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ON THE SOLUTION SETS OF DIFFERENTIAL INCLUSION

IN BANACH SPACES

A. ANGURAJ AND K. BALACHANDRAN

Abstract. We prove the set of all 1c asstcal solutions of the differential
inclusion

x(t) E A(t,x) + F(t,x,x)
叩o) = xo, i:(to) = y。

is a retract of the space C1.

1. Introduction.

Let I C R be a compact interval; E a Banach space, I'·a multifunct10n from
IX E X E into the subsets of E; A a continuous functions from J x E into E.

Given lo EI, Xo EE, Yo E A(to,xo) + F(to,xo,Yo) consider the problem

±E A(t, x) + F(t, x, 勾

x(to) = xo

i(t0) = y0

(1)

A functions¢: I — E is said to b 1ea C a.ss1cal solution of (1) if¢E C1 and
氨t) E A(t,</>(t)) + F(t,</>(t),¢(t)) for all t EI, </>(to)= x0, ¢(to)= y0.

In this pa.per we prove that under suitable a.ssumpt10ns the set of all classical
solutions of (1), f(to,xo,Yo, F) is a retract of C1 which depends in a Lipschitzian
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wa.yonxo, Yo, F. Thisisalsotrueforthesolutionsetofx E A(t,x)+F(t,x,x),.
叩o) = Xo. In [7] Ricceri discussed the problem without the term A(t, x). Here
our assumptions do not imply the compactness of f(to,x0,y0,F) not even in C.
Our result is different from many other recent works [1-3,5).

2. Prelin1inaries and Notations.

Let .X, Y be two nonempty sets. A multifunction <I> from X into Y (<I> : X -+

旳 is a function from .X into the family of all nonempty subsets of Y. When
X, Y a.re two topological spaces, we say that <I> is lower (upper) se:rp.icontinous
if 鼬 every open (closed) set n CY, the set {x EX: <J?(x)nn =f¢} is open
(closed) in X. A 釘ngle valued function f : X ---+ Y is said to be a selection of <I>

if f位 ）E <J?(x) for all x E X.

If (E, 8) is a metric space, for every x E~and nonempty A, B c~we put

o(x,A) = inf o(x,z); 8*(A,B) = sup o(z,B)
zEA·zEA

oH(A, B) = max{b*(A, B), b*(B, A)}.

Let (X d) (Y,p) l， ) e two metnc spaces. A multifunction <P : X -+ 2Y is said
to be Lipschitzian if tl1ere exists a real number L 2: 0 (Lipschitz constant) such
that

pH(il,心 ），<l>(z)) :S ld(x,z)

for all x,z EX. If L < 1 we say that <Pis a mult'1 d1va ue contract10n. Observe
that any Lipschitzian mult'f· ·1r unct10n 1s ower semicontmuous.

If I is a compact real interval and (E, II·II) is a real Banach space, we denote
by C the space of a.11 continuous functions from I into E·, equipped with the norm

11¢I le = max I 丨c/>(t) 丨I
tE I

V./e den toe by C'1 the space of a.11 continuously (strongly) differentiable functions
from I into E, equipped·with the norm

II¢ 丨丨c1 ::::: 11¢I le + 11¢I le
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where ef> is the (strong) derivative of¢.
A set fl in a topological space X is said to be a retract of.)(if A -/= 0 and

there exists a continuous function P : X 一 A such that P(x) = x for all x E A.

3. Main Result

Now (E, II·II) is a real Banach space; cl is the metric induced by II·II- I is
a (non-degenerate) compact real interval. Let a,{3,1: J~[O,oo) be continuous

functions such that {3(t) < 1, Vt E J. Denote£0,13,E be the family of all lower
semicontinuous rnultifonctions F : / x E X E - 2亙 with closed and convex

values such that for every t E J, x, y, u, v E E one has

d lJ (F (t'X'y)) F(t''ll, V))~O'. (t) 11 X - u 11 + /3 (t) 11 y 一 V 11

Let A. : Ix E - E be a continuous function satisfying for every x, y E E, t E I,

cl(A(t,x),A(t,y))~ 祖 ）丨IX -y 11

Let t0 E /, xo E E, F: Ix Ex E 一 菸 ，A : I x E ---+ E. Then put

I'(to,xo,F) = {¢E C1: ¢(t) E A(t,¢(t)) + F(t,¢(t),¢(t))
for all t E !,¢(to)= xo}

Further if Yo E A(to,xo) + F(to,Xo,Yo) we put

－一~·

f(to,xo,Yo, F) = {<I> E f(to,xo,F): ¢(to)= Yo}.

Before stating our theorem, we recall a lemma. which will be applied in the

theorem. It follows at once from (1] and 圍

Le1n1na. Let X be a paracompact topological space; (Y, II· 膈 ）a Banach
space; <I> : X -+ 2 Y a lower sem.icontinuous nrn.ltifunction with closed and convex

valttes; f·Y ,,..·-+ } a continuous function; /3 : X 一 (0, oo) a lower semzcontmu-

ou? function such that b(f(x), <I>(x))~/J(x) for all x E .J'Y, where bis the metric
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znduced by II . IIY. Then for every€ > 0, there exists a continuous selection g of.

q°?. such that 丨lb(x) - f(x)Jly :s; /3 位 ）十 €for all x E X.

Theorem. Let FE La,(J,E·Then for every to EI, xo EE, Yo E A(to,xo)+

F(to, Xo, Yo); each of the sets I'(to, x0, F), f(t0, x0, Yo, F) is a retract of t_he spa~e
C1. Further if F·ZS a singlevalued fimction, then the set I'(to'Xo'F) is singleton.

Proof. Fix to EI, xo EE, y0 E A(t0,x0)+F(to,xo,Yo) and LE ( 己瓦 00)
with maxtEI fJ(t) = {3* E. [O, 1).

For each¢E C put

II¢ 丨lo = rna.x e-l心 (t)+a-(t)]lt-tol
tEI 11¢(t) 11

Hence II·llo is norm equivalent to II·lie·

Next, for every'JI·E C put

t
虹t、o,'11,F) ={¢EC; </>(t) E A(t,x0 + J 吒 ）dr)

+ F(t, xo + J'"1(T)dr, 屯 ;;))for all t EI}
to

tHere J 屯 (T) [ .
t。 c r 1s Riemann jntegn1l.

Put Cy0 ={¢EC'; ¢(to)= y0} as.well as

吖瓦 霆 w,F)~ 虹Xo, w,F) n Cy。 for each W E Cy0

From [4], it follows that <I> 位O, 屯 ，F) /; 0 for all W E C and that <I>(x0, y0, W, F) f;
0 for all 屯 E Cyo·

VVe now claim that the multifunctions <I>(x0, ·, F) and <P(x0, y0, ., F) are

multi-valu_ed contra.ctions with respect to the metric, say p induced by II . Ila
with Lipschitz constant t; + jJ*.

i.f.Je prove this only for <J) 位o,Yo,·,F') since the proof for <I> 位o, ·, F) is com­
pletely simil a:r.
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Fi X \JI, W E CYo , ¢E 祏o, Yo, 乹 F). Then for every t E J, we have

d(¢(t),A(t涇0 + / 土）dT) + F(t, x0 十 w(T)dT,w(t)))

勻(t) 11 J,'倩 (T) _':行））,LT 11 +c,(t) 11 1,1~:行）－外 T))dT I 丨

+f3(t)11 屯 (t) - w(t) 11

Define a multifunction If : J 一 菸 by

H(t) = { A(t, Xo + f,: w仃）dT) + F(t,x0 + J'w仔）dT,w(t))
{vo} t。 if t~to, t E I

if t = t。
Then clearly JI·1

一 1s ower sem1contmuous [4]. By Lemma, for every c > O, H
admits a continuous selection h such that

I 丨h(t) -¢(t) 11

:01(t) II / 僮 （可 －列 可）dr 丨丨十a(t) 廿 団(r) - 叫 r))dr II
t。

十 f3(t) II 叭r)- w仔）丨丨 十C

1:
幻(t) + a(t)J JI / we可 －叫 可）dr II +.B(t) 11 疝 ）- w(r) J 丨H (2)

to
for every t E J. In particular observe that h E <I> 位o, Yo,w, F).

Now we evaluate 肋 -¢I瓦 Assume a < t。a.nd for every t E [a, t0], we·have
t

e-Lb(t)+a(t)J(t,-t) II / 偉(r)-w仔））dr II
lo

. t
= II J e~Lh(t)+a·(t)j('T一 t). l:-lh(t)+Q(t)](to 一 'T)

lo

倩 (r) - 外 可）dr 11
. .t。

:S 11 屯- w llo j e-Lh(t)+Q(t)]('T 一 t)dr
t

＜
1

一 l[,(t) + a(t)] 廿 \JI - w 丨b
T'herefore from (2) we ha.ve

e-L["f(t)+o(t)j(to-t) 1
11 h(t) -¢(t) 廿 :S [­

L 十 f3(t)] 11 w 一 w I lo +t
I

-~(- + /3勺 丨I \JI - w I lo +E.£
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Analogously if t0 < b for every t E {to, b]., we obtain

l'
e-L(-y(t)+a(t)](.t- to) l I h(t) - <l>(t) 11::; .( 一 十 f3勺 11 w - w I Jo +cL

Hence,

11 h -¢I lo~(I + /3*) I l 屯 -w I lo+£

Therefore

l
p * (<I> (xo , Yo ,'11, F), <I> (xo , Yo, w, F))~(- + /3 *) J I W - w J Io

L

Interchanging the roles of W and w we get

l
p * (<I> (xo , Y_o , w, F), <I> (xo, Yo , W , F)) ::; (- + (3*) 11 屯 一wlfo

L

Since -1L + /3* < I, q>(xo,Yo,·,F) is multivalued contraction. Similarly we can
show that <l>(x0; ·, F) is also multivalued contraction.

Now put

P(xo, F) = { </> E C; </> E <P{xo, </>, F)}

as well as

P(xo,Yo,F) = {¢ECy0; </JE <I>(xo,Yo,¢,F)}

Then taking into account that all the sets <I>(x0,w,F), 4>(x0,y0,w,F) are
convex closed, by Theorem 1 of [6] e~ch of the sets P(x0., F), P(x0, y0, F) is a

retract of the space C. In particular to see th!s for P(x0, y0, F), take into account

that Cy0 being closed and convex, is·in turn a Tetract of C.

Next consider the operator T : C~C1 defined by T(也）(t) = ft:'V(T)dr
for every W E C, t E I. Clearly

f(to,xo,F) = </>(xo) + T(P(x0,F))

f(to,xo,Yo,F). = 4>(xo) + T(P(xo,yo;F))

(3)

(4)

where¢(xo) is the constant function on I ta.king the value x0.
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Let -胚 be the null -element of E. P-u-t

Vo = 位 EC1:¢(to)= 鈺 ｝

Clearly the -operator T is a linear l1omeomorph1sm from_ C -onto V0. Therefore,

each of the sets T(P(xo,F)), T(P(xo, yo, F)) js a retract of Vo. But V0, be­

ing closed and convex, is a n~tra.ct of C1 and hence each -of set T(P(.x0, F)),

T(P(xo,Yo,F)) is a retract of C1. Hence from (3) and (4) f(t0,x0,F) and
f(to, xo, Yo, .F) are retracts of C 1 .

Further if F is .a s'ingle·valued funtion, then from the classical contraction

mapping prindple of Bauach-Gaccioppoli., the set I'(t.q, x0, F) is a singleton.

·Hence the proof is completed.
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