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THE SPECTRUM OF THE LAPLACE OPERATOR
FOR A GENERALIZED DOLD MANIFOLD

GR. TSAGAS AND G. DIMOU

1. Introduction:

Let (M,g), (N, h) be two compact and orientable Riemannian manifolds.
Let T be a finite subgroup of the group of isometries I(M x N) which acts freely
on the manifold M x N. One of the problems of the spectrum is to determine
the $p (M x N/T).

The aim of the present paper is to determine the Sp(S™ XP™(C)/Z,), where
S™ X P™(C)/Z, is called Dold manifold.

The whole paper contains four paragraphs.

The second paragraph deals firstly with the spectrum of the manifold (M x
N, gx h). Tt also gives the general theory about Sp(M x N/T), where T is a
subgroup of I(M x N) which is isomorphic onto Z,.

The spectrum of the Dold manifold §™ x P™(C)/Z; is computed in the
third paragraph.

The last paragraph deals with the conditions such that Sp(S™ x P™(C)/Z,y)
determines the geometry on §" x P™(C)/Z,.

§ 2. We consider two compact orientable Riemannjan manifolds (M, g) and
(N, h). From these manifolds we obtain the manifold (M X N, gx h). We have

the following diagram:
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(M x N,g x h)
.I/ \
\ /

IR
If @ and 3 are two functions on M and N respectively, then aop and foq are

functions on M X N. We denote by AMXN AM and AN the Laplace operators
on the Riemannian manifolds (M X N, g x h), (M, g) and (NV,h) respectively. It

(M,g) (N,h)

can easily be proved

AMXN[(q0p) x (Bog)] = (Bog) x [AM(a)op] + (aop) x [AN(B)og] (2.1)

If « is an eigenfuction of AM with eigenvalue A and S is an eigenfuction of &>

with eigenvalue p, then the relation (2.1) takes the form

£M*N[(@op) x (Bog)] = (A+ m)l(eop) X (Bog)]

that means (aop) X (B oq) is an eigenfunction for the Laplace operator AM x M
with eigenvalue /\‘+ ik |

Let (M',g') be a compact and orientable Riemannian manifold with metric
g'. We denote by C*®(M') the C-algebra of all differentiable functions on M’.
From M' we obtain the Sp(M',¢') = {A\/AM f = Xf, f € C®°(M'), X € R}.
We consider the subspace Q(M',g") of C°(M') defined by |

QM',g) = D QxM'.g)
AESp(M',g)

where Q(M',g') is the vector subspace of C*°(M') consisting of the eigefunc-
tions with eigenvalue A.

Qx(M',g") is called eigen-subspace of (M', ¢') and has finite dimension. The
subset Q(M’',g') is dense in C*°(M') provided with the topology defined by the

inner product < fi, f >= | Ap S1f2dM', where dM " is the volume element on
M'.
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We consider the subspace of C®°(M X N) generated by all products of the
form (@ op) x (B og), where a € Q (M, g) and 8 € Q(N,h). This vector subspace
of C®(M x N) is denoted by p*Q(M, g) ® g*Q(N,h). This is isomorphic onto
the vector space Q(M,g) ® Q(N,h). The following relations are true.

(1) p*Q(M,9) ® ¢*Q(N,h) = Q(M x N, g x h)
(ii) Sp(M x N,gxh) = {A+pu/X e Sp(M,g),n € Sp(N,h)} .
(iii) QuM xN,gxh)= > pQi(M,g)®¢QuN,h)
AESp(M,g)
n€Sp(N,h)
Adu=v

‘Theorem 2.1. Let (M,g), (n,h) be two compact and orientable Rie-
mannian manifolds. Let T ~ Z, be the group of isometries on the manifold
(M x N, g x h) which acts freely on M X N such that preserves the seperate
coordinate system on the product manifold M x N. Then the eigenfunctions on
the manifold (M x N/T, g X h/T") are of the form («a op) X (B oq) where a and
B are the eigenfunctions on the manifolds (M,g) and (N,h) respectively which
are invariant under the action by the group T or takes opposite sign under the

action of I'.

Proof. Let (Ui, :)ier and (V;,9;)jes be two atlas on (M,g) and (N,h)
respectively. Then (U; X Uj, i X ¥;)(i,j)erx s is an atlas on the Riemannian man-
ifold (M x N, g x h). Let (z1,...,%5) and (¥1,...,Ym) be two local coordinate
systems on the charts (U;, ¢;) and (Vj, ;) respectively, where dim M = n and
dim N = m. Then (z1,...,Zn,¥1,---,Ym) is a local coordinate system on the

chart (U; X Vj, @i X 9;), If v is an element of the group T', then we have
Y:MXN->MxN, 7v: UyxV; >U/xVj
Vi (Z1yee ey TniYlye-er¥m) = (Y(Z15--,Z0);Y (Y15 »Ym))

= (a:'l,...,z';l;yi,...,y;n)
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which means that v preserves the separate coordinate systems. We assume that

a,01 € Qa(M,q) and BB € Qu(N,h)

then we have

AMXN[(aop) x (Bog)] = (A + u)(aop) x (Bog)]
AMxN[(O'[1 op) X (B109)] = (,\ + w)[(a1 op) X (B 0q)]

If the functions @ and B are invariant under the action of the group I' and

a1 and f; take opposite sing by the action of the group I', then we have

Ha(er,-120)) = a(y(21,--520)) = al2h,...,27) = alen,...,20)
e asn)) = @B 80)) 2 (Bie0eZl) = —(B1s500500)
VB, - ¥m)) = BOYW1,-- - ¥m)) = B+ ¥m) = BY1,- - Ym)
Y(B1(y1,- - ym)) = Bi(¥(¥15---,9m)) = B3 ¥m) = —Bi(¥1,- -+, Ym)

then we have

P w gl [(eop) x (Bog)] = AMXN[("/(Q)OP) X (7(8)oq)]
- AM"N[(a op) X (Bog)] = (A + p)[(aop) x (Bog)]
AMXNIT [(a 0p) x (Brog)] = AM*N[(v(ar)op) x (7(B1)og)]
= AMXN[| (—ay0p) X (=Br0g)] = (A+ p)[(e10p) X (B 0g)]
3. It is known that the Dold manifold is deﬁlled by
M' = §"x P™(C)/Z,
where the action of the group Z, is given as follows
(i - axn)a(b'ZOa 21y 92m)} = {(=21,--- 5 —2n), (F0, %1, -, Zm) } (3.1)

The manifold M’ can be obtained by identification of the two points defined by
(3.1) on the manifold S™ x P™(C).
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Theorem 3.1. Let M' = §™ x P™(C)/Z, be the Dold manifold provided
with the metric go X ho, where go is the standard metric on S™ with constant
sectional curvature 1 and hg is the Study-Fubini metric on P™ (C) with constant
holomrphic sectional curvature 1. Then, the Spectrum of this manifold has the
form §p(S™ x P™ (C)/2Z3, go X ho/Z2) = {0, A2k-1 + p2p-1, A2k + H2p-1, A2k +
lizp, where A, = v(n+ v —1), po = o(m + o) with multipilicities gl dp) =

(n+"_2)"'("j!l)n(nﬂ"_l), 4o (pto) = A(=m,0) if o is odd and ¢, (p,) = 2A(m, 0),
2(2m+0—1)(2m+0)...(2m+2)(2m+1)(m+0)

o!

if o is even, where A(m,0) = , respectively.

Proof. If is known the eigenfuctions of AS" can be obtained by the restric-
tion on S™ the harmonic polynomials on R™®*!. The harmonic polynomials which
are invariant under the action of the group Z, are the even dimensional. The
harmonic polynomials which take opposite sign by the action of the group Z,
are the odd dimension. Finally, we conclude that all the Larmonic polynomials

of R**! give eigenvalues for AS" XP™(€)/Z2,

Therefore we obtain
Ae=k(n+k—1), ge(Qe) : (n+Ek—2)-+(n+ 1)n(n + 2k - 1)/k!
The complex projective space P™(C) is the base space of the following fibre
st i, g¥mtl T, pm(Q) (3.4)

Therefore the eigenfunctions of AP™ are the eigenfunctions of §2™*1 which are
invariants by the action of S, or the harmoric polynomials in R*™+? ~ C™+!
which are invariant by the action of S!. At the same time we try to determine
which of these polynomials are invariants, by the action of the conjugation and
the others taking opposite sign by conjugation.

W {20s 2igesws2m) 204 (Bo; 15 « » s By Y0 Py« T ) A€ the natural coordi-

nate systems on C™*! and R>™*? respectively, then we have the relations

zn=z0+tvV-1y, 21 =21+ V-1y1, .-y 2m =2 + V-1yn (3.5)
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From (3.5) we obtain
) g = g — V—lyo, El =T — v——lyl, ‘-Z‘m =Ty — V—lym (36)

The relations (3.5) and (3.6) imply

Ty = %(zo + %), 1 = %(21 +Z1 ) syl = %(zm +Zm)
(3.7)
1 o 1 o 1 -
Yo = 2\/__1(20 —12p), Y1 = 2\/__1(zl =B Jyue s s P = ﬁ(zm —1Zm) (3.8)
Therefore (20, 21, - -, 2Zm, 20,21, - - - , Zm ) €an be obtained as a coordinate sys-

tem on R2™*2, The harmonic polynomials on R2™*2 ~ C™+1! are polynomials
in z = (21,22,...y2m) and in Z = (Z,Z1,...sZm). The Laplace operator on

R2?m+2 = C™+1 has the form

A=Y —— (3.9)

The polynomial @ = Q(2,Z) = Q(20,21,---2m,Z0,21,---,2Zm) is harmonic

if we have .
m 2
> —3——@— =0 (3.10)
- 0z, 0%

The harmonic polynomials Q(z,z), which are invariant by the action of S*
are the same degree with respect to z and Z. All these polynomials are denoted by
H, ,. Therefore the eigenvalue which corresponds to each of the eigenfunctions

of AS*™™" which are at the same time eigenfunctions of AP (©) has the form
pp=2p2m+1+4+2p—1) = 4p(m+p), p>0.

From these polynomials we must take those remaining invariant by conjugation
and the others taking opposite sign by conjugation. The first polynomials form
a vector space of the same dimension as the vector space H,, when p is odd.
The other polynomials, when p isleven, form a vector space whose dimension is

2dim H,. Therefore, we have the following eigenvalues for the Dold manifold
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Asn X Pm(C)/Zg
0,Az2k-1 + H2p-1, )‘2k+/1'2p—17 A2k+/~l'2p7 where A, = V(V+'fb— 1), Ho = 40(#-1— 0)
with multiplicities qx(Ax) = (R + k = 2)...(n 4+ V)n(n + 2k — 1)/k!, ¢o(po) =

2A(m, o) if o is even and ¢,(p,) = A(m,o) if o is odd, where A(m,0) =
2(2m+p——1)...(2m+1)(m+p)

p!

4. Let (M x N, g1 X g2) be a compact and orientable Riemannian manifold with
the following properties
(i) N can éarry a complex structure,
(i) 71 (M x N) = Z,
(iii) -Sp (M X N, g1 X g2) = Sp(S™ x P™(C)/Z2, go X ho/Z2)
(vi) ¢ = Kéhler metric ' ‘

We give the conditions under which the Riemannian manifolds (M X N, g; X
g2) and (S™ x P™(C)/Z,, go X ho/Z,) are isometric.

It is known that the universal covering of the manifold S™ x P™(C)/Z, is
S™ x P™(C). We denote by M' x N' the universal covering of M x N.

These manifolds M’ x N’ and S™ x P™(C) have metrics g} X g3 and go X ho
respectively such that g} X g5/Z2 = g1 X g2. The manifolds (M X N, g1 X g2) and
(5™ x PM(C)/Z,, go ho/Z,) are locally isometric onto the manifolds (M’ x
N', g; x ¢g5) and (S™ x P™(C), go X ho) respectively. It can easily obtained
from Sp(M X N, g1 X g2) and Sp(S™ x P™(C)/Z,, go X ho/Z,) that Sp(S™ X
P™(C), gox ho) and Sp(M'x N', g1 X g3) have the same eigeuvalues. We assume

that these eigenvalues have the same multiplicity and therefore we obtain

Sp(M'x N', g1 x g3) = Sp(S™ x P™(C), go X ho) (4.2)

From (4.2) we obtain |
Sp(M',g1) = Sp(S™,90) (4.3)
Sp(N',95) = Sp(P™(C),ho) ‘ (4.4)

The relations (4.3) and (4.4) imply (M’,g;) is isometric onto (S™,¢o), if
1 <n<6([2]) and (N’,g4) is beholomorphically isometric onto (P™(C), ho), if
1<m <5, ([4)).
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Now we can state the following theorem .

Theorem 4.1. Let (M X N, g1 X g2) be a compact, and orientable Rieman-
nian manifold with the properties ((1) — (iv) (4.1). Let (M' x N', g1 X g53) be
the universal covering of M X N such that g1 X g2 = g1 X g5/Z>. If Sp(M X
N,g1 xgs) = Sp(S™xP™(C)/Z3, go X ho/Z2) and the mulitiplicity of the eigen-
values of Sp(M' x N', g1 X g2) are the same as of Sp(S™ x P™(C), go X ho)
and 1 < n < 6,1 <m <5, Then (M X N, g1 X g2) is isometric onto
(8™ x R™(C)/Z,, go X ho/Z>).

If the conditions (4.1) are substituded by the following
(i) N is beholomorphically isomorphic onto P™(C)
(if) Sp(M X N, g1 X g2) = Sp(§™ X P™(C), go X ho/Z5) (4.5)
(iii) Multiplity of the eigenvalues of Sp(M’ x N', g1 X g2) are the same as of
Sp(S™ x P™(C), go X go) then (N, ¢g') coincides with (P™(C), ho).
From the theorem (4.1) and the conditions (4.5) we conclude the following

corollary.

Corollary 4.2. Let (M X N, g1 X g2) be a compact and orientable Rie-
mannian manifold with the propporties (4.5), If Sp(M X N, g1 X g2) = Sp(S™ X
P™(C)/Z,y, go X ho/Zs), where2 <n <6,and1 <m <5, then (M XN, g1 Xg2)
is isometric onto (S™ x P™(C), go X ho). ‘

§ 5. The manifold $2*~! x P™(C)/T is called gencralized Dold manifold, where
Gamma is a finite subgroup of order greater or equal than three of the group of
isommetries I($2"~! x P™(C)) of the manifold §2"~! x Pm(‘C).

If we use the same technique as for the manifold S™ x P™(C)/Z, then we
can compute the S,($2"~! x P™(C)/T).

Now we can prove the theorem:

Theorem 5.1. Let $°"*~! x P™(C)/T be a generalized Dold manifold. If
n,m and order of T' have special prices, then S,(§*"~1 x P™(C)/I") delermines

the geometry on the manifold S**~1 x P™(C)).
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