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GENERALIZATION OF CERTAIN SECOND ORDER ORDINARY
DIFFERENTIAL EQUATION OF NISHIMOTO BY
THE FRACTIONAL CALCULUS METHOD

SHIH-TONG TU AND KATSUYUKI NISHIMOTO

Abstract. A generalization of theorems derived by Nishimoto ([4], [8]*
pp. 154-161), for certain second order ordinary differential equation of
Fuchs type was reported by S. Owa. K. Nishimoto and their colleagues
[7]. In this paper, a new proof for generalization theorems in previous pa-
per and the second generalization theorems for the second order ordinary
differential equation of Nishimoto are reported.

§0. Introduction (Definition of fractional calculus)
Definition.
Let D ={D,D},C = {C,¢},
C_] be a curve along the cut joining two points z and —oo + iIm(2),
g,_’ be a curve along the cut joining two points z and oo + iI'm(z2),
D be a domain surrounded by C,
-l;be a domain surrounded by C'_
= +

(Here D contains the points over the curves C')
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Moreover, let f = f(z) be a regular function in D (z € D),

fe=e=n =2 [ nac wezy
(f)om = lim_ (f)u (m € Z¥), @
where —7 < axg( - z) < for C, 0 < arg(¢ - 7) < 27 for C L skom, F Gamma

function

T il T———— .
~00 + iIm(z) D C’___ oo + iIm(z)
m—
B ; - C V b

C
+

Fig. 1. Fig. 2.

then (f), is the fractional differintegration of arbitrary order v (derivatives
of order v for » > 0, -and integrals of order —v for v < 0), with respect to z, of
the function f if |(f),| < oo. |

Note 1. Consider the principal value for many valued function f

Note 2. F01 the complex v, we con51der the pr111c1pa1 value for our conve-

nience.

Note 3. ;
derivative - for Re(v) > 0

fv=(f)vis { original = forv =0
' integral for Re(v) < 0

forveC,if f, exists.
And in case of Re(r) = 0, f, is only formal differintegration regardless of

Im(z/)zO. That is, we have no derivative and integral for v =pure imaginary.

§1. Theorems for a second order ordmary differential equatlon of lehlmoto

lehlmoto gave the following results by the method of fractional calculus

[4].
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Theorem A. If fo(# 0) ezists, then the differential equation of Fuchs type
p2-2" +p1-20z+p-ala-1)=f (2#0) (1.1)

has a particular solution of the form

0 = (fea 2 Dacs, (1.2)
where ¢ = ¢(z), a(€ C) is a given constant, z € C and f = f(z) is known.

Theorem B. The differential equation of Fuchs type
w222+ 1202+ @-afla—1)=0 (z#0) (1.3)

has a solution
p = K2 Y pa = Ke ™ I(a)z™ (1.4)

where o § Z~U{0}, K is an arbitrary constant of the integration, ¢ = ¢(z) and
ZEL.

Theorem C. If fa(# 0) ezists, then the differential equation given by (1.1)

has the solution

9 = (fra 2 a2 + K(27)amg » (1.5)
= (fea 27%)a-2 + Ke"'"T(a)z~ (1.6)

iuhere o & Z7 U {0}, K is an arbitrary constant of the integration, ¢ = v(2),
f = f(z) is known, and z € C.

§2. A Generalization of Nishimoto’s results in §1

The following theorems were derived by S. Owa, K. Nishimoto and their
colleague [7] by means of fractional calculus. The same theorems are treated
here again. “However the method to obtain these theorems, which is described

as below, is different from the former slightly.
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Theorem 1. If fo(# 0) exists, then the nonhomogeneous differential equa-

tion of Fuchs type

— n a I‘(a) "
Lip(2),n, o] =¢n - 2" + ,;‘Pn-k : {r(a — B)I(k + 1)(z )k
T I'(a +F1(O_t.)1;zc)p(k)(zn—l)k-1} =1 (0} (2.1)

has a particular solution of the form

= (f—a 'Z-n)a—n ' (22)
where ¢ = ¢(z), n € Zt, a(€ C) is a given constant, z € C and f = f(2) # 0
is known. '
Proof. Let
¢ = wa (po=¢) (2.3)
hence
Pn = Wa4n,
we have then
['(e) %
Mo 5" 1 ;wﬂn k{r(a T
F(Q)TL n—1 .
+ T(a . )F(L)(z )k—l} - f _ (24)

from (2.1). Since

= r
(wn+1 '3n)a—1 = Z I‘(a - k()crt.)(k n 1)(wn+l)a—1—k(zn)k

k=0
n 1-‘
=Wnpt+a 2 + }; T(a - L()sz n l)wn+a ~k(2")k  (2.5)

and
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n-—1 ___n—l P(a) ‘ n—1
(Wa 2" -1 = Z < T(a - k)I(k + 7j(wnla-1-+(z"" )

I‘(O{ n—1
- Z T(a T 1= AR Vrre—sz )i

(2.4) gives
(Wng1 - 2)a—1 + 2(Wn - 2" g1 = f

that is,

n =1 __
Wpyl * 2 + NWy - 2 — - N

This is equivalent to
(Wn-2")1 = fi-a-
Thus we have
= (fea-2)on
or
¥ = Wy = [ Joa 28 Jawny

as a particular solution to the differential equation (2.1).

Conversely, we have

= (f—a 'z-n)a = Wa+n,
then substituting this into the left hand side of (2.1), we obtain
L H. 8. 01 (2.1) = Wi gp =8

25

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

- I(a) n I'(a)n n-1
+§wa+n_k.{l‘a—k)l“(k+l)( ) + (a+1-k)I‘(k)(Z )k—l}

= (wn+1 2 n)a 1+ n(wn 2" 1)0:—1

= ((fea- 2™ 2 foar )
= (fiea 2™ P+ fea- ("Nt fag 2T
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Note 1. Letting n = 2 in Theorem 1, we have Theorem A in §1.

Note 2. The treatment described above is better than previous one.

Theorem 2. Homogeneous differential equation of Fuchs type
Llp(z)mal = 0 (2#0) (2.13)

has a solution

—ivr(a—n)% . Z—“, (2.14)

where n € ZT, a ¢ Z- U {0}, z € C, ¢ = ¢(2), and K (# 0) is an arbitrary

constant.

p = K" Va—n = Ke

Proof. In the same way with the proof of previous theorem, with the aid
of (2.3), (2.5) and (2.6) we obtain

Wny1 2" +nwy, - 2" = 0
that is,
- ,
ntl = ! (2.15)
wn

from (2.13). Integrating bothe sides in (2.15),we have
oy = 2™, (K #0)
hence

P = Wy = I\"(z“n)a—n

ze-iw(a—n) P(a) Poals

-0 T(n)®

as a solution to the homogeneous equation (2.13),where a ¢ Z~ U {0}.

(2.16)

Conversely, substituting (2.16) into the left hand side of (2.13), we get
L. H. S. of (2.13) = (wp+41*2™)a-1 + 2wy - 2" 1)y
= (wp41 + 2" + nw, - zn'l)a_l
=((Kz"") - 2" +nKz"". 2" 1),
= (0)a-1
= 0.
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Note. Taking n = 2, theorem 2 derives theorem B in §1.

Theorem 3. If fo(# 0) exists, then the differintegrated function
@ = (f—c;z : z—n)cx—n + I((Z—n)a—n

satisfies the differential equation of Fuchs type (2.1), wheren € Z%, a ¢ Z~U{0},
2€C, p=¢(2), f=f(z) is known, and K(# 0) is an arbitrary constant.

Proof. It is clear by the theorems 1 and 2.

Note. Taking n = 2 in theorem 3, we have theorem C in §1.

§3. The second generalization of Nishimoto’s results in §1.

THeorem 4. If fo(# 0) ezists, then the nonhomogeneous differintegral
equation of Fuchs type

I I(e) i
Lip(z),m,n,a] = @ -2 +E ot i * z
[#(2) ] ¥ k:l(’g 8 {F(a_k)I‘(k+ 1)( )

" Ta +P1(Oi):)r(k)(zn—l)k-l} = f (z#0)(3.1)

has a particular soution of the form

p = (f—a'z_n)a-m ’ (32)

where ¢ = ¢(z), m € Z, n € Z*, a(€ C) is a given constant, z € C and
f = f(2) # 0 is known.

Proof. Setting

¥ = Wa (vo = ¢) (3.3)

hence

©Pm = Wa4m,
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we have then

s @)
r(a)n n-—1 —
TSN i} = f 24)

from (3.1). By the use of relationships (2.5) and (2.6), (3.4) gives

(Wmi1 * 2")ae1 + (Wi - 2" Va1 = f,
that is,

Wme1 - 2" + W - 2" = fi_a.
This is equivalent to

(W »2"h = f—a

Thus we obtain

w = (foa 2™")em
or

@ = wa_ = (f—a : z-n)a—ma
as a particular solution to the equation (3.1).

Conversely, we have

Pm = Watm = (foa27")ay
then substituting this into the left hand»side of (3.1), we obtain
L. H. 8. of (3.1} = (mix 2" ot 4 0(Win 2 Yt
I
= (fi—a)a-1
T J

a—1

Note 1. Equation (3.1) is a differential equation for m > n, a differintegral equation

for n > m > 0 and an integral equation for m < 0, respectively.
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Note 2. Letting m = n in theorem 4, we have theorem 1 in §2. That is,

Llp(2),n,n,a] = Llp(2),n,a] = f for m =n.

Theorem 5. Homogeous differintegral equation of Fuchs type
Lip(z),myni] = 0 (2#0) (3.5)

has a solution

a—m+n)
I'(n)

wherem € Z, n€ Z%, (a—m+n) € Z~ U{0}, 2 € C, ¢ = ¢(2) and K(# 0) is

an arbitrary constant.

0 = Kz aem = Keirtam I

g (3.6)

Proof. In the same way with the proof of previous theorem, with the aid
of (3.3), (2.5) and (2.6), we obtain

Wmt1 - 2" + nWpy - 2 =0
that is,
Wm+41 .
e T (3.7)
Won,

from (3.5). Integrating both sides in (3.7), we have
W = J2T7, (K #0)

hence

: ) em . I"a——.m-}—n o
@ = Wg = ]\'(Z )a—m = Ke el ( F(n) )Zm - a’

(3.8)

| where (a — m +n) ¢ Z~ U {0}.

Conversely, substiuting (3.8) into the left hand side of (3.5), we get
L. H. S. of (3.5) = (Wm41 - 2" + nwp, -z"‘l)a_lr

N SRR T

(
(O)a-l
0.
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Note. Letting m = n in theorem 5, we have theorem 2 in §2.

Theorem 6. If f,(# 0) exists, then the differintegrated function
(f—a . z_n)a—m + ]{(Z“n)a—m

satisfies the differintegral equation of Fuchs type (3.1), where m € Z, n € Z%,
(@—m+n) g Z7U{0}, z€ C, ¢ = ¢(2), f = f(2) is known, and K(# 0) is

an arbitrary constant.

Proof. It is clear by the theorems 1 and 2.

Note. Letting m = n in theorem 6, we have theorem 3 in §2.
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