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A NOTE ON DISCRETE OPIAL’S INEQUALITY

GOU-SHENG YANG AND CHENG-DAR YOU

1.Introduction
Z.0pial [2] has proved in 1960 the following result:

Theorem A. If f' is a continuous function on [0, k], and if f(0) = f(h) =0
and f(z) > 0 for x € (0,h), then
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where the constant h/4 is the best possible.

In 1967 J.S.W.Wong [4] has proved the following discrete analogue of (1).

Theorem B. Let u; be a nondecreasing sequence of nonnegative real num-

bers, such that wg = 0. Then, for p > 1, we have
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Cheng-Ming Lee [1] generalized (2) in the following form:

Theorem C. Let u; be a nondecreasing sequence of nonnegative num-
bers,such that ug = 0.

Ifp,q>0,p+q>1o0rp,q<0, then
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where
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Ifp>0,<0,p+q¢<1l,p+q#00rp<0,¢0>0,p+q2>1, then
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If p,q > 1, then
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Recently, B.G.Pachipatte [3] has proved a new discrete inequality of Opial

type involving a function of n independent variables in the following:

Theorem D. If z is a function from B to R such that V1 ---V,z(z) ezxist

and
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2(0,29, 0, 2n) = 2(21,0,23,+ 7+, 25) = v+ = 2 2yyvoe 3 8n—1,0) = 0. then

3 )||v1---vnz<x)|s(ZH (17 Vo) ) (9)
B B i=1
-(Zlvl---vnzu)i?)z,
where .
={0,1,2,--:},  B=]]l0,¢{c N,

and V]_Z(.'L’],Qfg,"',l'n) = Z(.’L’l,.’lfg,"',l’n) = 3(:1:1 - 192"2)"'13;17.))

an(..'Ul,fL"_),"‘,.'L'n):3(:1,'1," yTn—1, n) (l'],"',l'n_l,xn—l),

VJV'_)Z(Q)I,(L‘Q," '93"11) = \71’[3(1‘11"”'2)' o ,-'L'n) - Z(:L']_,IL'Q - 1,$3,"',$n)],
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The purpose of the present note is to generalize the inequality (2) as well as
the inequality (5).

2.Discrete Opial’s inequalities in one-dimention

Lemma 1. Let ug,uy, -+ u, be a sequence of real numbers,such that uy = 0.
Ifp,q > 1, then

n
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Proof. Let @; =| Gl = it | . Then |u;|< Z;‘=1 By 4

so that

Zluz—umlluz s; () (7)

i=1
It suffices to prove

S(m) SRR ®
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We will prove (8) by induction.

Since 2P > p+ 1 for p > 1, it follows that

q-2°
p+q
This shows that (8) holds if n = 1. Assume (8) holds for n = k, and observe

:L.P+q < p+q_

21

k+1 i » k 1 ) k+1 D
3(Tw) =St (Tw) +ota (L) ()

where yn = T i, #4.

By Young’s inequality we have
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Using ITélder's inequality, we may show that

k+1

l
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Also we have (k +2)? — (k+ 1)? > p(k+ 1)P~1 > g(k +1)P-%,

Substituting these estimates into (9),we find

k+1 i P L4+ 1)P k+1 1 k+1
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This completes the proof.

Lemma 2. Let ug,uy,us, -+, uny be any sequence of real numbers, such

that uy = 0. If p,q 2 1, then

N-1
g(N —n+1)°
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= i=n
Proof.
Let a; =| i — ui=1 | .Then | u; |< Z;V:,'H ity .

so that

N-1 N=1, N P
ol —uny | w PS> :,,-;!< 5 zj) ;
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We will show by induction that

A

Ea(fo)stsmrie o
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By Young’s inequality, we have

q P 9, r+q P p+g
TNy € —ayv i+ —2
N-=1%N P+f1 N-1 P+q N
g% &
< >
P+q i= N—1

so that (11) holds if n = N — 1. Assume (11) holds for n = k , where k < N — 1.
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Since
N-1 N p N-1 N N P
> (3 w) =X (X ) o2
i=k-1 j=i+1 1=k j=i+1 i=k
N N P
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= o Zlf ey }:”31' -
P+ i=k j=k
Let
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= e A+1(Z”‘J)
j=k
Then
N P
(D) = (ke 1ret
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It follows from Young’s inequality that

N —k+ 1Pzl < (N —k+ 1) L—otti 4 L 13“).
(N k4 17eg f < (V= k419 Saftt 4 Loy

Using Hdlder's inequality, we have

- 1 ptq , N ptq 1
= —— a; R
Vi (N—lc+1> (Z—%”) = Neh+1l

Substituting these estimates into (12),we find
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This completes the proof.

73

Theorem 1. Lel ug, uy,u2, -, un € I be a sequence of real numbers such

that ug = uny = 0. Then for p,q > 1, we have

(J(N T 1) ptg
Zluz—uz 1l P ey le iy
where N 1s odd,and
= Pz Q(N + 2) p+gq
Z‘“ﬂ U;— 1||u1|_2p(p+q)2|uz U;-1
where N is even.
Proof. 1° N is odd:

If N =1, then there is nothing to prove, so assume N > 1.
N=1
9

Let n = . By Lemma 1, we have
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and by Lemma 2, we have
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Adding (15) and (16) to infer that
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2° N is even: Let uy41 = 0. Then it follows from (13) that

N p]V+1
g(N +2) +
5 o P ptg
Z}l Ui— 1||uz|_2p(p+q ;luz Ui 1|
Hence - -
s
j : (I(N T 2) E : p+aq
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This completes the proof.

3. Discrete Opial’s inequality in n-dimensions

Lemma 3. If z is a function from B to R such that V- .- Vaz(z) ezist and

20, 25, » o) = 2(2350, 83y 11y B ) = wen = 2(21,+*»Zn-1,0) = 0. then
B 7+
Z | 2(z) [P] V1 Vaz(2) IQS<Z(H wz‘)p+q_1> (17)
B i=1
° Z | Vi---V z(:r) |p+q)
B

forp+g¢ > 1, and p,q > 0. The notations and definitions are the same as in
Theorem D.

Proof. We have

Using Holder's inequality, we have

| 2(2) 1<) | Vi Vaz(y) |
e
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g( 1;%)
B

. (Z | V3 -+ Vaz(y) |p+q> "
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so that

| 2(e) PHos (H)+ (Tiwvwp) s

Using Holder's inequality again we have
S 12(2) [P V1 Vaz(2) I"S(Z | 2(2) lp‘”)
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It follows from (18) that
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This completes the proof.

In case n = 2, and B = [0,m4] X [0,m2] we have

Lemma 4. If B = [0,¢1] x [0,¢2], z is @ function from By to R such
that V1Vaz(z) eaists and z(0,22) = z(21,0) = 0 for z1 € {0,1,---c1},22 €
{0,1,---¢ca} ,then
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S | 2(2) 7] V1Vaz(2) |qs(Z(H z-)””‘l) (19)
B1 B; 1i=1
| |

2
T

. (
B,

V1Va2(z) |P+q>.

Proof. This follows from Lemma 3.

Lemma 5. If By = [0,¢1] X [c2 + 1,m2], z is a function from By to R such
that V1Vqz(z) ezists and 2(0,z2) = z(z1,m2) = 0 for z; € {0,1,---c1},22 €
{ca+1,e04+2,---my} ,then

S| 2(2) P| V1Vaz(z) l‘?s( (1 (ma — zg))’””‘l) (20)
B>

B,

o (Z | V1V2z2(z) |P+q).
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Proof. we have

ma

—z(:v):z Z V1Vaz(y)

y1=1yo=z2+!
and the rest of the proof is similar to Lemma. 3.
Lemma 6. If B; = [e; + 1,my] X [0,¢2], z is a function from B3 to R
such that V1Vayz(z) exists and z(my,z2) = z(21,0) = 0 for z; € {c1 + 1,¢1 +
2,---my},22 € {0,1,--ca},then

A 1
pta

> 120 P19 Vas(a) < (T (s = 20)2)" ) (21)

B3 : Bs

o (Z | V1Vaz(2) |P+q).
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Proof. we have

_.z(q,) = Z z vlv'.’z(y) ’

i=z1+1 ya=1
and the rest of the proof is similar to Lemma 3.
Lemma 7. If By = [c1 + 1,m1] X [¢2 + 1,ms], z is @ function from By to R
such that V1Vqz(2) ezists and z(my,22) = z(z1,m3) =0 fo.r 21 € {1+ 1,e1 4+

2,---m1},29 € {¢a+ 1,0 +2,---ma},then

o .

31 2(a) 1] 92Vaa(@) 15 3 (1 - 1) “m)) e

‘B

o (; | V1Vaz(z) |P+9).

Proof. we have

@)= S Y ViVas(y)

yi=z1+1 ya=z2+1
and the rest of the proof is similar to Lemma 3.

Combining Lemma 4,Lemma 5,Lemma ( and Lemma 7,we have

Theorem 2. If B = [0,m] X [0,m2], m; is odd for © = 1,2. z is a function
from B to R such that V{Vaz(2) exists and 2(0,2;) = 2(21,0) = 2(m1,22) =

z(zy,m) =0 for zy € {0,1,---my},22 € {0,1,---ma},then

- a -
* i = 1 — pt+gq
§ / | z(2) |P| V1Vaz(z) |7< H(1 EI o ot JE TP (m - )p+q 1) (23)
B

. (283 | 9193(2) ).
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Proof.
Let ¢; = M=l i+ = 1,2. Then by (19),(20),(21) and (22) we have

2

2 . T
! 7 -1 - pt+a
S| 2(2) P V1 Vas(e) < H(1 R (F)T ) (24)
Bm i=1

(] (Z I V1VQZ(.’B) Ip+q) y (m = 1,2,3,4).
Bm

Therefore

> 2(2) 7| VaVaz(2) |'= | 2(z) [P| V1V22(z) |
B

2o

m=1 By,

4 2 ' ‘ - Y
Z (H 1 4o P HI-L & oo ( )p+q— )p+q

I V1V22(2}) |p+q) .

st’ﬂ

o

R 7
= H(1 4orte-1 4y (”“T")Pﬂ-l)
1=1 s
¢ (S 19:192500) ).

B

This completes the proof.
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