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A NOTE ON DISCRETE OPIAL'S INEQUALITY

GOU-SHENG YANG AND CHENG-DAR YOU

1.Introduction

Z.Opia.l [2] has proved in l9GO the following result:

Theore111 A ..Jff'is a continuo1tsfunction on [O,h], and if f(O) = f(h) = 0
and f(x) > 0 for x E (0, h), then

(1)[ I f(x)J'(x) I dx <'. ~[ J'(x)2dx

where the constarit h/4 is the best possible.

In 1967 J.S.W.\Nong [4) ha.~proved the following discrete analogue of (1).

Theoren1 B. Let ui be a nondecreasing sequence of nonnegative real num­
bers, such that u0 = 0. Then, for p~1, we have

(2)
n

芝 (Ui -'lli 一 1)這) :s;
(n + l)P n

＼ （叭- Ui一 1) p+I.
i=l p+ 1 i=l

Cheng-Ming Lee [1} generalized (2) in tl1c following form:

num-of nonnegativesequencenondecreasing
bers,s11.ch that 1t0 = 0.

If p, q > 0, p + q~l or p, q < 01 then

abeLet 1l.iC.Theoren1

(3)Ui-1)
p+q

n n

L (Ui -'lli 一 1fuf:s;Kn 芝 乜 －
·i=l i=l
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(n=l,2,···).

陷 ＝
q. ..

p+q

p-1
R.'n = max }丶n-1 +—— ,

(.. pn q(n + l)P
p+q p+q ）

where

and

(4)

If p > 0, q < 0, p + q ::; 1, p + q f- 0 o, p < 0, q > 0, p + q 2: 1, then

n

Cn 芝 （炻 一Ui一 1)p+q

i=l

n

I: (Ui -'lli - 1)同 2
,i =1

where

(n=l,2,···).
P一 1

C . zm q(n + I)P
n = r,1,1.n (Cn - 1 +—一，p+q p+q ）andCo=

q

JJ + q

If p, q 2 1, then

J(n = q(n + 1)P.
，p+ q

If J)~0, fJ < 0, then

(n=2,3,···);
n

f(n = l +
p+q
JJ~iP 一 1

i=2

andK.1 = 1,

!Jp 2: O,p + q < 0, then

(n=2,3,···).
n

l +
JJ + q

JJ I: ip-1

i='2

C.'n =andC'1 = ]'

Recently, Il.G.Paclipa.ttc 圍 has proved a. new discrete inequality of Opial

type involving a function of n indepc11d0nt va.ria.bles in the following:

D. If z is a function fmm B lo R such that V1· · ·Vnz(x) existTheoren1
and
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z(O,x、'.?' . . . ' 辶 ）= z(x1,0, 乓 ，···,xn) =· · ·== z(x1, · · ·,xn-1,0) = 0. then

~Jz乜）廿町 'vnz(x) l'.o図庄)(f J'v1· ·''vnz(y) 12)/ (5)

·(~l'v1···立屯）I') t,

where

No= {O, 1, 2, · · ·},
n

fl == Il[O, Ci] C N0n,
i=l

and V1z(x1,x2,· · ·,:互）=z(x1,x2,···,:互）- z(x1 - l,x2, · · ·,xn),

立z(x1,:互，. .. , :互）= z(X1, · · ·, Xn-1, Xn) - z(x1, · · ·, Xn-1,辶- 1),
V1V2z(x1,X2, .. ·,Xn) = Vi[z(x1,x2,·.. ,xn)- z(x1,x2 - I,x3, .. ·,xn)],

C1

芷 土）＝芷
B

t z(x1,花，. . . , Xn),
:i·,. =11·1 = l

X1 J;n

芝 ：：(y) = 芝 . . . 芝心1, Y2, · · ·, Yn).
Bx Y1 =1 y,. =1

The purpose of the present note is to generalize the inequality (2) as well as
the inequality (5).

2.Discrete Opial'·s 1nequaht1es in one-di1nention

Lcrnma 1. Let'llo, 1L1, · · ·'lln be a seq1tence of real numbers,such that u0 = O.
If p, (J~1, then

辶 丨1l-i 一 Ui 一 1 I q I'll-i 丨P~.q(n+I)P n

t=l J) + (j
芷 I 糾 一 Ui 一 1 1p+q
i=l

(6)
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I'l.li I~ 鷗=1 叨ThenProof. Let Xi =I Ui - ui-1 I·

so that

70

(7)t I Uj - 1足 1 1'1 u, I"~ 立1(立）p
i=l i=l j=l

(8)q(n+ l)P

JJ + q
立r+q
i=l

It suffices to prove

户 （立 jr :<;
·i=l j=1

v\Te will prove (8) by induction.
Since 2P 2: p + l for p 2: 1, it follows that

p+q < q. 2P
X1 p+q

一 X1 .- p+ q
Assume (8) holds for n = k, and observe1、his shows that (8) holds if n = l.

(9)
十 xk+1図Xjr=txf図x,)"~xi(言 Xjr

t,『' +心 （図丑P~
q(k+l)P

J) + q

q(k + l)P
k

= 1'+ q 図x;+•十于 xk譴 十I),
1 n
:;i- Li=l 互

Dy You11g's inequality we l1a.ve
where Yn =

三 』（二 t『土譯）
=:t 7.>+q

十
p 1.1+q

k+1 -Y1;:+1·q

JJ + q fJ ])

q 缸:+ I !h+ l

Using JI older's inequa.lity, we rna.y show that

P+CJ l k+l
缸:+1~-LX~+q,~+ 1 i=l
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Also we have (le+ 2)P - (k + l)P 2 p(I;: + ])P-l 2 !(le+ l)P-1.

Substituting these estimates into (9),we find

二xJ~q(;:t尸q 十 r~臣 +<)
:s; q(k + 2)P 芷 xf+q.

p+q i=l

This completes the proof.

Lem1na 2. Let u0, 1t1, u2, · · ·,'I.LN be any sequence of real numbers, such

that 1.月v = 0. lfp,q 2'. 1, then

N-1 N
芝 11.li - Ui 一 1 19 I Ui 曰

q(N-n+I)P

. JJ + q
芷 I Ui - Ui一 1 1p+q. (10)

i=n i=n

Proof.

Let xi = I'lli 一 Ui-I I .Then I'll·i I~ 江f=i+l;,与

so that
N-1 /\'-1

i=n
芷 I 叭 一 u; 一 1 門 u, I竺 ~x;(t x;)'

j=i+l

VVe will show by induction that

N刁 N2孔 ~Xjr~q(N - n + l)"
N

X·
p+q

,=n j=i+l ]) + q 芷 ｀ (11)

By Young's inequality, we have

JJx~'-1式 ~_!!_ 灊-_ql +— 盡-q
p+q JJ+<J

q. 2P N
＜
- JJ + q

芝 羿+q
i=N-I

so that (11) holds if n = N - 1. Assume (11) holds for n = k , where k < N - l.
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(12)十 xk-,図丑p
p
'

、＼
丿
·
3x= Y= xi(t

i=k j=i+l

p、＼
丿
.
Jxx;(t

j=i+1

N-1Li=k-1

Since

So q(N 1二C: J)P 户 十q 十 xL1齿）p

．
、`

丿j1
a

N

V
J
I（1十

1

kN
＝kg

Let

=(N-1.-:+l)互辶潯xk 一 l (t,x;r
Then

It follows from Young's inequality that

(N - I. 十 1)勺這 <::(N - /. 十 1y(二严 l+~Y可
Using Holder's inequality, we ha.ve

(N -~+I尸(t,xJ+'S N-~+1户:+,Yk
p+q ＝

Substituting these estimates into (12),、ve find

p、＼
丿
.
Jxx;(t

j=i+l

N-1

I:·z=k-1

N

X
p+q p(N - k + 1)曰

十 X·l JJ+ q
芝 尸
j=k1

N

弋
七＝·t

::; q(N — k + l)P
p+q

X·
p+q
i

(q(N - k土 巴 十p(N - I, 十l)' 一 1 N

p+q p+q)辶＜

X·
p+q

｀
．

1

N
2
」＝·1

:s; q(N-k+2)P
p+q
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This completes the proof.

l. Let 7.Lo, u1, 1L2, · · ·, 7.勺v E R be a sequence of real numbers suchTheore1n

(13)

that u0 = UN = 0. Then for p, q 2'. 1, we have

q(N + ll N

芳 (p+ q)
芷 I Ui 一 Ui-1 丨p+q
i=l

N-1L I'lli - Ui一 1 I 9 I'lli 巨
i:::: 1

(14)q(N + 2t N

2P(p + q)
芝 I 佑- Ui-1 1p+q
,i=l

where N is odd, and

N-1
芷 匡 -'l足1 I q I'lL,i I竺
i=l

where N is even.

1°N is oclcl:Proof.
If N = l, then there is nothing to prove, so assume N > l.

Let n = 竺上By Lemma 1, we have

(15)t 17.li - Ui 一 1 門 Ui Ip ::;
q(n + l)P nL I Ui...:.. Ui-1 1p+q

i=l p+ q i=l
N-1

q(竺 +l)p 一 －－，－一 ·
｀

p + (J
芝 I Ui - Ui-1 1p+q'
i=1

＝

a.nd by Lernma 2, we have

(16)t I Ui - Ui-1 1p+q
i::::n+l

N-1
芷 匡 -'lli 一 l I 9 I ui 尸 三

q(N - nl
i=n+l. p +'J

t I Ui - Ui-1 1p+q .
i=芋

q(N - 早）p
7) + ([

Adding (1.5) and (16) to infer that

N-l
芷 I 炻 一 1記 I I q''1.li''P < q(N + ] t t I Ui 一 Ui一 1 1p+q .
i=l - 2P(p + fJ) i=l
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N is even: Let uN+l = 0. T'hen it follows from (13) that

i1

t I u, -u, 一 1 門u, Ip::;鬪 囝I u, - u,一 1 IP+o
i=l i=l

20

q(N + 2l N

芳(p+ q)
I: I Ui 一虻 1 1p+q .
i=l

N-1
芷 I'lli 一 1足 1 19 I Ui I竺
i=l

Hence

This completes the proof.

Discrete Opial's inequality in n-di1nensions

Le1nma 3. If z is a J11.nction from B to R such that "v 1· · ·"vnZ(x) exist and

z(O,x2,·· ·,Xn) = z(x1,0,x3,·.. ,xn) = ... = z(x1,···,Xn刁 ，0) = 0. then

3.

(17)芷 I 土 ）門 'v 1 ...'v nZ(X) I'S (I: o1 x.)p+q-l) 士
B B i=l

•(芝 l'v1···'vnz(x)l'+9.
T3

）
1., and p, q > O. The notations and definitions are the same as infor p + (J >

Theo1·ent D.

z(月 =L 陌 ···V nz(y).
B:r

Proof. \i\fe have

Using JJ olcle1、's inequality, we ha.ve

I z(x) I~LI V1· · ·Vnz(y) I
Bx

s(~1譌 ）尹

•(LI \71 ..立 z(y) IP+o)土
Bx
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so that
I z(x) IP+•::; 围x;) P+O 一 1 (f I V1···'vnz(y) lp+.q) (18)

Using Holder's inequality again we have

h

e
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_1/ 一

LI 土 ）門 V,V,z(x) 1•:,;(芝 (IT x,)•+• 一 1
p+q

B, B, i=I)
·(Liv嵒z(x) 1•+• .

B1
）

(19)

Proof. This follows from Lemma 3.

Lemma 5. If B2·== [O, c1] x [c2 十 1, m2], z is a function from B2 to R such
that'v1'\乃 z(x) exists and z(O,x2) = z(x1,m2) = 0 for x1 E {O,l, .. ·ci},x2 E

{ C2 十 1, c2 + 2, · · ·m2 } , then

_p__

LI 土 ）門立咫 z(x) I'~(~包 (m, - x,))p+q 一 1) ,+,
B2

·(Liv図z(x) I'+'.
B2
）

Proof. we have

(20)

XI 7n'>

-z位）＝ 芷 2 立叨z(y)
YI =1 y2=:t·2+ J

a.nd the rest of the proof is sirn ila.r to Lemma. 3.
Lenuna 6. If 凡 = [c1 + 1,mi) x [O,c2), z is a function from B3 to R

such that V 1 V2 z位）exists and z(m1,x2) = z(x1,0) = 0 for xi E {c1 + l,c1 +
2,, .. mi},x2 E {O,l,···c2},then

芝 I 平 ）門陌 'v,z(x) I'<; (~{(m1 - 可司p+q-1
＃

Th
）

• (I: I 立 z(x) I'+. .
lh
）

(21)
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Proof. we have

m1

-z(可＝ 芝 fv図z(y)
Y 1 = X1 + 1 Y2 = 1

and the rest of the proof is similar to Lemma. 3.

Le1nma 7. If B4 = [c1 + 1, m1) X [c2 + 1, m2J, z is矼unction from B4 to R
such that V1 \乃z(x) exists and z(m1 , :曰=z(x1,m2) = 0 for X1 E {c1 + l,c1 +

2,···m1},x2 E {c2 + l,c2 +2,···m2},then

fiz位）門 V工 平 ）I'S: (f ((m1 - x1)(m, - 曰）p+q一' ) 士

•(严 I'vI'v'z(x) IP+ q .
B4
）

(22)

Proof. we have

m1

z(x) =~
m2

L v1 v2z(y)
Y1=x1+l 四=x汁 1

and the rest of the proof is similar to Lemma 3.

Combining Lemma 4,Lernrna 5,Lemma. G and Lemma 7,we have

Theoren1 2. If 13 = (0, m1] x (0, m2], m.i is odd for i = l, 2. z is a function

from B to R such that V 1立屯 ）e訌sts and z(O,:叨）= z(x1,0) = z(m1,x2) =

z(x1, m2) = 0 for x這 1 E {O; 1, · · ·mi},x2 E {O, 1, · · ·m2},then

~I 平 ）門 V內這x) I'S叭! + 2p+q~l + ... + (mi 2- 1)p+q-1)士 (23)

, (Liv內2z(x)lp+q.
B
）
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Proof.

Let c i = 2:!:!:i..=!.2 i = 1, 2. Then by (19), (20), (21) and (22) we have

Liz位）門 V図 土 ）1竺仃 (1 + 2,+,一1 + ... + (m,2-1),+'一' ) 士 (24)
Bm

·(L1\7図z(x) 严 ，(m = 1,2,3,4).
Brn
）

Therefore

六
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This completes the proof.
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