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CO-RS-COMPACT TOPOL OGIES

M. E. ABD EL-MONSEF, A. M. KOZAE AND A. A. ABO KHADRA

Abstract. A topology R(7) is contructed from a given topolgy 7 on a
set X. R(r) is coarser than r, and the following are some results based
on this topology:
1. Continuity and RS-continuity are equivalent if the codomain is re-
topologized by R(r).
2. The class of semi-open sets with respect to R(7) is a topology.
3. T and semi-T% properties are equivalent on a space whose topology
is R(7).
4. Minimal Rg-spaces are RS-compact.

1. Introduction

Throughout the present paper (X,0) and (Y,7) are topological spaces on
which no separation axioms are assumed unless explicitly stated. A set S is said
to be regular open (resp. regular closed) if S =int (cl(S)) (resp. S =cl(int(S)).
A set S is said to be a-open [21] (resp. preopen [15]), if § C int (cl int (S5)),
(resp. § C int cl(S)). A set § is said to be regular semi-open [4] (resp. semi-open
[13]) if there exists a regular open (resp. open) set 0 such that 0 C S C cl(0). It
should be noticed that the complement of a regular semi-opeu set is also regular
semi-open. The family of all regular semi-open (resp. regular open, regular

closed, a-open, preopen and semi-open) sets in X is denoted by RSO(X) (resp.
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RO(X), RC(X), aO(X), PO(X), SO(X)). A space X is said to be extremely
disconnected if for every open set 0 of X, ¢l(0) is open in X.

In 1980, Hong [9] has introduced a new class of topological spaces called
RS-compact spaces which are characterized by the following property “Every

regular closed cover has a finite subfamily, the interiors of whose members cover
X”

Note. The definition of RS-compact space in the sense of Hong is equivalent
to that of an J-compact space in the sense of Cameron [5]. In 1985 Noiri, [22] has
introudced RS-compact relative to X. “A subset § of X is RS-compact relative
to X if for every cover {V; : i € I'} of S by regular closed sets of X, there exists a
finite subset Iy of I such that S C U{int(V;) :4 € Ip}. The relationship between
RS-compacteness and ordinary compactness, with examples to illustrate that

neither implies the other was studied in [22].

In 1989, Abd El-Monsef et al., [2] have introduced RS-continuous function
“A function f : X — Y is called RS-continuous if for each z € X and each
open set V' C Y containing f(z) having RS-compact complement, there exists
an open set U C X containing & such that f(U) C V”. A space X is said to
be almost normal space [17] if for every two disjoint regular closed subsets F
and F, of X, there exist two disjoint open sets U/ and V in X such that K cU
and I C V. A space X is semi-T; [14] (resp. semi-Ty [1]) if for each z,y € X,
z # y, there exist U and V € SO(X) such that z €e U, y € Vand UNV = ¢
(resp. cl(U) N cl(V) = ¢). The space (Y,7) is Ry [6] if foreach G € 7,2 € G
implies cl{z} C G. We observe that in every Ry topological space the closure of
a singleton set is compact. A space X is a-compact [3] (resp. strongly compact

[16]) if each cover of X by a-open (resp. preopen) sets in X has a finite subcover.

Theorem 1.1. [22]. If a € RSO(X) and B is RS-compact relative to X,
then AN B is RS-compact relative to X .

Theorem 1.2. [22]. Let A € RO(X). Then A is RS-compact iff A is
RS -compact relative to X .
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Theroem 1.3. [22]. If X is RS-compact and A € RO(X), then A is
RS -compact.

Thereom 1.4. [22] Let Xo be an open set of X. Then we have:
(1) If A C Xo, then Intx(A) =Intx, (A).
(2) If V€ RSO(X), then VN X, € RSO(Xy).

Theorem 1.5. [5]. Any RS-compact is extremely disconnected.
Theorem 1.6. [10]. Every compact Hausdorff space is normal.

Theorem 1.7. [12]. A space (X, 1) is semi-T} iff for each z,y € X,
T # y, there exist Wi, W, € RC(X,T) containing z,y respectively, such that
Winw, = é.

Theorem 1.8. [11]. The following statements are equivalent for a space
(X7 ):
(a) (X, ) is extremely disconnected.
(b) For each A € SO(X,T), cl(A) € 7.
(¢) For each A,B € SO(X,T), cl(AnN B) = cl(A)n cl(B).

2. CO-RS-Compact Topologies

Let (Y,7) be a topological space, and consider R(ry={Uer:Y-Uis
RS-compact relative to 7}. R'(7) is a base for a topology R(7) on Y, called the
C'O-RS-compact topology on Y. We shall denote by (Y, R(7)) to be a CO-RS-
compact space of (¥,7), and clp(,)(5) (resp. intg(+)(§)) will denote the closure
(resp. interior) with respect to R(7) of a subset § of (Y, R(7)). From definition

we have R(7) C 7, and the following lemma is a direct consequence.

Lemma 2.1. The function f : (X, o) = (Y,7) is RS-continuous if f:
(X,0) — (Y, R(T)) is continuous.

Theorem 2.1. For any topological space (Y,7), (Y, R(1)) is RS-compact
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space.

Proof. Consider the R(r) regular closed cover A = {V; : i € I} of Y,
and V' be some nonempty member of A, there exists R(r) open set U such
that U CV C R~ cl(U), and Y — U is RS-compact relative to r. By using
Theorem 1.1 and Theorem 1.2. (Y — V) is RS-compact subspace of Y. Assume
that A =Y — V, thus V; N A € RSO(A), for each i € I (By using Theorem
1.4),and A = U{V;iN A : i € I}. There exists a finite subset I of I such that
A = U{int4(VinN A) : i € Iy}. From Theorem 1.4., we have int4(V;in A) =
inty (Vi N A) C inty(V;) for each i € Iy. Hence A C U(inty(V;) : i € Ip}, and
A =Y -V is RS-compact relative to R(r). Thus (Y, R(7)) is RS-compact space.

Remark 2.1. From Theorem 2.1, we notice that each topological space
which contains at least a proper open set with RS-compact complement has a

coarser extremely disconnected topology R(7) [not indiscrete].

Proposition 2.1. The following statements are hold:
(a) RO(Y, R(1)) C RO(Y,T1).
(b) ¢l;G = clrG, for all G € RO(Y, R(1)).
(c) RSO(Y,R(t) C RSO(Y,T1).

Proof. (a) Let G € RO(Y, R()), then G = intgelr(@) = cr(G)[(Y, R(7))
is extremely disconnected]. But cl,G C clgG, implies that G = ¢l,G and G =
int el G.

(b) From (a), the proof is obvious.
(c) By using (b), the result follows.

Propsoition 2.2. Let X be an eztremely disconnected space then:
(a) The union of a finite regular open sets is a regular open set.

(b) If X is the union of a finite number of regular open RS-compact subspaces,

then X is RS-compact space.

Lemma 2.2. If (X, 7) is extremely disconnected, then every regular closed
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subset is regular open.

Proof. Let F € RC(X,7), then F = clint F = intelint F[(X,7) is ex-
tremely disconnected]. Thus ¢/ F' = ¢lintF, implies int ¢/ F = intclint F = F,
and F' € RO(X, 7).

Theorem 2.2. If (Y,R(7)) is almost normal space, then (Y;7) i RS-

compact.

Proof. There are two cases:

(1) If there exist at least two disjoint R(7) regular closed sets Fy, F3. Then there
exist disjoint R(7) open sets U and V such that F; C U and F, C V. Hence
Y=Y-(UnV)=(-U)U(Y -V)=(Y - F)U(Y - F). But (Y — F})
and (Y — F3) are RS-compact subspace. [Theorem 1.3 and Theorem 2.1]. By
Proposition 2.1 and Proposition 2.2, we arrive (Y,7) is RS-compact.

(2) If there do not exist two disjoint R(r) regular closed sets. We assume that
Fy,F; € RC(Y,R(7)) such that ¢ # F, N F, = F. By Lemma 2.2, Fi,F; €
RO(Y, R(1)). Then F € RO(Y, R()) and F U (Y — B ¥ ~B) = PU(Y —
(FANF))=FU(Y-F)=Y. Since F, (Y — F1), (Y — F3) are RS-compact
subspaces and belongs to the class of regular open sets in (Y, 7). Thus (Y,7) is

RS-compact.

A point z of X is said to be §-adherent point of a subset S of X if int
cl(V)N S # ¢ for every open neighborhood V of z in X. A subset S is said to be
6-closed [24] if S contains all §-adherent points of S. In a regular space é-closure

operation is identical with the closure operation [24].

Theorem 2.3. [22]. Jf X is RS-compact and A is §-closed in X, then A

18 RS -compact relative to X.
Theorem 2.4. If (Y, ) is regular, then (Y,7) is RS-compact iff T = R(T).

Proof. Let 7 = R(7), then (Y, 7) is RS-compact. Conversely, let U € T,
then (Y — U) is closed in 7. But (¥,7) is regular, then (Y —U) is é-closed. But
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(Y,7) is RS-compact, and by using Theorem 2.3, (Y —U) is RS-compact relative
to 7. Hence U € R(7), and 7 C R(7). Thus R(7) = .

Theorem 2.5. Let (Y,7) be a space such that every open set is closed, then
(Y, ) is RS-compact iff T = R(1).

Proof. Let U € 7, then (Y — U) is open and closed and hence regular open
set. But (Y,7) is RS-compact, then (Y — U) is RS-compact relative to . Thus
U € R(r).

Theorem 2.6. If (Y,7) is connected, then (Y,R(7)) has the property that
cdprryU =X, for allU in R(7).

Proof. Let U € R(7), then clg\U € R(r), (Y, R(7)) is extremely discon-
nected]. Thus elg(,)U is both open and closed in R(r), and also in 7. But (¥57)

is connected, which implies that ¢l rn)U = X.

3. Separation Properties

The property of being T-space is expansive, that is if (Y,r)isTyand T C 7'
then (Y, 7') is T} but it is not generally contractive. The following result proves

the contractivity of Ty property from (Y,7) to (Y, R(7)).
Lemma 3.1. If (Y,7) is Ty, then (Y, R(7)) is T.

Proof. Let z be any point of Y, then {z} is closed in 7 and RS-compact
in (Y,7). Thus Y — {z} is open in 7 and {z} is RS-compact. Hence ¥ — {z} is
open in R(7). Thus (Y, R(7)) is T.

Theorem 3.1. If (Y, 7) is Hausdorff, then (Y, R(7)) is compact.

Proof. From Lemma (3) in [20], we have that R(r) C c(rs) C s Cn(r) C
7. Using Lemma (4) in [19] and Theorem 2.1 in [23], the result follows.

Lemma 3.2. If (Y, R(7)) is Hausdorff, then (Y, R(t)) is normal.
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Proof. By using Theorem 3.1, and Theorem 1.6, the proof is obvious.
Lemma 3.3. If (Y, R(7)) is semi-Ty, then (Y,T) is RS-compact space.

Proof. Let z,y € X and  # y, then there exist Wy, W, € RC(Y, R(T))
such that z € Wi,y € Wy and WiNW, = ¢. Then Y = Y-(WinW,) =
(Y —W1)u(Y —Wy). But (Y, R(7)) is RS-compact, then (Y -W1) and (Y - W)
are RS-compact relative to R(7). By using Theorem 1.4, we can prove that they

-are RS-compact relative to 7. Thus (Y, 1) is RS-compact space.

Theorem 3.2. [18]. If 7 and ' are two topologies on X, such that T C 1/,
then RO(X,7) = RO(X,7') iff cl,G = clnG for each G € 7'; [clzG = ¢l G is

equivalent to int, F' = int, F, for each F € 1'°].

Theorem 3.3(7]. If (X, ) is a space, then A € PO(X, T)ifA=UNYV,
Ue RO(X,T), V is T-dense.

Theorem 3.4. If (Y, R(7)) is semi-T;, then the following statements hold:
(i) RO(Y, R(7)) = RO(Y, ).
(ii) PO(Y,T) C PO(Y,R(7)).
(iii) SO(Y,R(r)) C SO(Y, 7).
(iv) aO(Y, R(1)) C aO(Y, 7).

Proof. (i) Let U € RO(Y,7), then (Y — U) € RC(Y,7). By Lemma 3.3,
(Y,7) is RS-compact, and hence extremely disconnected, thus (Y — U) € 7. By
Theorem 1.3, U is RS-compact relative to 7. Then (¥ — U) € R(7), and U is
closed in R(7), and also in 7. Thus (Y — U) € RO(Y,7) and also is RS-compact
relative to 7. Hence U € R(7). Since U is open and closed in R(7), then U €
RO(Y, R(r)). Hence RO(Y,7) C RO(Y,R(7)). But RO(Y, R(1)) C RO(Y, ).
Thus RO(Y, R(7)) = RO(Y, 7).

(ii) Let A € PO(Y,), then by Theorem 3.3, A = UNV, where U € RO(Y,T)
and V is 7-dense. Since RO(Y, R(7)) = RO(Y,7) and each 7-dense is R(7)-dense.
Thus A € PO(Y, R(7)), and PO(Y,T) C PO(Y, R(7)).
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(iii) Let A € SO(Y, R(7)), then there exists G € R(7) such that G C A C
clp(r)G. Since R(r) C 7, then G € 7. But RO(Y, R(r)) = RO(Y,7), then by
Theorem 3.2 clg(;)G = ¢l,G. Hence A € SO(Y, ).

(iv) Let G € aO(Y, R(7)), then G C intreclrintg G C int, clRmt G =
int; cl;int; G [by Theorem 3.2]. Hence G € aO(Y, 7).

Corollary 3.1. If (Y, R(7)) is semi-Ty such that intg G = int, G, for each
G € aO(Y, ), then aO(Y, R(7)) = aO(Y, 7).

Proof. If G € cO(Y,T), then G C int, cl;int, G = intgcl, intg G = intg
clp intr G. [By Theorem 3.2].

Corollary 3.2. If (Y,R(7)) is semi-Ty, and (Y,T) is a-compact, then
(Y, R(7)) is a-compact.

Proof. By Theorem 3.4(iv).

Corollary 3.3. If (Y, R(7)) is semi-T}, and (Y, R(7)) is strongly compact,
then (Y, ) is strongly compact.

Proof. By Theorem 3.4 (ii).
Theorem 3.5. (Y, R(7)) is semi-T, iff (Y, R(7)) is semi-T}.

Proof. Let (Y,R(7)) be semi;Tg, and z,y € Y, 2 # vy, then there exist
UV e S50 ,7)suchthat z e U,y e Vand UNV = ¢, which implies that
clr(UNV) = ¢. Since (Y, R(7)) is extremely disconnected we have clgintg U =
clrU € 7, and clrintrV = clgV € 7. But clgU NelgV = cdr(UNV) =

Hence (Y, R(7)) is semi-T;. The converse is obvious.
Theorem 3.6. (Y, R(7)) is Hausdorff iff (Y, R(7)) is semi-Ts.
Proof. It is similar to the proof of Theorem 3.5.

Theorem 3.7. Let (Y,7) be a space, then:
a) The class of 5O(Y, R(r)) form a topology (denoted by ') finer than R(1).
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b) RO(Y, R(7)) = RO(Y,7").
¢) (Y,7') is RS-compact.

Proof. (a) Since (Y, R(7)) is RS-compact, it is extremely disconnected and
hence SO(Y, R(r)) forms a topology such that R(7) C 7.

(b) Let G € 7', then ¢l G C ¢lr G. Conversely, let € clr G, and z € U,
U €' Hencez € clpintr U € R(7) and clgrintgr UNG # 6. But G € 7', implies
G € SO(Y,R(r)) and G C clgrintg G, therefore ¢ # clrintg G N clgintrU C
clr(intr G N clrintrU) C clg(intr G N intgrl) C clR‘(U N G), which implies
that UNG # ¢, and so z € ¢l G. Hence clgG C ¢l G. Thus clgG = ¢l G
for each G € 7'.

(c) Using (b), the result follows.

Lemma 3.4. If (Y, T) is Ry, then (Y, R(7)) is Ry.

Proof. Let z € Y, and z € G € R(7), then G € 7, and ¢l,{z} C G. Since
cl-{z} is compact in (Y, ), implies that it is compact in (Y, R(7)), and nearly
compact in (Y, R(7)). But (Y, R(r)) is extremely disconnected, then cl.{z} is
RS-compact relative to R(7), which implies that it is RS-compact relative to
7. Thus cl,{z} is closed in (Y, R(7)), implies that clr{z} C ¢l,{z}. Hence
clp{z} = cl;{z}, and (Y, R(7)) is Ry.

Theorem 3.8. Minimal Ry-spaces are RS-compact spaces.

Proof. Using Lemma 3.4, the result follows.
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