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INEQUALITIES OF HARDY TYPE
IN TWO VARIABLES

GOU-SHENG YANG AND SHOU-PING JEAN

1. Introduction

In 1920, Hardy [1] (or [3], Theorem 327) proved the following theorem:

Theorem A. Ifp > 1, f(z) > 0 for 0 < z < o0 and G(z) = i—fox f(t)dt,

e /0 " GP(2)dz < (;f—l)p /0 " f2(2)ds,

unless f = 0. The constant is best possible.

In 1928, Hardy [2] proved the following generalization of (1.1):

Theorem B. Ifp>1, m#1, f(z) >0 for0 < z < 00, and

W .
;/%of(t)dt, ifm>1,

G(z) =
. /z R mel,

then

o0 P P (e ]

i xp-mGP(x)du(m) [ e Gr@a i m>1, a2
and

/oo P"’"”P(a:)da:<(—p—— p/oo ~™ (zf(z))’dz, if 1 1%

0X a g 0:1: zf(z))dz, if m<1, (1.2")
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unless f = 0, the constant is best possible.

Here functions are assumed to be measurable and left sides of inequalities
exist when right sides do. In 1963, Levinson [4] proved the following generaliza-
tion of (1.1):

Theoem C. For z > 0, let f(z) > 0 and r(z) > 0 be absolutely continuous.
Ifp > 1 and A > 0 so that 7’—;—1 -+ 5%%1 > %, for almost all x > 0, then
o0 (o0]
/ GP(z)ds < NP / P (2)dz, (1.3)
0 0

where G(z) = }T—%:’)'fox r(t)f(t)dt. The case 7 = 1 and A = E5, shows the
constant to be best possible. In 1986, K. L. Lee and G. S. Yang established the

following generalizations:

Theorem D. Let p>1 and f,r be defined as in Theorem C. If there is a
A > 0, such that

., R@)(z) (@-m)R(z) P
=1 (z) zr(z) Z 5
for almost all z > 0, then
/0°° e (R(lz) /ox’(t)f(t)dt)p do <A /ooo 2™ fP(2)dz, m > 1,

| (1.4)
where R(z) = [ r(t)dt.

Theorem E. Let p > 1 and f,r be defined as in Theorem C. If there is a
A > 0 such that

m-1 zr'(z) 2
P rie) — X
for almost all z > 0, then
(o0} (o9}
/ z~™tPGP(z)dz < Ap/ z=™tP fP(z)dz, m > 1, (1.5)
6 0 :

where G(z) = ;;};7 Jy r(2)f(t)dt.
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Theorem F. Letp > 1, a > 1 and f,r be defined as in Theorem C. If there
s a A > 0 such that '

_,{_(m+top-p)R(z) E(z)r'(z)
p-1 zr(z) ¥ (x)

p
> =
— A’

for almost all x > 0, then

. —m—oap+p 1 « o 4 P = —m+
[Temmere (g [ ersan) ds<oe [T ’Vﬁﬂﬂam;;;

where

Bla) = /I " rt)dt.

Theorem G. Let p > 1, a > 1 and f,r be defined as in Theorem C. If
there is a A > 0 such that

_ ’
1 m_a:r(:c)_a>l,
P r(z) — A
for almost all x > 0, then
/ G (z)de < /\”/ ™™ fP(g)de, m< 1, (1.7)
0 0

where G(z) = ;a—%m [2° tor(2) f(2)dt.

In this paper, we shall establish inequalities similar to (1.4) — (1.7) in case

the function f considered is a function of two variables.

2. The case m > 1

Theorem 2.1. Let p > 1, f be a nonnegetive integrable function defined
on {(z,y):x > 0,y > 0} and g, be positive absolutely continuous on (0,00). If
there are o > 0, B > 0 such that

L Q@)= (p-m)Q)
A TPy 2q(2)

> g, forallz € (0,00)  (2.1)
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R(y)r'(y) (p—-m)R(y) _ p
(y) yr(y)  ~ P
where Q(z) = [ q(s)ds and R(y) = [ r(t)dt, then

/000 /Ooo(xy)_mﬂ) (Q—(;)l—R‘(y—) /: /Oy q(8)r(t)f(s,t)ds dt)’pda:dy

< (aBy? /0 - /0 " (oy) ™ fP(2, y)d dy. (2.3)

\Y

p—1+ , for ally € (0,00) (22}

Proof. f0<a<b,0<c<d,let

Ie,yy = /x /y q(s)r(t)f(s,t)dsdt z € [a,b], y € [c,d].

Then

/ab /cd(xy)“m“ (@WIR@ [ atorossvis dt)pd:c dy

b d
- / [ / (xy)-m”(Q(z)R(y))"*’IP(z,y)dx] dy

d b
= /; y~ TP R™P(y) [/ :n_m+pQ'p(z)Ip(x,y)dz] dy. (2.4)

Fix y and integration by parts, we have

b . . 3 Q—p+1(x)z-—m+p . b
/a z~™PQP(3)[P(z,y)dz = 7+ 1)a(a) I (:z:,y),a
b

L[ gy e [ QEIE) | p=mQ@)]
e ”I(’y)[ 2 T el ]d
b

+525 [amq ey ([ roste,oi) de

so that

b
mtrgria e [y 12 QEE)  -mQ@)]
/a < ””’y)[p 1+ = ) ) ]d

<» ba;—m+PQ-P+1<z>rp-l<z,y) ([ v st ae

c
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Using (2.1) and Holder inequality with indices p and p/(p — 1), we have

b
/ e Q7 ()P (2, y)de (2.5)

= /ab (e~ QP (@) " (a,1)) T [z_mﬂu (/cy r(t)f(z, t)dt> p da:] %

p—1 a1

<« [/abz‘m+PQ—P(m)IP(a;,y)dz] ’ l:/ab:z"m+P (/:j r(t)f(x,t)dt)pd:c} ’ ;

It follows that fab z=™tPQ~P(z)I?(z,y)dz < aP f: =™ ([Yr(t) f(z,t)dt)” da.

Substituting this inequality in (2.4) and using Fubini’s theorem, we have

d b
/ y~™tPR7P(y) [/ x”m+pQ_p(a:)I”(a:,y)da:} dy

< af / dy_m“’R"p(y) [ / " gmt ( /c ") f(z, t)dt)pda:- dy

= af lbx‘m+p [/cd y~ TP RTP(y) (/y r(t)f(:c,t)dt)pdy dz. (2.6)

c

Fix z and a'pply Theorem D, we have
d Y P d
/ y~mtPRP (/ r(t)f(m,t)dt) dy < ,8”/ Yy~ ™ fP(z, 4)dy.
Using this inequality in (2.6), we obtain
b pd
| [ @i @@rw) e, y)de dy
a [
b pd
< (@B [ [ @y o,y dy
<@py [ [ @y g,
o Jo

Let a< s<band c<t<d. Then
b pd
/ /t (zy) "™ " (Q(2)R(y)) " I*(z,y)dz dy
p Y —m+P £P(
<@ [ [ @rmrreded.
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Let ¢ — 0 and ¢ — 0, we see that

b pd x P
~(q@m /|
m+p
zy — q(s)r(t)f(s,t dsdt) dz dy
[ [ e (qam ), [, woroses
<Gy [ [y e e dy.
o Jo
holds for all s,¢,b,d such that 0 < s < b and 0 < t < d, the required inequality

then follows.

Theorem 2.2. Let p > 1 and f,g,r be defined as in Theorem 2.1. If there
are a > 0, 8 > 0 such that

m—1 xq’(x) _1_ g . "
p q(z) = a’ for all € (0,00), (2.7)

e PR EVE or a 00
> v = PP wEl, ); (2.8)

then
ya zy) " ‘—1“ ' s)r s,t)as ’ x
/0 /o (=9) (zyq(z)r(y) /0 /0 q(s)r(t)f(s,t)d dt) dz dy

< (aﬁ)P/O /0 (a:y)—m+pfp(g;,y)da: dy. (2.9)

Proof. If 0 >a >b,0< c < d,let
z ry
Iag) = [ [ d@rOf(s0dsdtz € ob], veled
0 JO

then

/ab /cd(xy)_mﬂ (m /: /cy qa(s)r(t)f(s,t)ds dt) i dz dy

-/ [/cd(“y)'m” (xyq(imy))p[p(“”y)dz] .

d b
- /c v~ ™r7P(y) [‘/c m'mq*p(a:)Ip(:r,y)dx} dy. - (2.10)
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Fix y, integration by parts gives

b - Pl .
| e @) (e, nds = =),

-m+1

-+ m{ . /ab:v"m(p(z)fp(x,y) (_—:(q—;()x—)) dz

- ol x_m+1q_p+1(z)1p_1(:c,y) (/cy r(t)f(:c,t)dt) dz.

m-1J,

so that

b !
—— —1 | z¢(z)
2 g Pla )P (e, [m + ]dz
[ =@y | P 2
b y
< / g~ g P ()P (1, y) (/ 'r(t)f(a:,t)dt) dz.
Applying (2.7) and Holder inequality with indices p and p/(p — 1), we have
b
/ ™ "q 7 P(z)IP(z,y)dz (2.11)
b p=1 K] P %
& a/ (z=™q P (2)IP(z,y)) * [x"m‘”’ (/ r(t)f(z,t)dt) ] dz

L<a l/;bx_mq‘;’(a:)lp(a:,y)dxj' B [/abz_m"'p (/Cy r(t)f(a:,t)dt)pdz} % :

It follows that

/abx"mq_”(z)lp(z,y)dx <af /abz-mﬂv (/Cy r(t)f(z,t)dt)pda;,

Substituting this inequality in (2.10) and using Fubini’s theorem, we have

/cd y " (y) [/abr‘mf”(m)f”(z,y)dw] dy

% o /;d g ) [/abz‘mﬂ’ (/cy r(t)f(x,t)dt)pd:c; dy

s av/abx-mﬂ [/cdy_m'r_p(y) (/cyr(t)f(x,t)dt)pdy de.  (2.12)
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Now fix 2 and use Theorem E, we have
d y P d
[ e ([ o) dy < g [Ty
c c c
Substituting this inequality in (2.12), we have
b d 1 P
zy) ™ I?(z,y)dz dy
[ [ (qam) rev
b pd
< (af)? / / (zy) "™ fP(z, y)dz dy
<Gy [ [ @ s vdedy
o Jo

Let a < s <band c<t<d. Then

/sb /t s (q(x)lr(y))p I*(z,y)dz dy

<@y [ [ e

Let ¢ — 0 and ¢ — 0. We see that

/3 b /t d(zy)“"‘“’ (W /0 ) /0 " ()@ £ (s, )ds dt)pdz dy

< (aB)? /Ooo /Ooo(xy)"”“’f”(w,y)dz dy.

holds for all s,b,t,d such that 0 < s < b, 0 < ¢t < d. The required inequality

then follows.

3. The case m< 1

Theorem 3.1. Let p > 1, A > 1 and f be a nonnegative integrable function
on {(z,y):z > 0,y > 0} and ¢, be positive absolutely continuous functions on
(0,00). If there are a > 0, B > 0 such that

p-1- M2 ;ﬂ)@(z) D S 2, foraize,00), ()
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. _(m+Xx-p)R(y) R@)'W) P
s v () ") =B

where Q(z) = [ q(s)ds and R(y) = fyoo r(t)dt, then

< (ap)? /Ooo /ooo(a:y)"mwfr(x,y)dz dy. | (3.3)

, forallye(0,00), (3.2)

Proof. If 0 <a<b,0< c<d,let
b d
Tl = / / (st a(s)r()f (s, 0)dsdt = € [a,B], € [c,d]
z Jy >

Then

b pd i § b ds ry(s P
/a / R ' (Q(g;)R(y) /x /y (st)"g( )T(t)f(s,t)dsdt) dz dy

b d
- / [ / (xy)-m-*w(Q(z)R(y))“”I"(x,y)dm] dy

d b
= / Yy~ TAPTPRTP(y) [/ z—m_kp+pQ“p(z)Ip(x,y)dz] dy. (3.4)
Fix y and integration by parts, we have
b = i
R _QPHi(a)amieH ;
f e e = S=g el
__1 y —m=Ap+p)—P Py [(—m — Ap+p)Q(z) _ Q(:c)q'(a:)]
i T Q77 (z)I"(z,y) q(z)z 7(z) dz

b

d
. p—_p_]_ i &~ ARG () (/y tkr(t)f(cc,t)dt) Yz, y)dz.

so that

b — T z)¢'(z
[ morng (e [p-1 - 4000 _ @A),

b d
<p / g~ PP A QP (g) (/ tAr(t)f(z,t)dt) 1P"Y(z, y)da.

Y
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Using (3.1) and Holder inequality to obtain

[ a2, e (3.5)

b p—1 d Y%
O!/ (Z—m—AP'{*PQ—P(x)]P(x,y)) P I:x—m—kp-i*P:EAP (/ tAT(t)f(.’ZI,t)dt> :' da

p—1

a [/ab g~—m-ArtrQ ‘p(a;)I”(:c,y)dz] ” [/aba:‘m“’ (/yd t"r(t)f(:c,t)dt)p dx]

S

so that

b
/ g~ APYPQTP(2)[P(2, y)dz < a”/

a

- ( / * () f(:z:,t)dt) i

Substituting this inequality in (3.4) and using Fubini’s theorem, we have

d b
[ vmoreren) [ / z-m-wﬂo-f’(z)ﬂ’w,y)dw] dy

d b d ¥
a?f ~m=AP+P R=P(y) [ g~mtP ( tAr(t)f(:c,t)dt) dz| d
[mmmnn[ [ E
= /bm_m+p l:/d y~mTAPTP RTP(y) (/d t)‘r(t)f(:c,t)dt) dy| dz. (3.6)

Fix z and use Theorem F, we have

IN

d d # d
/ y_ TP RP(y) (/ t"r(t)f(x,t)dt) dy < ﬁp/ y~ TP P (2, y)dy.
c y c
Substituting this inequality in (3.6), we have
b pd
|| @ @Gyr) ™ 12, yyde dy

< ey | b / (a4 ™ (2, y)da dy
< (o8 [ [ @i yyaza



INEQUALITIES OF HARDY TYPE IN TWO VARIABLES 351

Let a < s<band e<t<d. Then

[ [ et @re) ™ P, vyazdy

< (aﬂ)p/ / (my)—m"'pfp(:n,y)dz dy.
o Jo
Let & — oo and d — oo we see that
Y

/: /:(‘”y)_m_m” (5(7:)11275 /1_ N (St)kq(S)r(t)f(S,t)dsdt)pda; 3

<@y [ [ @i,

holds for all a, s, ¢, t such that 0 < a < s, 0 < ¢ < t, the required inequality

then follows.
Theorem 3.2. Let p, A and f,r be defined as in Theorem 3.1, If there are

a>0,8 >0, such that

1-m zq'(z) 1
B A2 =, forall z€(0,00) (3.7)
1-m yr'(y) 1
. @) e\ ik for all y € (0,00) (3.8)
then © proo
/ / (zy) ™ HP(z,y)dz dy
0 0

<@ [ [ @i,

where

1 oo o0
He9) = oy ). | G0 a0, s

Proof. f 0 <a<b,0<c<d,let

b d
@) = [ [0 ao)r)i(s,ndsdt, =€ lab), ye e,
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Then

/“b / o ((-’cy)"ql(fv)r(y) /xb /yd(st)AQ(s)’”(t)f (s, t)dsdt) e dy
-/ b / (e ((W)Ag}z)r(y))p 1%(z,y)da dy

[ () [ () sl o

Fix y and integration by parts gives

/abz—m (zqu(x))pfp(x,y)dx - f;%m-:ll (:cA;(z))pIp(w’y)li
T /abx—m (zA;(x))pI”(x,y) (—A + :%) de

+ % abz-m (xA;(z))p-I ""Y(z,y) (:c /y thr(t) f(:z:,t)dt) dz.

so that
[ (o) ren[52- 45 -]

< / g (xA ql(x))p_l P (z,4) (:c /y * () f(x,t)dt) .

Applying (3.7) and Holder inequality to obtain
b A 1 P
z—™ Pz, y)d= 3.11
[ (s) P (3.11)

I
<a [/ab:c_m (zA;(x))pIp(x,y)dz} B I:/abx"m“’ (/yd tAr(t)f(x,t)dt)pd:v} % :

so that

b P b d o
/a &= (zA;(x)) Ip(x,y)dzgap/a g~ TP (/y t’\r(t)f(:c,t)dt) dz.
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Substituting this inequality in (3.10) and using Fubini’s theorem, we have
/d -m( - )p /b —m( L Y ydel d (3.12)
i x — z,y)dz .
CV\Em) LT ) T

d 1 p b i d 5 P i
= a”/ e (—————) / g T / t'r(t)f(z,t)dt | dz| dy

c 0 \yr(y) a v i _

b N d 1 P & o o
= a”/ g e / e ( ) / t'r(t)f(z,t)dt | dy| dz.

g 3 Y v r(y) A (t)f(=z,1) "J-

Fix z and use Theorem G, we have

/ e (y%@) ( / dt*r(t)f(:v,t>dt)pdy <p "y (e, ).

Substituting this inequality in (3.15), we have
b d 1 P
zy)~™ I*(2,9)dzd
[ [ () Feisd

b pd

<@y [ [ @y ey dy

<Gy [ [ @y e, dy
o Jo

Let a < s<band e<t <d. Then

/: /:(xy)—m ((zy)*ql(w)r(y))pIp("”’?/)dw dy
< (aB)? /Ooo /ooo(a:y)—mﬂ’fp(x’y)dx dy.

Let b — oo and d — oo we see that
s d
/ / (zy) "™ HP(z,y)dz dy
<@py [ [ @G ydady,
o Jo

holds for all a, s,c,t such that 0 < a < s, 0 < ¢ < t, the required inequality then

follows.
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