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ON A CLASS OF ANALYTIC FUNCTIONS INVOLVING

THE SALAGEAN DIFFERENTIAL OPERATOR

S. ABDUL HALIM

Abstract. We introduce the class B11 (ex) consisting of functions.analytic
in the unit disc. In this paper, we give some properties of this class as
well as considering some integral operators.

1. Introduction

Let A be the ca.lss of functions f analytic in the unit disc D = {z: lzl < 1}

and of the form
00

距 ）= z+芝ajZj.

j=2

(1.1)

For a function f E A, we consider the differential operator 趼 introduced

by Sa.la.gea.n [4].

Definition 1.1. Let f EA. For n 2 1, define 趼 by

D勺(z)

D叮(z)

Df(z) = zj'(z),

D(D户勺(z)) = z[户叮 (z)]', (1.2)

where D0 f(z) = f(z).
With the a.hove definition, we now introduce the subclass Bn(a) of A as

follows:-
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Defintion 1.2. For a> O and n = 0,1,2, ... , a function f normalized by

(1.1) is said to be in Bn(a), if, and only if,

-Re
D吁f(z)O/] > 0,zOi

for z E D. (Powers in (1.3) a.re mea.nt as principal values).

(1.3)

In the ca.se n = 1, B1 (a:) denotes the class of Bazilevic functions with

logarithmic growth. (see [5] and [6]). Earlier, in [2] it was proven that B1(a) CS,
where S is the subclass of A, cons1stmg of univalent functions m D. Also let P

denote the cla.ss of analytic functions p such that p(O) = 1 and Rep(z) > 0 for
z E D. In this pa.per, we give some properties of the cla.ss Bn(a) and consider

an iterated integral operator problem.

2. Preli1ninary Len1111as.

\i\Te shall need the following lemmas.

Len1111a 2.1. 圍 Let }.1 and N be analytic in D with M(O) = N(O) = 0.

If N(z) maps D onto a many sheeted 1·egion which is starlike with respect _to the

origin and Re 姸丑> 0 in D, ·then Re滸丑> 0 in D.

Len1n1a 2.2. Let p(z) = l + L:i cizi E P. Then for a+ c > 0,
(Xj

q(Z) = 1 + (C\'. + C)芝
c.izi

.、, z ED
(o + C 十 ti=l

in also in P.

Proof. Since p E P, we then have

lle [
za-+c-1 + I::1 C.izi+a+c一 1

2a-+c-l ] > 0.

Thus
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which by Lemma 2.1 above, gives our required result.

3. Some properties of 瓦 (O').

Theorem 3.1. B11+1(a) C Bn(o) for n 2 1.

Proof. Let f E Bn+1(a-), then by (1.3), we have

D社 lj(z)a
Re zo > 0,

and so (1.2) gives

Re
磾 寸(z)Q ]'
（勺＇

> 0,
..:,

which by Lemma. 2.1 above, implies that

Re
D叮(z)°' > o.

Z°'

Hence f E Bn位 ）．

Corollary. Bn位）C S for n == 1, 2, 3, ....

Proof. This is easily seen, since Bn(a) C B1 (o) for n == 2, 3, 4,.,. and

B1(0) CS.

Theoren1 3.2. Let f E Bn(a) and n + c > 0. Then the function F defined

by

F(z)°= 7户- I I(l)°cit,
。

is also in the class nn (a:).

(z ED) (3.1)

Proof. Since J E 瓦(o), there exists ]J E P with p(z) = 1 + E:1 ci·zi such
that

D叮(z)O
zo

o·np(z). (3.2)

(1.2) a.nd (3.2) give

zo- O'n-1 [ 1 + O'f 二 ］．
j=l

(j+a)
})H-lj(z)°
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Now, on a.ssurn p ti on th a.t

Dn一勺 (z)(¥
-a""

严 [1 + O'.kf 严
i=l (j + <>)kl

is true for some O < k~n, \Ve ha.ve

鬥Q 00 严
z

=·1 + an L
j=l

(j + a)n, (3.3)

which follows trivaJly by induction.

Usi11g (3.3) in (3.1) gives

尸 「
00

l+(Q+c)L
a节jZJ

j=l
(j+n)n(j+Q+c)'

Next, assume that

-k DkF(z)o·
a 汪

00

1 十 an-k(a + c) I:· CjZj

j=l
(j + at-k(j +a+ c)

is true for O < "I~::; n.'
·Hence

一 n护F(zt
a 紓

00

l+(o·+c)严 J
c·zi

(j+a+c丶'j=l

follows by juduction.

Finally, s加e p E P, by Lemma 2.2 we l~a.ve

Re
nnF(z)a

-,Cl' > 0,
4

1.e. FE B11 伊 ）．

Theoren1 3.3. Let .f E 瓦 (a:). Then fo1·n~0 and z. = rei8 ED,

00

1 + 2a:n严二 <n.e·尸]er I (z) - · . 00 rj
C1 + ar 一

::::; I I°':S 1 + 2a: n.,.
j= 1 .. - z 芷

j=l
(j+ar·
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The result 邸 sharp.

Proof.

(i) We first prove the lower bound.

From (3.2), since p E P, we have

a-nRe D叮(z)cx
zcx

1 - r
Rep(z) 2:: —

1 十 T

00
1+2芝(-r)i.

j=l

Next, for soine O < k ::; n, assume that

D勺(z)Cl'00
·a,......k Re'2 1 + 2aza

n-.k~(~r)J

j=l
(j + ,O'.) n - k (3.4)

Then (1.2) gives

Dk~1 f(z)a 1 z
a1-kRe = a1-kRe;;丨［『 勺(t)°rdt

。亡rp正 iReD勺(peiBr iB
o (pe严）a

dp, where t = pe ,

a丘 k 00>·----:;:;;- 1r po 一 1 [a•+ 2a" I; (-p)i dp,
j=l

(j + O'.)n-k

on using (3.4).

Hence the lower bound follows by incluclion.

(ii) Vle next prove the upper bound.

Again, we use induction. Obviously, due to IJJ(z)I ::; 枉-; , we have from

(3.2),
D叮(z)°l+r

0-n I I~ —
Z。 1 - 7'

00
1+2I: 户 ．

j=l

For fixed n, assume that when O < k :::; n,

o,-k 丨Dkf(z)o:zC~ 丨三

00
1 + 2a,n」2 rj

j=l
(j + o)冗一 k
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Then
1-k Dk一汀 (z)o ll'.1-kI ::; ex 一 1

r D勺(pei8)o
Cl'. I z。 了 J. P I (peie)。I dp

00

一(k-1) r'~1 + 2an 瓦 —一＿
j=l

(J + a)n-k+l·

The proof now follows by induction. For fixed n, the result is sharp, since the

upper and lower bounds for Rep(z) and IJJ(z)I are sharp.

4. Iterated integral operator.

In [1), the authors gave the sharp estimate for the lower bound of Re(f(z)/
z)Q when f E B1 (a). This estimate can be seen in Theorem 3.3 in the case

n = l. This result was then extended to include iterated integrals.

Vile now will give the sharp result for a more generalized version of iterated

integral operator. First, for z ED, a> -l a.nd m = 1,2,3, ... let

a+l z

Im(z) ==戸 丨仔Im-1 (t)dt,
。

where lo(z) == (J(z)/z)°.

(4.1)

Theorem 4.1. For a fixed n, let f E 瓦 (o). Then for z = rei8 E D and

m 2: 0,
Re Im(z) 2: ,m(r)

and

'Ym(r) < l,

硨ete for m = 0, l, 2, ...

布n(r) = 1 + 2a鬥 1 + a)m f . (-r)i
(j+o:r(j+a+l)m"

(4.2)
j=l

Equality is attained for f where [ D" ;i z)"] = o-71 [旵 ］．
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Proof. From Theorem 3.3, we have

00

Re lo (z)~1 + 2an~
(-r)i

j=l (j + ar.
Next, from (4.1)

a+ 1 z
Re h+1(z) = Re za+l J 仔 h(t)dt

。
a+ 1=~Jr paRe h(peiO)dp

。
2主[ p"[1 + 2a"(l + a)" t, (j + a)~z::a+ l)k]dp

= 1 + 20'.n(l + a严f (-r)j
j=l (j + O'.)n(j +a+ l)k+l

='Yk+l (r).

Hence, the first jnequa.lj ty follows by jnduction.

Now, form~0, the series

00

曰r) = l + 2a,n(l + a)mL (-r)i

j=l

is absolutely convergent. On rearranging pairs of terms in ,m(r) as

rm(r)

=1-霍 (l+a)m(
T 1'2

(1 + a:)n(2 + a)m - (2 + a,)n(3 + a)m]
r3 r •1

－霍 (l+a)771[ - 十．．．(3 + a)11(4 + a)111 (4 + 0)11(5 + a)m]
oo r2k-l r2k

=1-霍 (l+a)111江 (2/;; - 1 + a怀 (2k + a)m - (2k + a,)n(2k + 1 + a)m]
j=l

shows that ,m(r) < 1.

1、his completes tlte proof.
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Ren1ark. Finally, we conjecture that for 瓦 (r) given by (4.2), it also sat­
isfies ,n屯）＞瓦 (1).
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