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MULTIPLIERS FOR THE cp - IC,nlk SUMMABILITY 

OF INFINITE SERIES 

W. T. SULAIMAN 

Abstract. In this note we improve and generalize a theorem proved in 
1988 by Bor conceq1ing cp - IC, Ilk summability factors of infinite series. 
This theorem includes several known results. 

1. Introduction 

Let A= (ank) be an infinite matrix of complex numbers ank(n, k = l, 2, · · ·) 
and let ( 'Pn) be a sequence of complex numbers. Let I: an be a given infinite 
series with sequence of partial sums (sn). We denote by An(s) the A-transform 

of the sequence s = (Sr), 
00 

An(s) = ~anrSr. 
r=l 

(1.1) 

We said that the series I: an is summable IAI, if 

00 L IAn(s) - An-1(s)I < oo, 
n=l 

(1.2) 

and it is said to be summable r.p - IAlk, k ~ l, if 
00 

~ lr.pn[An(s) - An-1(s)]lk < 00. 
n=l 

(1.3) 
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When <pn = nl-l/k (resp. <pn = n6+l-l/k, b > 0), then <p - IAlk summability 

is the saine as IAlk (resp. IA, blk) summability. We said that the series E an is 
bounded [R,]ogn, 1)1.:, /;; 2: 1, if 

n L v-1 lsvlk = O(logn) as n-+ oo. 
v=] 

(1.4) 

A sequence (An) is convex if 62 An ~ 0, where .6.An = An.:_ An+I, n = l, 2, · · ·. 

The following results are know: 

Theorem A. (Mishra [4), see also Mazhar [3]) 
Let (An) be a convex sequence such that E n-1 An < oo. If E an is bounded 

[R, log n, l]k, then E an>.n is summable IC, Ilk, k > l. 

Theorem B. (Balci [1]) 
Let (An) be a convex sequence such that E n-1 An < oo. If there exists an 

E> 0 such that the sequence (nE-kj<pnlk) is non-increasing and 

n L v-kl<f'vSvlk = 0 (logn), n-+ oo, 
v=l 

(1.5) 

then the series E an An is summable <p - IC, Ilk, k > l. 

Theorem C. (Mishra & Srivastava (5)) 
Let (Xn) be a positive non-decreasing sequence and there be, sequences (f3n) 

and ( An) such that 

(1.6) 

(1.7) 

(1.8) 

(1.9) 

f3n -+ 0 as n -+ oo, 
00 

n=l 

If 
n L v-11svlk = O(xn), 

v=l 

(1.10) 
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then the series E anAn is summable IC, llk, k > l. 
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Theorem D. (Bor [2]) 
Let (Xn) be a positive non-decreasing sequence and the sequences (f3n) and 

( .Xn) are such that the conditions (1.6) - (1.9) of Theorem C are satisfied. If 
there exists an E> 0 such that the sequence (nE-kl'Pnlk) is non-increasing and 

n L v-kl<pvSvlk = O(xn), n ~ oo, 
v=l 

(1.11) 

then the series 'E anAn is summable <p - IC, llk, k > l. 
Theorem A could be obtained from Theorem B by taking (f)n = n1-1/k 

and E= 1. Theorem C generalizes Theorem A with conditions weaker as well. 

Theorems A, B and C are all special cases of Theorem D. 

2. Main Result 

We prove the following 

Theorem E. Let (Xn) be a positive non-decreasing sequence and the se­ 

quences (f3n) and (.Xn) are such that the conditions (1.6) - (1.9) of Theorem 
Care satisfied. If there exists an E> 0 such that the sequence (nE-kl'Pnlk) is 

non-increasing and 
n 

~ v-kQlcpvt~lk = O(xn), n--+ oo, 
v=l 

(2.1) 

where t~ is the (C, l)-niean of the sequence (nan), then the series E anAn is 
summable cp - IC, a:lk, k > 11 1 - 1/ k < o s; 1. 

3. Lemmas 

Lemma 1. [5] If the conditions (1.6) - (1.9) are satisfied, then 

0(1), (3.1) 

and 
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00 L /3nXn < 00. 

n=l 

(3.2) 

Lemma 2. If a> o > 0, then 
m (n-v)5-I "' = O(v8-q), as m-+ oo. L...,, nq 

n=v+l 
(3.3) 

Proof. 

1v/(v+l) = O(v8-q) uq-0-1(1- u)0-1du 
v/m 

= 0( v6-q), 
as 

1v/(v+I) 
uq-fi-I(l - u)8-1du 

v/m 

< £1 
uq-0-1(1- u)8-1du-+ ,B(a- 6,o) as m-+ oo. 

v/m 

4. Proof of Theorem E 

Let r:: be the n-th ( C, o )-mean, 0 < o < 1, of the sequence ( nan-An)- Then 
in order to prove the Theorem, it is sufficient to show that 

( 4.1) 

where 
n 

TQ 1 "' Q-1 n = At'.\' L...,, An-v vavAv, 
n v=l 

(a+l)(a+2)···(n+n)- nQ 
n! - f(o + 1)" 
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Abel's transformation gives 

1 [n-1 · ] r: = A~ ?; {(v + l)6vA~=tAvt~ + (v + l)A~=t_1.6.Avt~} + (n + l)Antn 

= r: 1 + r: 2 + 1';; 3, say. ' . ' 

To complete the proof, it is sufficient, by Minkowski's inequality to show 

that 
00 L :k j<pnT:)k < oo, j = 1, 2, 3. 
n=l 

Applying Holder's inequality, 

{ 1k-1 < ~ l<pnlk ~(v + l)kj,\ lklt' jkj.6.Aa-11 ~ l.6.Aa-11 L...t nk(Aa)k L...,; v v n-v L.....t n-1i 
n=2 n v=I v=I ) 
(when a= 1, r:.2 = 0 as ..6.A~=t = 0) · 

m m+l j jk j.6.A a-1, 
= 0(1) I: vklAvlklt~lk L <pnnk Aa 1'~-v , 0 <a< 1 

v=l n=v+I ( n) 
n-1 n-1 

(as L l6A~=tl = 0(1) L(n - v)a-2 = 0(1)) 
v=l v=l 

m 

= 0(1) L V-kal1Pvlk IAvjk lt~lk mll (n - v)a-2 
v=l n=v+I 
m 

v=l 
m 

v=l 
m-1 

= 0(1) L l6Av1Xv + O(l)l.\mlXm 
v=l 
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m 

= 0(1) Lf3vXv + O(l)I.XmlXm 
v=l 

= 0(1), 
in view of (1.6), (1.9), (2.1), (3.2), and the boundedness of An (see [2]). 

m m+l E-k1, lk( _ )ka-k ( ) ~ I I 1-, lk ~ n l..f)n n v = 0 1 L...t V bAv l.-u L...t nl+E+ka-k 
v=l n=v+l 

m m+l ( )ka-k 
0( ) '\' l+E-kJ lkl A, I · , lk ~ n - v = 1 L...t V <?v L:;Av liv L......t nl+E+ka-k 

v=l n=v+l 
m 

= 0(1) L v1-kJ6/\vJ Jipvt~Jk 
v=I 
m 

= 0(1) L vf3vv-ka,J<pv(Jk 
v=l 
m-1 

= 0(1) L 6( vf3v)Xv + O(l)mf3mXm 
v=l 
m m 

= 0(1) Lf3vXv + L(v + l)6f3vXv + O(l)mf3mXm 
v=l v=l 

= 0(1), 

in view of (1.8), (2.1 ), (3.1 ), (3.2) and (3.3): 
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m 

0(1) L n-kQIAnlklcpnt~lk 
n=l 

0(1 ), as in the case of r;:,1. 
This completes the proof of the Theorem. 

5. Applications 

a) If we are taking (>.n) as a convex sequence such that I: n-1 An < oo, 
Xn = logn, E= 1, 'Pn = nl-I/k and a = 1 in Theorem E, we obtain an 
improvement to Theorem A. 

b) If we are taking (/\n) as a convex sequence such that L n-1 An < oo, Xn 
log n and a = 1 in Theorem E, we obtain an improvement to Theorem B. 

c) ~f we are taking E= 1, lf)n = n1-I/k and o = 1 in Theorem E, we obtain an 
improvement to Theorem C. 

d) If we are taking a: = 1 in Theorem E, we obtain an improvement to Theorem 

D. 
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