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ON GRAPH REPRESENTATION FOR CO-DIAGONAL GROUPS

WU-YEN LEE

Abstract. For a. co-diagonal Butler group G with co-representing gra.ph,
we examine the conditions under which pure subgroups and torsion-free
quotients of G ha.ve quasi-co-representing gra.phs.

1. Introdu~t ion

For a rank I tor~ion-free abelian group X, let type(X) denote the isomor-
phism class of X called a type. For any element g of a finite rank torsion
free group G, we let typea(g) denote the type(<·g >.), where < g >. is
the rank-I bpure su group generated by g. H r·1s a type, let G r = {x E（）

G丨typea(x)~r} and G*(r) = E{G(u)ju > r}. G[r] is defined to be n
{ker/1/ E Hom(G,X-r)}, where X7 is a subgroup of Q with type(X-r) = r.
Also, define G*[rJ = n{G[u胆 < r}. An exact sequence of torsion-free abelian
groups O~A~B~C~0 is co-balanced if O~A/A[r]~B/B[r] is pure
exact for each type r.

Butler groups. are pure subgroups of finite rank completely decomposable
groups. This class of Butler groups plays an important role in the theory of
finite-rank torsion-free abelian groups. In this paper we shall be concerned with
co-diagonal groups.

Co-diagonal Butler groups are groups which are quas1-1somorphic to G <
A>= (A1 毌. . . EB 心 ）/ < (1, ... ,1) >. for some n-tuple A= (A1, ,An) of
subgroups of Q. The group G <A> is the dual of G(A) = {(a1, ,an) E
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A瓊 .. .$A邙i=lai = O} (5]. This class of co-diagonal groups is presented in [1]
and some of their properties can interpreted through graph representation [2).

Let (A丘 . . ,An) be an n-tuple of subgroups of Q and T be a connected

labelled graph with vertices A1, ... , An and each edge ij in T labelled by a type
rii = type(Aii =Ai+ Aj) = sup{type(Ai), type(Aj)}.

The graph Tis a co-representing graph for G = G < A1, … ，心 >= (A1 EB
．．．喦 心 ）/X with X =< (1, ... , 1) > * if

Sx(1) 0-+ G一巧 is co-balanced exact.

(2) For each type r, o石 (G/G[rJ) = GT EB G* < r >,

where DT =叭A可 ij E T}, 好 (xi+X) =紐 ij固 =Xi if i < j and Xij = -Xi
if j < i, ij E T} with Xi E Ai, GT = 叭Aii严 = r, ij E T}, G* < r >=

EkoT*<T>((Ak+X)/X) with OT*<T>((Ak+X)/X) ==硏 (Ak+X)/X)nDr*<T>
and T* < r >= {ij ET尸 <r}.

The graph T·1s a quasi-co-representing graph for a Butler group G if Tis a
co-representing graph for some G < A1, ... ,An > quasi-isomorphic to G.

In [2], we have devel'?ped a realization theorem for graph which are finite,
connected, and with edges labelled by types. Furthermore, for each co-diagonal

Butler group G <A>, we can construct its co-representing graph.

In the paper, we are going to examine the conditions under which pure
subgroups and torsion-free quotients·of groups with co-representing graphs have

quasi-co-representing graph. In particular, if G is a co-diagonal Butler group with

co-representing graph, then G(r), G[r], < G*(r) >丰，G/G[r] and G*[r]/G[r]
have quasi-co-representing graphs for each type r.

2. Main Results

Suppose that Tis a co-representing graph for G = G < A1, ... , An >, and
that S is a subset of the set of edges of T Th. e eqmvalence relation on the
vertices of T determined by S is defined by i~i, and for i -/ j, i~j whenever i

and j are connected by a path in T\S. Define M < S >= {g E Gl8T(g) E Ds}.

Note that M < S > is a pure subgroup of G which is isomorphic to 好 (G) n Ds.
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Theorem 2.1. Assume that T·is a co-rep沱sentmg graph for G = G <
A1,-- ., An>, SC T, and 玠，. . . ,Vk is the set of equivalence classes of vertices
of T determined by S. Then

(a) M < S >~G < Bi, … ，Bk>, where B1 = n{Ajjj E~}

if k > I, and M < S > is O if k = 1.

(b) G/M < S 涯 G1 毌… 釕伍 ，where Gi = G < Aili E~>

if l~I > 1, and Gi = 0 if l~I = 1.

Proof. (a) First, observe that M < S >= {g = (a1, ... ,an)+ XE Glat =
at, E Bi,·t, t'E~'i = 1, ... , k}.

To see this, let g = (a1, ... , an)+ X E G. Then 好 (g) =紐 i + (-a渾 ＜

j, ij E T}. If at = at, E Bi for t, t'E \1i, i = 1, ... , k, then the ij-coordunate
(6r(g))ij of 6r(g) is O for each ij ET\ S since i and j belong to the same class.
Hence, 好(g) E Ds.

Conversely, if (好(g))ij = 0 for each 社 E T \ S, then ai = ai for each
ij ET\ S. Hence, at = at, fo_r t, t'E \1i, i = 1, ... , k.

Now define / : G < B丘 . . ,Bk 严 M < S > by f((b1, ... ,bk) + X) =
(a1, ... ,an)+ X, where at= 柘 for t E~, i = 1, ... , k.

It is easy to see that f is epic.

If f((b1, ... ,bk)+X) = (a1, ... ,an)+X = 0, then a1 = ... =an. Hence，
柘 = . •. = bk. and (b1, ... , bk)+ X = 0.

This proves that f is mo~ic.

Therefore f·, 1s an isomorphism and G < B1,…,Bk 涯M<S>.

(b) we next show that G/M < S 淫 G1 毌… O 伍 by defining a function

h: G-+ G1 EB ...喦Gk, where h((a1, ... ,an)+X) = 吋~1 {(aiu ... , aim)+ X比 E
~}. Then it is easy to see that h is epic with ker h = M < S >. Hence, (b) is
proved.

Examples of Theorem 2.1 are included in the following corollary.

Corollary 2. 2. Suppose that T·is a co-representing graph 阮 G=G<
Ai, ... , An > and r is a type. Then
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(a) G(r) = M < S(r) >, where S(r) = {ij E Tlrii~ 寸

(b) G[r] = M < S[r] >, where S[r] = [ij ET严 f; r}.
(c) G(r), G[r], < G*(r) > 事，G/G[r] and G*[r]/G[r] have

quasi-co-representing graphs induced by T.

Proof. Suppose that g E·G and typea(g)~r. Then typea(g) == type巧
（好 (g)) = inf{type(A勺 IIIij斫 (g) -:/ O}~T. where IIij : Dy -+- Aii is the
projection of Dy onto A丸 noting that O~G立+-Dy is co-balanced exact, hence
pure exact. Hence, Cy(g) E ffi{Aii历 E S(r)}.

Conversely, let 斫 (g) E ffi{Aiilij E S(r)} for some g E G. Then type店

(6y(g))~T, since type(Aii)~T for each ij E S(r). Hence, typea(g) =
typevT(好 (g))~T and g E G(r).

(b) First, note that g[r] =< G(u)lu i r > byP· ·亨 ， ropos1t1on 1.9 1n [3].
Suppose that g E G and typea(g) f; T. Then typea(g) == typevT(6y(g)) =
inf{type(Aii) IIIij 好 (g) -:/ O} f:. T. Hence, 好 (g) E 叭A可 社 E S[r]}. Otherwise

typefT(好 (g)) $ r, because if type(Aii) $ T for some ij ET with IIij6t(9) -:J O,
then typenT(h'y(g)) $ type(Aii)::; r.

For eaach x E G[r], there exists O f m E Z such that mx = g1 十 ．．．十 9k
with typea(9i) i T. Then 斫 (mx) E 叭Aiilij E S[r]}, since each 好 (gi) E

EB{A引ij E S[rJ}. It follows that 好 (x) E ffi{A引ij E S[r]}, because 好 (G) is
pure in Dy. This proves·that Cy(G[r]) C ffi{A叮 ij E S[r]}.

Conversely, if 6y(g) E ffi{A引ij E S[r]}, then g E G[r], since h'f(G/G[r]) =
GT EBG亨 < T >C 叭A咋j ET, 西 $ r} Th. e reason 1s that if g¢G[T], then
g + G[r] -:J 0. It follows that 6f(g + G[r]) = 好(g) + Dy[r] -:J O in D计历 [r] =

6fEB{Aiilij E T西 ~r}, noting that O~G/G[r]一历/Dy[r] is pure exact.
Th'1s means that there exists ij E T with 伊 ~r such that (好 (g))ii -:/ 0. Then
好 (g)¢EB{Aiilij E S(r]} , a contrad1ct1on.

(c) By (a), (b) and Theorem 2.1, G(r) and G(r] have·quasi-co-representing
graphs. It follows that < G*(r) >.= G(r)[ ]r has a quasi-co-representing graph.

To show that G/G[r] has quasi-co-representing graph, it is sufficient to prove
that if V1, ·.. , Vk are the eqU1valence classes of vertices determined by S[r], then
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四 > 1 for at most one i. In this case, G/G[r]~G < Aili E l'i > has a
quasi-co-representing graph by Theorem 2.1.(b). To see that this is indeed the

case, note that V1 =砷j E T \ S[r] for some j} is an equivalence class, since
T < T >= {ij E Tlrii~T} is connected by Corollary 2.9.(a) in (2]. On the
other hand, if i r/. 柘 ，then the equivalence class of i is { i}, since 讠does not lie
on an edge of T \ S[r].

Finally, G/G[r] = G*[r]/G[r] EB G'where G'~G/G*[r] and G汩/G[r] =
(G/G[r]) (r) by Theorem 1.7. (c) in [3]. Hence, G*[r]/G[r] has a quasi-co
representing graph.

Actu詛Y: G*[r]/G[r] is r-homogeneous completely decomposable by The
orem 1.7.(c) in [3], which belongs to n and has a quas1-co-"representing graph
by Theorem 2.7 in [2], where n is the class of all torsion free abelian groups
quasi-isomorphic to Butler groups which are homomorphic images of co~pletely
decomposable groups with rank-1 kernels.
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