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INEQUALITIES OF HARDY TYPE

IN TWO VARIABLES

GOU-SHENG YANG AND SHOU-PING JEAN

1. Introduction

In 1920, Hardy [1] (or [3], Theorem 327) proved the following theorem:

Theorem A. If p > l, 距 ）2: 0 for O < x < oo and G(x) =~f~勺(t)dt,

then
/.oo G屯）dx < (户）P J.00 JP(x)dx,

unless f 三 0. The constant is best possible.

In 1928, Hardy [2] proved the following generalization of (1.1):

Theorem B. If p > 1, m-/= 1, f(x) 2: 0 for O < x < oo, and

G(x)
dt,

dt,
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if m > l,

m < 1,

then

1= x'-mG'(x)dx < (二 ）P 1= x-m (xf(x))'dx, if m > 1, (1.2)

and

「尸S''(x)dx < (p P =
。

1-m) 丨尸'(xf(x))'dx, if m < 1, (1.21)
。
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unless f = 0, the constant is best possible.

Here functions are assumed to be measurable and left sides of inequalities

exist when right sides do. In 1963, Levinson [4] proved the following generaliza­

tion of (1.1):

Theoem C. For x > 0, let f(x)~0 and r(x) > 0 be absolutely continuous.
If p > l and). > 0 so that己 戸 >.!. for almost all x > 0, thenp 十 r(x) - >.'

1= G'(x)dx $ >.• 1= f'(x)dx, (1.3)

where G(x) =志 fox r(t)f(t)dt. The case r = l and ,\ =声，shows the
constant to be best possible. In 1986, J(. L. Lee and G. S. Yang established the

fallowing generalizations:

Theorem D. Let p > l and f, r be defined as in Theorem C. If there is a
,\ > 0, such that

p-l 十
R(x)r'(x) _ (p - m)R(x) p

＞
r2 (x) xr(x) - 3:'

for almost all x > 0, then

1.= X-m+p (~J.x r(t)f(t)dtr dx <:'. ,\P 1.= X-m+p尸(x)dx, m > 1,

(1.4)

where R(x) = fox r(t)dt.
Theorem E. Let p > l and f, r be defined as in Theorem C. If there is a

A > 0 such that
m - 1 xr'(x) 1+ > -p r(x) - ,\'

for almost all x > 0, then

1= x-m+p伊(x)dx <:: ,\P 1= x-m+pfP(x)dx, m > 1, (1.5)

where G(x) =志 fox r(t)f(t)dt.
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Theorem F. Let p > l, a > 1 and f, r be defined as in Theorem C. If there
is a A > 0 such that

p-l-
(m + ap - p)R(x) R(x)r'(x) p

xr(x) 一 r2(x) 2: A'

for almost all x > 0, then

［尸ap+p囯L"'tar(t)f(t)dtr dx'., AP 1= x-m+pjP(x)dx, m < 1,

(1.6)
where 00

R(x) =丨 r(t)dt.
X

Theorem G. Let p > l, a > 1 and f, r be defined as in Theorem C. If
there is a .,\ > 0 such that

1-m xr'(x) 1
-Q > -

p r(x) 一 .A'

for almost all x > 0, then

00J 尸 G甲）dx :<,; A'「x~m+pf爭）dx, m < 1, (1.7)
。 。

where G(x) = 1
X°'平） xf00 tar(t)f(t)dt.

In this paper, we shall establish inequalities similar to (1.4) - (1.7) in case
the function f considered is a function of two variables.

2. The case m > 1

Theorem 2.1. Let p > 1, f be a nonnegetive integrable function defined

on {(x,y): x > 0,y > O} and q,r be positive absolutely continuous on (O,oo). If
there are a > 0, f3 > 0 such that

Q(x)q'(x) _ (p- m)Q(x) p
p - I + > - , for all x E (0, oo) (2 .1)q2(x) xq(x) - a
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p-1+
R(y)r'(y) (p- m)R(y) p

''

r2(y) yr(y) /32: , for ally E (0, oo) (2.2)

where Q(x) = fox q(s)ds and R(y) = 1'。r r(t)dt, then
1= 1=(xy)-m+p (Q(x:R(y) [[ q(s)r(t)f(s,t)dsdtr dxdy

00 00

~(af3)P丨J (xy)-m+p尸(x,y)dxdy. (2.3)
0 0

、̀,＇4·2
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Fix y and integration by parts, we have

「x-m+pQ一爭 ）JP(x, y)dx =
Q-p+l(x)x-m+p

JP(x,y)I~
a 仁p + l)q(x)

1 b+—丨x-m+pQ-•(x)P(x,y) [ 一Q(x)q'(x) + (p- m)Q(x) dx
p-l a q2(x)

十 ;S [ X-m+pQ-P+l(x)JP-l(x,y) ([ r(t)f(x,t)::r~X. l
so that

J.b x-m+pQ 一P位）JP (X, y) [p - 1 + Q~芷尸- (p-x言 (x) l dx
SP「x-m+vQ-P+'(x)JP一'(x,y) Y

a
(1 r(t)f(x, t)dt) dx.
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Using (2.1) and Holder inequality with indices p and p/(p - 1), we have

「x-m+PQ 一•(x)P(x, y)dx (2.5)
a

b
:S: o J. (x-m+pQ-•(x)JP(x,y)严 [x-m+p ([ r(t)f(x,t)dt)'dx]*

:::; o [[ x-m+pQ 一'(x)I'(x,y)dx]节~[[ x-m+p ([ r(t)f(x, t)df dx];;

bIt follows that f x b
a -m+pQ-P(x)JP(x,y)dx~aP f。x-m+p (J: r(t)f(x, t)dtt dx.

Substituting this inequality in (2.4) and using Fubini's theorem, we have

b「y-m+pR-•(y) [! x-m+pQ-•(x)P(x, y)dx dy］
'.S o• 1d y-m+pR-•(y) [[ x-m+p (1" r(t)f(x, t)dt) P dx] dy

b d

=~P J. x-m+p [1 y-m+pR 一'(y) ([ r(t)f(x, t)dtr dy] dx. (2.6)

Fix x and apply Theorem D, we have

「y-m+•R-• (「r(t)f(x,t)dt) P dy'.S /3'd y-m十•JP(x,y)dy［
Using this inequality in (2.6), we obtain

「「(xy)-m+p (Q(x)R(y)) 一•J•(x, y)dx dy
a C

b d
~ (豆 ）p丨J (xy)-m+pJP(x, y)dx dy

a C

~(a, f3)P「「(xy)-m+p尸(x,y)dxdy.
0 0

Let a < s < b and c < t < d. Then

「「(xy)-m+p (Q(x)R(y))-p JP(x, y)dx dy
s t

~(afJ)P「「(xy)-m+p JP(x, y)dx dy.
0 0
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Let a ----.- 0 and c ----.- 0, we see that

[[(xy)-=+P (Q(x:R(y) ff q(s)r(t)f(s,t)dsdtr dxdy
00 00

5 园）p丨j (xy)-m+pJP(x, y)dx dy.
0 0

holds for all s, -t, b, d such that O < s < b and O < -t < d, the required inequality
then follows.

Theorem 2.2. Let p > l and f,g, r be defined as in Theorem 2.1. If there
are a > 0, f3 > 0 such that

m-1 xq'(x) 1-+ > - for all x E (O,oo),p q(x) - a'

m - 1 yr'(y) 1+ >-，p r(y) - (3
for all y E (0, oo),

(2.7)

(2.8)

then

[';.=~xy)~m+p cyq(~)r(y) [[q(s)r(t)f(s, t)dsdt)'dx dy

5 园）P j j (xy)-m+PJP(x,y)dxdy. (2.9)
。。

Proof. If O > a > b, 0 < c < d, let
X y

l(x,y) = J J q(s)r(t)f(s,t)dsdt,x E [a,b], y E [c,d]
。。

then

[t(xy)-m+p cyq(~)r(y) [[q(s)r(t)f(s,t)dsdt)'dxdy

- [ [[(xy)-m+v cyq(~)r(yJI'(x,y)dx] dy

d b- 1 Y-m严 (y) [1 x-mq-•(x)P(x,y)dx] dy. ·(2.10)
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Fix y, integration by parts gives

［尸尸(x)J"(x, y)dx = x-m+I尸(x)JP(x,y)/~
。 -m+ 1

十 m~1 { x-mq-P位）JP(x, y) ( 了t:\x))• dx
十 m~1 f. x-m+1q-P+I(x)JP一1(x,y) (!. r(t)f(x,t)dt) dx

so that
「尸尸(x)JP位 ，y)尸 十xq'(x) dx

］
p q(x)]

y

< x-m+Iq-P+1(x)JP-1(x,y) r(t)f(x,t)dt dx.（［ ）
Applying (2.7) and Holder inequality with indices p and p/(p - 1), we have

「尸尸(x)I'(x, y)dx (2.11)

:,; aJ.'(x-m尸(x)JP(x,y))于 [x-m+p ([r(t)f(x,t)dtrr dx

:,; a [J.'x-m尸(X)JP(X, y)dx]子 [l x-m+p ([ r(t)f(x, t)di)'dx];
It follows that

［尸尸(x)JP(X, y)dx :,'. o,P f.b X-m+p (1y r(t)f(x, t)dtr dx
Substituting this inequality in (2.10) and using Fubini's theorem, we have

［尸戸(y) [l x-m尸(x)JP(x,y)dx] dy

s a• [y-m,-p(y) [[x-m+p ([ r(t)J(x, t)dtr dxl dy
= aP[x-m+p [l y-m,-p(y) ([r(t)J(x, t)dt) P dy] dx. {2.12)
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Now fix x and use Theorem E, we have

id Y-m「'(y) (1'r(t)f(x, t)dt)'dy <: ()'1" y-m+p JP(x,y)dy

Substituting this inequality in (2.12), we have

t[cxy)-m Ccx~r(y)r JP(x,y)dxdy

b d
~(af))P j j (xy)-m+PJP(x,y)dxdy

a C
00 00

~(af))P j j (xy)-m十p尸(x, y)dx dy.
0 0

Let a < s < b and c < t < d. Then

l[cxy)-m (二 ）P I'(x, y)dx dy
00 00

S 园）p丨J (xy)-m+p尸(x, y)dx dy.
0 0

Let a --t O and c --t 0. We see that

[t (xy)-m+p cyq(~)r(y) 1x [ q(s)r(t)f(s, t)ds dt)'dx dy
00 00

5 园）P j j (xy)-m+pfP(x, y)dx dy.
0 0

holds for all s, b, t, d such that O < s < b, 0 < t < d. The required inequality

then follows.

3. The case m < 1

Theorem 3.1. Let p > l, A > 1 and f be a nonnegative integrable function

on {(x, y): x > O, y > O} and q, r be positive absolutely continuous functions on

(0, oo). If there are a > 0, {3 > 0 such that

(m+Ap-p)Q(x) Q(x)<f(x) p
p-l- q2(x) - a

>-, forallxE(O,oo), (3.1)
xq(x)
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P _ 1 _ (m + .\p - p)R(y) _~汜辺 ＞芒， for ally E (0, oo), (3.2)
yr(y) r2(y) - (3

where Q(x) = fx00 q(s)ds and R(y) = JY00 r(t)dt, then

1= 1= (xy)-m-Ap+p (Q(x:R(y) 1= 1.= (st)河(s)r(t)f(s, t)ds dtr dx dy
00 00

:s; (afj)P j j (xy)-m+p JP(x, y)dx dy. (3.3)
0 0

Proof. If O < a < b, 0 < c < d, let
b d

J(x,y) =丨丨(st)河(s)r(t)f(s, t)ds dt
X y

Then

x E [a, b], y E [c, d]

[[(xy)-m->v+v (Q(x)lR(y) [[(st)河(s)r(t)f(s,t)dsdtr dxdy

= [ [[(xy)-m->v+v (Q(x)R(y))一P I'(x, y)dx] dy
b

= 1d Y-m- 入P+PR-P(y) [1 x-m->v+vQ-P(x)I"(x, y)dx I dy. (3.4)

Fix y and integration by parts, we have

「x-m->v+PQ-•(x)JP(x,y)dx = Q-p+l (X)x-m->.p+p
, -JP(x, y)I~

a (p - l)q(x)

一 1 「x-m->v+PQ-•(x)JP(x, y) [(-m - Ap + p)Q(x) - Q(x)q'(x) dx
p- 1 a q(x)x q2(x) l

十~J.'x-m->v+•x'Q-P+'(x) (f.d t'r(t)f(x,t)dt) JP 一 1(x, y)dx
so that

J.'x-m-Ap+pQ 一"(x)JP(x,y) [p- 1- (m + ;:c:』）Q(x) - Q~)c~tl] dx
b

'.op1 x-m-Ap+p公Q-P+'(x) (J.d t'r(t)f(x, t)dt) JP-'(x, y)dx
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Using (3.1) and Holder inequality to obtain

「x-m->.p+pQ-P(x)I•(x, y)dx
a

(3.5)

:<; "「(x-m-Ap+pQ-•(X)JP(X'y))子 [x-m-Ap+pxAp (d 入 p *1 t r(t)f(x, t)dt) ] dx

［「
已

:<; a a x-m-Ap+pQ-'(x)P(x, y)dx]'[[ x-m+p (1" t"r(t)f(x,t)dt) P dx];
so that

「a x-m-Ap+pQ-•(x)JP(x, y)dx :<; a•/. x-m+p (1" t"r(t)f(x, t)dt) P dx
Substituting this inequality in (3.4) and using Fubini's theorem, we have

［尸P+PR-P(y) [J.b X-m-Ap+pQ-P(x)JP(x,y)dx] dy
d

'., aP 1 y-m-Ap+pR-P(y) [[ X-m+p (t t"r(t)f(x, t)dtr dx] dy

b

= a• I. x-m+p [1" y-'兀-AP+p R-P(y) (t t"r(t)f(x, t)dt) p dy] dx. (3.6)

Fix x and use Theorem F, we have

ld Y-m-Ap+pR-P(y) (户r(t)f(x, t)dtr dy :; fJ'「Y-m+p尸(x,y)dy
C

Substituting this inequality in (3.6), we have

「「(xy)-m-Ap+p (Q(x)R(y)尸 I"(x, y)dx dy
a C

<:: (a{J)"「「(xy)-m+p尸 (x, y)dx dy
a C

::; (af])P「「(xy)-m+p尸(x, y)dx dy.
0 0
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Let a< s <band c < t < d. Then

「/ (xy)-m-Ap+p (Q(x)R(y))-p l"(x, y)dx dy
a C

5 园）P「「(xy)-m+pJP(x, y)dx dy.
0 0

Let b~oo and d~oo we see that

[[(xy)-m-Av+v (Q(x)lR(y) L"" 1.= (st)河 (s)r(t)f(s, t)ds dtr dx dy
00 00

:s; (af3)P丨 丨 (xy)-m+p尸 (x, y)dx dy,
。 。

holds for all a, s, c, t such that O < a < s, 0 < c < t, the required inequality
then follows.

Theorem 3.2. Let p, .\ and f, r be defined as in Theorem 3.1, If there are
a > 0, {) > 0, such that

1 - m xq'(x) 1- -.:\ > -p q(x) - a'
1 - m yr'(y) 1- - .:\ > -
p r(y) 一 [j'

for all x E (0, oo)

forall yE(O,oo)

(3.7)

(3.8)

then 「「(xy)-m扣(x,y)dxdy
0 0

00 00

5 园）pf 丨 (xy)-m+p尸 (x, y)dx dy.
0 0

where

1 00 00

H(x,y) = 1 一－丶). -仁辶（丶丨 丨 (st)河(s)r(t)f(s, t)dsdt,
X y

Proof. If O < a < b, 0 < c < d, let

I(x,y) =「「(st)河(s)r(t)f(s, t)ds dt, x E [a, b], y E [c, d],
X y
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Then

[ [<xy)-m ((xy)-'q~x)r(y) l[cst)"q(s)r(t)f(s,t)dsdtr dxdy
=t[cxy)-m Cxy)"g~x)r(y)r JP(x,y)dxdy
= [ y-m (y,.;(yir [[ x-m (x,.;(xif JP(x,y)dx] dy. (3.10)

Fix y and integration by parts gives

[x-m(玠:cxJ JP(x,y)dx =~二 ＼（乩 xir I'(x,y)I~

十 m P_ 1 J.'x-m ( 玠:(xi)'I'(x, y) (->- + -:c~尸）dx
十二 J.'x-m ( 玠:cxJ一 1 JP一 1位 ，y) (xt t'r(t)f(x,t)dt) dx

so that

l x-m ( 玠:cxJ JP(x,y) [1~m 一］＼＼ ）－寸 dx

< J.'x-m ( 正:(x)r-l JP一1(x, y) (xt t'r(t)f(x, t)dt) dx
Applying·(3. 7) and Holder inequality to obtain

[x-m ( 正:(x)) P JP(x,y)dx (3.11)

b .!!.::..! .!

~a J. [x-m ( 正:cxJ JP(x, y)l , [x-m+, (t t'r(t)f(x, t)dt)T dx

.l

~a [l x-m (x,;位)）P JP(x,y)dx]节~[[ x-m+p (t t'r(t)f(x,t)dt) P dx]'

so that

丨：x-m C,:(x)r JP(x,y)dx:; a• 1.·x-m+, (J.d t',(t)f(x,t)dt)'dx
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Substituting this inequality in (3.10) and using Fubini's theorem, we have

t Y-m ( 妒:(yir [[ x-m c":(x)) JP(x,y)dx] dy

:,; o,P ld y-m ( 妒:(yy [l x-m+p (t t"r(t)f(x, t)dtr dx] dy

= o,Pl x-m+p [[ y-m (y":(yi) P (t t"r(t)f(x,t)dt) P dy] dx

(3.12)

Fix x and use Theorem G, we have

1\-m (Y』(y)了([ t'r(t)f(x,t)dtr dy ~ 伊'1d Y-m十于 (x,y)dy

Substituting this inequality in (3.15), we have

[ 1d(xy)-m Cxy)'q~x)r(y)r JP(x,y)dxdy
b d

5 园）p丨J (xy)-m+PJP(x,y)dxdy
a C

5 园）P「「(xy)-m+pJP(x, y)dx dy.
。。

Let a < s < b and c < t < d. Then

[ [cxy)-m Cxy)河~x)r(y)r JP(x,y)dxdy
00 00

5 园）P J J (xy)-m+p尸(x, y)dx dy.
0 0

Let b~oo and d~oo we see that

「「(xy)-mHP(x, y)dx dy
a C

. 00 00

5 园）p丨丨(xy)-m+p尸(x,y)dxdy,
。。

holds for all a, s, c, t such that O < a < s, 0 < c < t, the required inequality then
follows.
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