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ON AN APPLICATION OF A VARIANT OF THE CLOSED
GRAPH THEOREM AND THE SECANT METHOD

IOANNIS K. ARGYROS

Abstract. The method of nondiscrete mathematical induction is used
to find error bounds for the Secant method. We assume only that the
operator has Hélder continuous derivatives. In the case the Fréchet-
derivative of the operator satisfies a Lipschitz condition our results reduce
to the ones obtained by F. Potra (Num. Math. 1982).

Introduction

Consider the equation
flz) =0 (1)
where f is a nonlinear operator mapping a subset E; of a Banach space E; into
another Banach space E,.
Here we are concerned with finding solutions of (1) using the secant itera-

tions
Tptl1 = Ty — 6f(xn—1, -Tn)—lf(xn) (2)
Tnt+l = Ty — 5f($—17$0)“1f($n) (3)

where z_; and zy are two points in the domain of f, and §f is a consistent

approximation of f’.
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This work is based upon the elegant work of F. Potra included in [5] concern-
ing the error analysis of the Secant method. One of Potra’s basic assumptions is
the fact that essentially the linear operator f’ is Lipschitz continuous. However,
in the presence of some interesting examples (see part (III)), where f’ is only
Holder continuous, we extend most of the results contained in [5] for the iteration
(2). We leave the extension of the results for (3) to the motivated reader.

We furnish two examples in part (I1I) to show that our results can be applied
where as the equivalent results in [5] cannot.

Since our results are drawn almost in the same lines with the ones in [5], we
will need to restate some here.

Note that the results of this paper could be obtained by using one dimen-
sional rate of convergence only, as was done in Potra [5], and not the more general

rates of convergence introduced in Potra [6].

1. Preliminaries

Consider a class C of pairs (f,vp) where f is as above and vg = (Z_x41,- ",
o) is a system of k points from E;. We want to attach to each pair (f,v) € C
a sequence {z,}, n = 0,1,2,--- of points of Ey converging to a root z* of (1).
To achieve this we associate with the pair (f,vp) an operator F : E C E; — By,

where k > p and try to obtain a sequence {z,}, n = 0,1,2,---, by the scheme:
Lot = F(xn—P‘Fl?“"zn)’ = 071’27';'- (4)

The above scheme will yield a sequence {z,}, » = 0,1,2,---, if ug =
(T—p+1,°++,%0) is an admissible system of starting points in the sense given

by the following defintion:

Definition 1. Consider an operator F : E C EY — E; and define recur-

sively

EO = F, En+,1 == {'LL: (yly"'syp) e En;(y%"',ypap(u)) = E‘n}7 n=0,1,2.
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Any ug € Eoo = () E will be called an admissible system of starting points for
n>0 ;
the scheme (4).

If up is an admissible system of starting points for the scheme (4), we shall
say that (4) is well defined.

Definition 2. Let C be a class of pairs (f,v9) where f is a nonlinear
operator defined on a subset E; of a Banach space E; with values in a Banach
space Ey, and vg = (2_k41,°*,%0) € E;f Let p < k. By an iterative procedure
of type (p;1) for the class C, we mean an application which associates with any
(f,v0) € C an operator F : E C E? C F4 having the following two properties:

(i) o = (Z_p+1,-*+,%0) is an admissible system of starting points for the

scheme (4);

(ii) the sequence {z,}, n =0,1,2,--- given by (4) converges to a root z* of (1).

Having an iterative procedure of type (p;1) for the class C it is important
to find a function & : Zy — R4 and a function g : R} — R such that the

following inequalities are satisfied
d(zn,2") < a(n) (5)

d(zn - :I:*) < ﬂ(d(mn—z’-i-laxn—z?)’ ot 1d(zm xn—-l)) (6)

for every pair (f,z0) € C and every positive integer n.

The inequalities (5) are called apriori estimates because the right hand side
can be computed before obtaining the points z1,---,z, via (4), while the in-
equalities (3) are called aposteriori estimates because their right hand side can
be computed only after obtaining these points.

The estimates (5) and/or (6) will be called sharp if there exists a pair
(f,u0) € C for which these estimates are attained for all n = 1,2,3,---.

In the study of (4), we use the nondiscrete mathematical induction. The
method was initiated by V. Ptk by refining the closed graph theorem (7], [8]. V.
Ptak used this method to investigate iterative algorithms of type (4) with p = 1.
In [7] the method was extended for any p. See also [8] for the history of nondis-
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crete mathematical induction and its application to different gxeneralizations of

the secant method.
Here we restate the results obtained in [6]. Let T denote either the set of

all positive numbers, or an interval of the form
(0,6] = {z€R; 0<z<b}.

Let w be a mapping of the cartesian product T? into T’ and let us consider the

“iterates” w(™ of w given for each t = (t1,...,tp) € TP by the following scheme:

wO(t) = tp, W@ = WM (ty,- -, t,,w(1), n=0,1,2,---. (7)

Definition 3. A mapping w : TP — T, with the above iteration law, is

called a rate of convergence of type (p;1) on T, if the series

o(t) = Y W) (8)

n=0
is convergent for all ¢t € T?.
From now on F' will be a mapping of E into E3, where E3 is a complete
metric space, and F a subset of the cartesian product E}. We attach to F the

mapping F : E — E3, defined for every u = (y1,...,9,) € E by
F(u) = (y2,--,9p, F(u)). (9)
Denoting %n = (Zn—p+1,-.-,Zn) We have
Unt1 = F(un), n=0,1,2,---. (10)
Similarly, we attach to w the mapping @ : T? — TP defined by
D) = (t2;..05tpsw(t))y, t = (f1,...,%p) € T?. (11)

Denote by @(™ the iterates of @ in the sense of the usual composition of functions,
that is
BO®F) = ¢, ™) = BE™ ().
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Then (7) becomes

WO =t,, (@) = w@(). (12)
Finally, we introduce the notation

B(t) = o(t) —t,.
From (8) and (11) it follows that
B(t) = a(@(2)).

With the above notation we can state the following proposition whose proof can
be found in [6] or [7].

Proposition 1. Let E3 be a complete metric space and let E be a subset
of E3. Let us consider the operators F : E — E3 and Z : TP — exp(E), where
exp(E) denotes the class of all subsets of E. Let w be a rate of convergence of
type (p;1) on T

If there exists ug = (T-pt1,-..,%0) € E and ty € TP such that

Ug € Z(to) (13)

and if the relations
F(u) € Z(w(t)), (14)
d(F(u),yp) < tp (15)

are satisfied for allt = (t1,...,t,) € T? and u = (y1,...,¥p) € Z(t), then:
(i) the iteration (4) is well defined.
(ii) There exists an z* € F3 such that z* = lim z,.

(iii) The following relations are satisfied for alln = 0,1,2,- - -

un € Z(@E™ (1)), (16)
d(Zn+1,2n) < WM(to), (17)
d(z5,20) < o(to) — o(@™ (1)), (18)

d(zn,z*) < o(@™ (1)) (19)
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(iv) Let n be a positive integer and let d,, € TP; if up_q € Z(d,), then
d(zn,2%) < B(dn). (20)
We will need the definition:

Definition 4. Let F; and F, be two Banach spaces and let /4 be a subset
of Fy. Let f: Ey — E5 be a nonlinear operator which is Fréchet differentiable
on Fy. We say that the Fréchet-derivative j' (z) is Holder continuous over Ey if

for some ¢ > 0 and ¢ € [0,1], and all z,y € E,

1F'(2) = F' Wl < ellz = gl (21)
In this case, we say f'(-) € Hg,(c,q).

Definition 5. Let E; and E, be two Banach spaces and let F4 be a convex
subset of Ey. Let f : Ey — FE, be a nonlinear operator which is Fréchet-
differentiable on E;. A mapping 6f : Fy X B4 — L(Ey, E,), (the space of
bounded linear operators from E; to E,) will be called a consistent generalized

approximation of f’, if there exists a constant d > 0 such that

16£(z,9) = '@ < d(ll= = 2lI* + |ly — 2]|%), g€ [0,1], (22)

and for all z,y,z € E,.

The above condition implies the Holder continuity of f’. Since,

1) = £l = I('(2) = 8f(=,9)) + (6£(z,y) - F'(v))|]
< d(lle =2l + lly = 2l|7) + d(lle - yl|? + ||y - y]|%)
<2d|z - y||°.
That is

IF' ) = F@I < ellz=yll?, c=2dandforall o,y e By (23)

Also, as in [1], we can easily show that

1£(z) ~ £(¥) - F'(@)(= = )| < —— |z — y||™** (24)

~—14g¢
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for all z,y € F4.
Finally, for all z,y,u,v € F4 we have

| f(w) = f(v) = 6f(2,y)(u,v)|
= [I(f(w) = £(v) = f'(®)(w = v)) + (f'(v) = 6f(,9))(u - v)|

2d
S Trg- ol 1+ d(llz — of|* + ||y — <l|)llw - o] (25)

2
<d u—v||?74+ ||z - v||? + —vq) u— .
< d (o llu=ollt+ lle = ol + ly = ol - o

Let C(ho, g0;70) be the class of all triplets (f,zo,2-1) satisfying the follow-

ing properties:
(Py) f is a nonlinear operator having the domain of definition £y included
into a Banach space F, and taking values in a Banach space FEs.

(Py) zo and z_; are two points of E¢ such that
0 < [lzo — z-1|l < 9o, llzo — z-1]| < p-
(Ps) f is Fréchet-differentiable in the open ball
U = U(zo,p) = {z € E/|lz — 2ol < p}

and continuous on its closure U.
(P4) there exists a consistent generalized approximation §f of f’ such that

Dy := §f(x~1,20) is invertible and

105" (8f(z,9) = F'(2)ll < ho(llz — 2I|* + lly - 2I|*) (26)
for all z,y,z € U and some ho > d - || D5’}

(Ps) the following inequality is satisfied:

IDg" £(zo)ll < To. (27)

(Ps) Assume that for each fixed ¢ € [0, 1], there exists a minimum positive
number po such that the following conditions hold:

_ horg (3 + @)
(1+ ¢)[1 - ho(215 + g5)]

o <1, 7o=max{To,q} (28)
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F
_ . (29
Uo 1—&0 A )

and 3
h il + q)(l. 30
o(q+llo 90 ( )

Define also the functions w and o on T’ = [0, 0] by

w(r) = apr (31)

and
r

F{r) = (32)

].—ao.

We will use the estimate

1D (f () = f(v) = 8f(z, y)(u — v))|

= 1057 ((w) = £(v) = F'(0)(u = v) + D5 (f'(v) - £(2,))(x ~ v)|
2d”‘D(-)_d“ 1+¢ q q

S g g M=ol + Ro(llz = ll? + fly - o]|9)]fu - o]

(by (24) and (26))

< ko [ 2w o7 + flz — o7 + [y - vuq] u o] (33)

144

2. Main results

Using (2) we shall show that if (f;%0,2-1) € C(ho,qo,70) then (1) has a
solution z* which is unique in a certain neighborhood of zj.
We will need the following lemma, whose proof can be obtained immediately

by using relation (8).

Lemma 1. The function w given by (31) is a rate of convergence of type

(1,1) on the interval T = (0,0) and the corresponding o-function is given by
(32).

We will now prove the main result.

Theorem 1. If (fy%o,2-1) € C(ho,q0,70), then
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(a) the sequence {z,}, n = —1,0,1,2,--- is well defined on U = U(zo, o), |
where o = a(ro) remains in U and converges to a solution =* of equation (1)
which is unique in U(zo, o), po < p. Moreover, the following estimates are

true:
|znt+1 — 2*|| € (W™ (r)), n=0,1,2,--- (34)

lzn — 2*|| < o(l|lzn = Zn-1]]) - [z - Zn-1l, n=0,1,2,-- (35)
where w, o are given by (31) and (32) respectively.

Proof. Let A = {u = (y,z) € U?; §f(y,z) is invertible} and F : A —» E,
be a mapping such that

Fu = z-6f(y,z)" 1 f(). (36)
Set io = (go,70). Then, by (31) and (32), o(to) = po. Define the set
2(t) = {u=(y,2) € Ef; y€ U llz ~ yll < g, ||z — o]l < po ~ o(2),

t = (g,7) € T?, the linear operator D = §f(y,z) is invertible and | D~ f(2)]| <
T}.

Then, we can immediately get Z(t) < A and ug = (z-1,20) € Z(tp). We
will now show that if u = (y,z) € Z(t), then (z,Fu) € Z(w(t)). We denote

z = Fu and we will show that

zel, ||z—z|] <, (37)
llz = @oll < po — o(w(2)), (38)

the operator D; = §f(z,2) is invertible and
IDTH F(2)]] < w(?). (39)
Since z — z = —D~! f(z), estimate (37) follows at once. Then we have

1z = 2ol < [z = @[l + llz = ollr + 1o — a(t) = po — o(w(2)),
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since o(w(t)) = o(t) — .
By (33) we have
105 (Do = D)l < 1D5™* (Do = £'(zo))ll + 1D5™ (f'(0) — D1)|
< ho(llzo — 21| + [l2 = zol|* + [[2 — 2o ||?)
< ho(2p5 + q5) < 1, by (30).
By the Banach lemma on invertible operators

1
— ho(2p8 + 43)

IDT* Dol| < :
Also, from (36) we obtain the approximation
f(z) = f(2) - f(2) - 6f(y,2)(z - =),

and by (33) we get
' 2
14 ¢

1D £ < ho ( Iz = 2]l + 1z - yuq) Iz — 2]
By (31), (40) and (41) we now obtain

IDTHF@I = I(Dg" D)™ D5 f(2)]] € w(t)-

(40)

(41)

The validity of (37), (38) and (39) has now been verified. It now follows that
hypotheses (13), (14) and (15) of Proposition 1 are satisfied. Hence, the sequence

(2) converges to a point * € A and estimates (34) are satisfied. Moreover, we

have
(Tn—2,Zn-1) € Z(W(" (L)), n>1

|zn41 — zall < w(™(t5), n>0.

The function o being increasing (in the sense that ¢ < ¢y are ;7 < 7o implies

o(g1,71) < o(ga,72), from the above, one can deduce that
(xn—-Z,xn-—l) € Z(”mn—l = mn—2”7”37n e xn—lll)’ n 21,

from which estimate (58) follows.
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Set t = w(™(ig), 2 = 2,41 in (41) and let n tend to infinity. Then f(z*)=0,
which shows that z* is a solution of equation (1). To show uniqueness, we assume

that there exists another solution y* of equation (1) in U(zq, o). Then using

(26), we get
/0 |DG [f'(v* +t(z* — %)) — Do]| dt
. 8 Al ”Do—l[f’(y* + t(a;* — y*)) _ 6f($0,£170)]“ dt s ”D(J_l(éf(zoaxo) . DO)”

1
<ho |2 [ (=1l = 2ol + 90" = 2ot + (42
0

4
< q -4 1, b .
<hg (q+ l,uo +90> R ?’(30)

Hence, the linear operator fol f'(y* + t(z* — y*))dt is invertible. From the ap-

proximation

1
@)= 10 = [ £+t -y - et
0
it now follows that z* = y*, which completes the proof of the theorem.

Remark 1. The case ¢ = 1 has been investigated already in the elegant
work contained in [5] under different hypotheses. The main reason for our study

is to cover cases when ¢ € [0,1), which are not covered in [5].

Remark 2. Let us consider the scalar equation
g(t) =0

where

g(t) = Bot't9 + Bit + Bat? + Ba,
Bo = 2ho(1+4q), B1 = —2horo(1 + q),

B2 = ho(3+g)rg — (14 ¢)(1 - hogg)
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and

Bz = ro(1+q)(1— hogg).
Then, by (29) we have
9(no) = 0.

We can now provide sufficient conditions for the existence of two positive

solutions of equation g(t) = 0.

Theorem 2. Assume that the following conditions are satisfied:
(a) B1 + B2 < 0; g(0) > 0
(b) (81 + B2)* — 4BoB3 > 0,

and

B1 + B2
© 9(%552) <o

Then there exists a minimum positive solution uy of equation

gy =

Proof. The function h(t) = Bot* + (61 + B2)t + (3 has a minimum at

b & —ﬁ12; b . Hypotheses (a) and (b) imply that the equation A(t) = 0 has
0

two positive solutions. By hypothesis (c), g(t) < 0. Since g(t) is continuous,

9(0) > 0 and g(¢) > 0 for t sufficiently large, we conclude that g(t) has two
positive solutions po and p; of which we choose the minimum on as our pq.

The proof of the theorem is now complete.

Remark 3. Under the hypotheses of Theorems 1 and 2, by using (42)
the uniqueness of the solution z* of equation (1) can be extended to the ball
U(zo, 1t1). The existence of yy is guaranteed by Theorem 2. To achieve this goal

we just need to replace the existence condition (30) by

2
ho [q+1(u3+#§)+qg] < 1

We can then also set 4 = py in Theorem 1.
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3. Applications

Example 1. Consider the function G defined on [0,b] by

\]

G(t) = 3 i bt—3
for some b > 0.
Let || | denote the max norm on R, then
IG"(@)] = max |2t73| = oo,
telo,b] |2

which implies that the basic hypothesis in [3] (or the Lipschitz continuity of f’
for g # 1in [5]) for the application of Newton’s method is not satisfied for finding

a solution of the equation

G(t) = 0. (43)

However, it can easily be seen that G'(t) is Holder continuous on [0,5] with
1
= d g= =
e and ¢ =g

Therefore, under the assumptions of Theorem 1, iteration (2) will converge
to a solution t* of equation (43).
Another interesting application for Theorem 1 is given by the following

example.

Example 2. Consider the differential equation
#'+a = 0, ¢E[0,1] (44)

z(0) = z(1) = 0.

: 1
We divide the interval [0,1] into n subintervals and we set & = —. Let {v;}
| n
be the points of subdivision with

= B Y... 0% =1L
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A standard approximation for the second derivative is given by

" Ti—1 —2%; + Tiy1

Py = 2 : Hi=wly), t=1,2pvm~1,

Take zo = z, = 0 and define the operator F:R"1  Rn-l by

F(z) = H(z)+ hp(z) (45)
2 1 1
-1 2 0
B = :
-1
| 0 -1 2 |
s xi+q .
1+
@) = | %2 |,
Fooa
and
1
2
B = :
Tn-1
Then
By 0
. z3
F'(z) = H+h*(g+1)
0 Ty
Newton’s method cannot be applied to the equation
F(z) = o. (46)

We may not be able to evaluate the second Fréchet-derivative since it would
involve the evaluation of quantities of the form z;? and they may not exist.

We will face the same difficulty in verifying the Lipschitz continuity of £”.
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Let z € R*™!, H € R"! x R"! and define the norms of z and H by

l2ll = | max_la
n—1
i) = a5

For all z,z € R™~! for which |z;| > 0, |z;]| > 0,4 = 1,2,---,n—1 we obtain,

forg=1 5 say,

”ﬁﬂ@) - F'(z)“ -

1 1
diag {(1 + —2-)h2(:1:;;L - z]?)}

= ~h? max [max |z; — zj|]%

2 1<j<n-1

= ZKlle — 2|3,

1
2 _ 2
%4 Zj

A linear operator L € L(R™™, R*~1) can be represented by a matrix with
entries g;; and
n—-1
IZll = max{ > jgli1<i<n—1
i=1
Let us denote by /1, ... ,Fr_1 the components of . For each v € R"~! we can

write
2 % - tr
Fv) = (Fl(v), o Fn_l(v))
Let v,w € R™™* and define § F(v, w) by the matrix with entries
1

J J
—f}(vl,...,vj_l,wj,...,wm)),m:n——1. (47)

§F(v,w);; = (Fior, - » 95, Wig05m 0 s Wi )

It can easily be seen that the operator defined by (47) satisfies 6 F'(v, w) €
L(Rn i | Rn 1)
Denote by
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We can choose n = 10 which gives (9) equations for iteration (2), if we look
at it as a system of linear equations given z_;,zy € R°. Since a solution would
vanish at the end points and be positive in the interior a reasonable choice of

initial approximation seems to be 130 sin wz. This gives us the following vector

-4.015241 E + 01
7.637852 E + 01
1.051351 E + 02
1.236112 E + 02
z.1 = |1.299991 E + 02
1.236752 E + 02
1.052571 E + 02
7.654622 E + 01
| 4.034951 E + 01

Choose zp by setting
(%) = zoa(v:)—107°, i=1,2,--.,9.

Using iteration (26) with the above values and (32), after seven iterations

we get

73.357455 £ + 017 [3.357450 F + 011

6.520294 E + 01 6.520290 £ + 01

9.156631 E + 01 9.156660 £ + 01

1.091680 E + 02 1.091680 £ + 02

26 = [1.153630 E+ 02| and 27 = |1.536301 E + 02

1.091680 F + 02 1.091680 £ + 02

9.156663 £ 4 02 9.156660 E + 02
6.520294 E + 01 6.520290 E + 01 |
| 3.357455 E + 01 J [ 3.357450 F + 01 .

We choose zg = z_; and 27 = 2y for our Theorem 1. From now on we
assume that F is restricted on ﬁ(a:o,uo), po = 107%. With the notation of

Theorem 1 we can easily obtain the following results:

|Dgt|| = 25.5882,
]

Q_: _2-7
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d = .03,
g = 5.10—5,
o = ro = 9.15311.107%,

ho = .767646.

All the hypotheses of Theorem 1 are now satisfied with the above values.

Therefore, the iteration generated by (2) converges to solution z* of equation

(46), which is unique in U(2o, o).

[1]
[2]
(3]

Finally, note that the results in [3]-[9] cannot be applied here.
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