r)d*rJ <0

Again using (3.5), we obtain 2'(h) < 0. ‘

Thus, by what we have just proved, for any h satisfying the conditions of
Lemma 3 we have 2/(h) < 0. Hence z(h) is monotone nonincreasing on h, it
follows that 2(h) = y(h) — y(~h) < z(a) < 0 for b > a, i.e. y(h) < y(—h), and
the lemma is proved.

Now let us complete the proof of Theorem 3.

Let A1(~a,y,, ) be a point on the straight line z = —a, withy, > A*, and
T+ be a positive semi-trajectory of (1.1) passing through A;. From Lemma 2 it
follows that T+1 must intersect the line z = a at some point A, in the half-plane
¥ > 0. Again using a proof similar to that used for Theorem 1, we can prove that
Tj{l must be clockwise and intersect the positive z-axis at some point Az, and
also intersect the line = a at some point A4(a,y,,) in the half-plane y < 0.

Choose point Bi(a,y, ) on the line £ =a such that Ys, <—max{A* |y, [}.

Let TB and Tz, be respectively the positive semi- -trajectory and the negative
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semi-trajectory of (1.1) passing through B;. By Lemma 2 we know that T;1 maust
intersect the negative y-axis at a point B3, also intersect the line £ = —a in the
half-plane y < 0. Let this intersection point be B3(—a,ys,), then y,. > y; .
Again arguing as in (I) we may prove that T g'l must be clockwise and intersect
the negative z-axis at a point By4, and also intersect the line z = —a again in

the half-plane y > 0. Let this intersection point be Bs(—a,y,,)-
If y,, < y,,, by the conditions, it is easy to see that Tg.'1 cannot cross

~ o moou gy oy . ) #
the closed curve ByB; B3B4Bs UBsA; U A1 A3 A3 A4 UA4B; (see Fig. 3) into its

exterior. Thus, Tgl must be bounded.

As
N
\ i

Figure 3

Now we assume y,_ >y, . By the same argument that was used to analyze
le it follows that, when ¢ increases continously, Tgl will intersect the positive
y-axis for the first time at some point Bg, and intersect the line z = a at some
point B7(a,y,, ) in the half-plane y > 0, also intersect the positive z-axis at a

point Bs. According to Lemma 2 we also have W* < y, < y;..
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We now construct a symmetrical closed curve E?z B3 B4 Bj B;UBGB;‘ B; B; B,

with respect to the y-axis (see Fig. 3), where 25'2B3B4B5 Bg is a segment of Tgl.
By Lemma 3, it is easy to see that the segment B7Bg of Tg'l will be on the

left-hand side of the segmental arc Bg By, and the part of T, which belongs to

the region {(z,y)|z > ¢,y < 0} must be on the right-hand side of the segmental
arc B3 B{ (see Fig. 3). Therefore, by (H1), it is clear that Tgl is bounded.

This completes the proof of Theorem 3.
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