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MULTIPLIERS FOR THE ¢ - |C,a|x SUMMABILITY
OF INFINITE SERIES

W. T. SULAIMAN

Abstract. In this note we improve and generalize a theorem proved in
1988 by Bor concerning ¢ — |C, 1| summability factors of infinite series.
This theorem includes several known results.

1. Introduction

Let A = (anx) be an infinite matrix of complex numbers anx(n,k = 1,2,---)
and let (¢,) be a sequence of complex numbers. Let ) a, be a given infinite
series with sequence of partial sums (s,). We denote by A,(s) the A-transform

of the sequence s = (s,.),

Auls) = ) Gnrsy. (1.1)

We said that the series ) a, is summable |A]|, if

o0
3" 4n(s) — An-1(5)] < o0, (1.2)
n=1

and it is said to be summable ¢ — |A|g, £ > 1, if

Zm [Anle) — A 1(3)]|k < 00. (1.3)
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When ¢, = nl=1/* (resp. ¢, = n®+t171/% § > 0), then ¢ — |A|; summability
is the same as |A|g (resp. |A,6|x) summability. We said that the series ) a, is

bounded [R,logn, 1]k, k> 1,if
n
Zv‘1|sv|k = 0(logn) as n — oco. (1.4)
v=1

A sequence (A,,) is convex if A%A, > 0, where A, = A, oo M B == Ta v o0

The following results are know:

Theorem A. (Mishra [4], see also Mazhar [3])
Let (A,) be a convex sequence such that Y, n~ 1A, < 00. If 3 an is bounded
[R, logn, 1]k, then ) apA, is summable |C, 1|, k > 1.

Theorem B. (Balci [1])
Let (\,) be a convez sequence such that Y n~'A, < co. If there erists an

€> 0 such that the sequence (n€¥|p,|¥) is non-increasing and

n

Zv"khovs.ulk =0 (logn), n — oo, (1.5)

=1
then the series Y, anA, 1s summable ¢ — |C, 1|k, k > 1.
Theorem C. (Mishra & Srivastava [5])

Let (xn) be a positive non-decreasing sequence and there be sequences (fr)
and (X\,) such that

|AAn| < B, (1.6)
Bn— 0 asn — oo, (1.7)
> nlABalxn < o0, (1.8)
n=1

| dnlo = O(1). (1.9)

If

n

> Y su)¥ = Do | (1.10)

u=1
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then the series Y anAy is summable IC 1k, & 2 1.

Theorem D. (Bor [2])
Let (xn) be a positive non-decreasing sequence and the sequences (B,) and
(An) are such that the conditions (1.6) — (1.9) of Theorem C are satisfied. If

there exists an €> 0 such that the sequence (n€ *|p,|*) is non-increasing and
Zv‘klcpusv|k =0(xn), n— 00, (1.11)
v=1

then the series . anA, 1s summable ¢ — e Ty 'k 2 1

Theorem A could be obtained from Theorem B by taking ¢n = Ve

and €= 1. Theorem C generalizes Theorem A with conditions weaker as well.

Theoremhs A, B and C are all special cases of Theorem D.

2. Main Result
We prove the following

Theorem E. Let (x») be a positive non-decreasing sequence and the se-
quences (B,) and (\,) are such that the conditions (1.6) — (1.9) of Theorem
C are satisfied. If there exists an €> 0 such that the sequence (n€*|pn|*) is

non-increasing and

n

S vRputy|F = O(xn), n— o0, (2.1)

v=1
where t' is the (C,1)-mean of the sequence (nay), then the series X ey, 48
summable o — |C,alk, k>1,1-1/k<a < 1.

3. Lemmas
Lemma 1. [5] If the conditions (1.6) — (1.9) are satisfied, then

nPnXn = O(l), (3.1)

and
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Z,Ban < ©o0. (32) |
n=1

Lemma 2. If o > § > 0, then

m IRPRY S |
Z (=) = 0(v*77), asm — . (3.3)
n?
n=v+1
Proof.
m )61 m
Z i = 0(1)/ 2% (z —v)° ldz
n=v+1 no' ’U+1
v/(v41)
- O(vé—a)/ uv—rS—l(l _ u)&-ldu
v/m
= 0(v*=7),
as
v/(v+1)
/ ua—&—l(l _ u)&—ldu
v/m
1
< / w1 = w)?ldu — B(o - 6,6) as m — .
v/m

4, Proof of Theorem E

Let T/* be the n-th (C, a)-mean, 0 < a < 1, of the sequence (nanA,). Then

in order to prove the Theorem, it is sufficient to show that

N |
> —lenTalk < oo, (4)
n=1}
where
Toz . 1 . a—1
N = E;An_uvav/\v,

A = (n+a') _ (e+1)a+2)---(at+n)  n®
“\n ) n! T T(a+1)
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Abel’s transformation gives

s Z{ v+1)A ASTIN 4 (v 4+ 1)A%TE AN} + (n 4 1)Aats
= T’I?,l + Tn'2 + 1—1,'?’3, say.

To complete the proof, it is sufficient, by Minkowski’s inequality to show
that

00 1 '
Z HI@nTg,jlk <o, 7= 1,2,3.
n=1

Applying Holder’s inequality,

m+1 1
-—-IQOnTallk
k n,
m+1 I(P k-1
n 1 o
2 Z nk(A2)F Z(H—l) DI L ALIVAV: ot {ZlAA" ¥
(vhen o= 1, 13 =0m A=)
m+1
v n AA n—uv

—om ot Y, eIl g o oy

v=1 n=v+1 n (An)

n—1 n—1

(as 3 1AAZTE = 0(1) Y (0 - v)*~? = 0(1))
v=1 v=1
e el k a—2
n n—v
= 0 3ol Ul 3 Lo =l
n=v+1

= 0(1)2 vl Pl I A (n—v)*~?

v=1

= 0(1) Zv'k“lAul"lsavti,Ik

v=1

= 0(1) Y Aol *leuty |*
=1

m-—1

=0(1) D |Ax,

v=1

Xv + O(1)|Am

Xm
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= 0(1) ) Buxv + O(1)[Amxm
- o),

in view of (1.6), (1.9), (2.1), (3.2), and the boundedness of A, (see [2]).

m+1

1
Z _19971. n,’.’lk
n=2 nk
m+l I‘P k n—1 ln_l k=1
< % a—1 k) 2
< ;"(A“)" Y (1) AN |8 [F(AZTS_y) {n;(v+1)|A/\v|}
p o lealf(4375 1)
SOOI ISIIES SO
v=1 n=v+1 ( n)
— 0(1)i |A/\ l L — ne—klgfon'k(n_v)ka—k
= 4 v v ['1)l n—.ZH_l nl+€+ka—k

m+1 (n - v)ka—k

—O(l)z AR PA LTS RTA LY P s g

v=1 n=v+1

= 0T Zvl"kl/_\./\ul lioth ]
v=1

m

= 0(1) ) vBuv™ ot |*
v=1
m-~—1

= 0(1) Z A(vﬁu)/\/v ¥ O(l)mﬁme

v=1

= 0(1) Zﬁuvu + Z(v + 1)ABuxo + O(1)mBrm Xm

v=1

- 0(1),

in view of (1.8), (2.1), (3.1), (3.2) and (3.3).

m m

- ko_ |<Pn|k ki 1k
Z I‘fonjn 3] O(l)z (Af:)kl)‘nl It;nl
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m
= 0(1) Yo% lethl®
n=1

= 0(1), as in the case of T,‘f‘;l.

This completes the proof of the Theorem.

5. Applications

a) If we are taking (A,) as a convex sequence such that Y.n X, < 00,

Yn = logn, €= 1, ¢, = n'~/* and a@ = 1 in Theorem E, we obtain an

improvement to Theorem A.
b) If we are taking (\,) as a convex sequence such that >, ™'\, < 00, Xn =

logn and @ = 1 in Theorem E, we obtain an improvement to Theorem B.

1-1/k

c) If we are taking €= 1, pn =n and a = 1 in Theorem E, we obtain an

improvement to Theorem C.
d) If we are taking a = 1 in Theorem E, we obtain an improvement to Theorem

D.
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