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A TEST OF INDEPENDENCE BASED ON THE

(r,s)-DIRECTED DIVERGENCE

D. MORALES, L. PARDO, M. SALICRU AND M. L. MENENDEZ

Abstract. (r,s}-Directed divergence statistics quantifies the divergence
between a joint probability measure and the product of its marginal prob
abilities on the basis of contingency tables. Asymptotic properties of
these statistics 訌e investigated either considering random sampling or
stratified random sampling with proportional allocation and indepen
dence among strata. To finish some tests of hypotheses of independence
are presented.

1. Introduction

Let (X, Y) be a random variable of the discrete type taking on pairs of

values (xi, Yi), i = 1, ... , M, and j = 1, 2, ... , K. We denote

版Y = (Pii)i=l,…,M
j=l,… ，K

(P(X = Xi,y = Yi))i=l,…，M
i=l,... ,K

the joint probability mass function of (X, Y) and by Px = (pi:)i=l,…，Mand Py=
如）j=l,…，K the corresponding marginal probability distributions, respectively,

i.e. 扒．＝韞 1 Pii and P.J = 立f'!1 Pii·

Kullback and Leibler (1951) first introduced a measure of information con-
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cerning to Pxy and Px *玢 = (Pi.P.i) i=l,…，M, as
j=l,…，K

M K

D(Pxy II Px * Py) = L~
PiiPii log一

i=l j=l Pi.P.i
{1)

Renyi (1961) first presented a generalization of (1), as

M K

珙 (Pxy 11 Px *科）= (r- l)-1Iog[LLPi;(Pi.P.;)1-r], r f; 1, r > 0 (2)
i=l j=l

Another well known generalization of (1) is given by

M I(

功 (Pxy 11 Px * Py) = (s - 1)一1[EE凡 (Pi.P.i严 －卟 (3)
i=l j=l

The following limits are easy to check

lim D~(Pxy II Px *料）= limD訂XY II Px *Py)= D(Pxy II Px * Py)r--+1 s--+1

Sharma and Mittal (1975) studied the following two generalizations

珺 (Pxy II Px * Py) =(s -1) 一 1 [exp[(s - l)D(Pxy II Px * Py)] -1] s-:/ 1

(4)
M I( S 一 1

n:(Pxy II 版 ＊科）=Cs -1)-1 ([LL凡(Pi.P.;严] r -1 - 寸
i=l j=l

r -:J 1, s -:J 1, r > 0(5)

Again, we can easily verify the following limits:

lim n:(Pxy II Px *玢）＝珙 (Pxy II Px * Py)
S一4

lim DHPxy 11 Px *玢）= D(Pxy II Px * Py)
S一+l

when r = s in (5) we have

n:(Pxy II Px *科）＝功 (Pxy II Px * Py)
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In this paper we analyze the properties of the analogue estimate of D;(Pxyll

Px * 玢 ）in a random sampling as well as its application to testing statistical

hypotheses. Taking limits the results obtained are also valid for the divergences

Di(PxyllPx * 科 ），母 (PxyllPx * 料 ）and D(PxYIIPx * Py).

(r, s)-DIRECTED DIVERGENCE STATISTICS

2. Asymptotic distribution of n:(PxyllPx * 玢 ）

Consider a sample of n members drawn at random with replacement from

the population. We denote by 瓦 = nii/n, 扒 = ni./n, 扣 = n.i/n the sample

estimators of Pii, Pi. and Pi., where nii is the number of observations of the

value (xi, Yi) (i = 1, ... ,M, j = 1 ... , J() in the sample, ni. = I:i~1 nij and
n.j = I:~1 nii. The (r, s)-directed divergence in the sample may be quatified

as follows:

M 1(

= (s - 1) 一 l [ [LL fi'i/Pi瓦 ）1-r严 －寸
i=l j=l

D訌PxY 11 Px * Py)

r f; 1, s f; 1, r > 0.

the other divergence measures in the sample are given by

= n:伊'.xv II Px * 朽 ）
= Dt(Pxv II Px * f>v)

lim D灶XY II Px *鈐 ）
s-1

limD灶XY II Px * 朽 ）
r--+1

D(PxY II Px *朽 ）＾

lirn Df (Pxy II Px * 玢 ）
s-+1

＾ ＾ ＾

limD印 (Pxy II 跤 *Py)
r-1

When the sample is drawn at random and with replacement from the pop

ulation, the random vector (n和 ，. . . ,PMI<) has a multinomial distribution with

parameters (n; Pn, ... , PMK).
The asymptotic distribution of D灶xxllPx *朽 ）in the random sampling

is given in the following theorem:

If we consider the analogue estimate D只Px1yllFx * 朽 ）

obtained by 元placing Pij, Pi. and P.j by the observed frequencies Pij, 広 and 瓦 ，
1.Theorem
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then

l. [ A An2 n;(Pxy II Px *玢 ）－功 (Pxy 11 版 ＊玢 ）］
L

－n100
N(O,v;,s)

where
MK MK

v辶 =LLPij_!__況(Pu, … ，PMK)2 - [LLP『戶 L尻(Pu, … ，PMK)]2
i=l j=l a旳 i=l j=l a旳

and

8
— 一·
8pij屑(Pn, · · ·,PMK) =

1 M K

二 [L LPij(Pi.P.j)l-r严 {rp妒(Pi.P.j)1-r
i=l j=l

+(1 - r) EJ~1 PijPi.rP~了+ (1 - r) E~1 PijP了

p尸} r # 1, r > 0

exp[(s.-1) E~1 EJ~iPijlog」但- ] [log」垣- -1]
Pi.P.i Pi.P.i

r=l

aProof. Bickel and Doksum (1977, pp. 135) have shown that if—h(x1, ... ,
8xi .

x 1) exist and is continuous for 詛 i = 1, ... , l, then the asymptotic distribution
of Tn = h(拓 ，．．．，即 in a random sampling is given by

nl佑- h(p1, ... ,Pi)] n忥tV(O, u勺

where
l oh . l

(12 =芷乩— (p丘··,P1)]2 - [LPi—.. oh 2
(P1, · · ·,Pl)]opi opii=l i=l

The d .envatives are calculated treating p1, ... ,Pl as "independent variables" not
linked·by p1 + p2 十. . . + Pl = 1. If we consider the function

h(pn, · · ·,PMK) = 切（版 y II Px *玢 ）

we obtain the enunciated result, r -/; l and s -/; l. By contmuity of the variance
we obtain the ennunciated result for r > 0 and s E (-oo, oo).
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Theorem 2. If Pxy = Px * Py, then

L 2
n~X(M-l)(K-1)

2nD:(PxY II Px *朽）
r

A Taylor's expansion of </>(x)= X亡Consider the function 4>(x)Proof.

around the point 1 for x = (Pii)/(Pi.P.i) yields

＾

= l+ [启 - I]r屯 矗；－泊 r(r - I)+ e;;n]卟［晷
Pi.P.i

］

i = 1, ... ,M, j = 1, ... , K, where Ei,j,n 忘 。0 as n~oo.

Multiplying both sides of the last expression by 店恥 and suming over i =
1, ... ,M, j = 1, ... ,K, we get

M K M K A

LL輻；佤．瓦 ）l-r =1 +~r(r - 1)芷囟立 －咋 i.瓦
i=l i=l i=l i=l Pi.P.i

1 M K A

十 -L囟乒- 2 A• A

2 A A 1] Pi.P志jn = 1 + Xn
i=l j=l Pi.P.i

主

Using the binomial expansion of [l+xn] r-i, substracting 1 and multiplying

2nD;(Pxy 11 Px * Py) M K

=nLL~[瓦 -p凈 .j「+
i=l j=l Pi.P.i

by 帚 ，we obtain
r

M K
n 芷 L(Pii - Pi.瓦 ）2 E.. + 2(S - 1) 1 1

r(r - 1 i=l i=l
) Pi.P.j i1n r(r _ l) nxnEn, where En曰

Note that

2
X(M-l)(K-1)釕: [n,;之r

i=l j=l n

M K 1
Tn=nLL~ 屈 －扒．瓦 ]2 =

i=l i=l Pi.P.i

which is the well known limit distribution of the classical statistic to test inde
pendence in contingency tables.

扭T - l)Tn + fTn的n, then nxn converges in law to lr r 一

1)X(M-l)(K-1) il.Ild n Xnl:~:_ 0. So the result follows. 2 (
nroo

As nxn
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Now we suppose that the population associated with the bidimensional

random variable (X, Y) is finite, N elements, and it can divided into L non

overlapping subpopulations, called strata as homogeneous as possible. Let NJ

be the number of individuals into the jth stratum (so that E7=1 NJ = N) and

let Piil be the probability that a randomly selected member belongs to the lth

stratum and takes on the value (xi,YJ), i = 1, ... ,M, j = 1, ... ,k, l = 1, ... ,L.

Thus
M I(

I:I:旳 l
i=l j=l

＝莖
M K L

芷LLPijk = 1
i=l j=l l=l

Let Pij. be the probability that a randomly selected number in the whole popu-
Llation takes on the value (xi,Yj), Pij. = Ei:iPiil i = 1, ... ,Mand j = 1, ···,I(,

Pi.I =霄~1旳 1 the marginal probability of the value Xi in the 1th stratum and

P.il =~錩 Piil the marginal probability of the value Yi in the 1th stratum. The

(r, s)-directed divergence in this context is given by

st珥 (Pxy II Px * Py)
L L s-l

=(s -1)-1{[f凸玄P,;.r[L扒r-r[L旳.]' 一rl二 －卟
i=l j=l l=l l=l l=l

r # l, s # l, r > 0

The other divergence measures in the stratified sampling are giving by

扭沉 (Pxy 11 Px * Py) = st珙 (Pxy II 跤 ＊科）

屈 沉 (Pxy II 版 ＊玢）= st珂 (Pxy II 版 *Py)

屈 st此 (Pxy 11 Px*玢）＝屈 st珺 (Pxy II Px *玢）=st D(Px*Y II Px *Py)

Now we suppose that a stratified sample of size n is drawn at random from

the population independently in different strata. We hereafter suppose that the
sample is choosen by proportional allocation in each stratum. Assume also that

a sample of size nk is drawn independently at random with replacement from
the Ith stratum where n,/n = N,!N. If紐 denotes the relative frequency

of the values (Xi, Yi) into the lth stratum (and hence }:篇立~1 Pijk = n,!n),
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和＝韞 品jl and和＝江函jk, the (r, s)-directed divergence in the sample

may be quantified by st珥 (FxyllFx * 玢 ）．

(r, S)·DIRECTED DIVERGENCE STATISTICS

In this context we establish the

following theorem.

Theorem 3.

引st珥 (Pxy II Px *Py) - st珥 (Pxy II Px * 玢 ）] ntN(o,st V勺

MK L MK
亞 =LL :dijPij. - L釕LL :dijPiil]2

i=l j=l l=l i=l j=l

where

1 M I<
戸 [L立.(Pi ..P.i.)1-r]珥 {rp妒 (Pi ..P.i.)1-r

i=l i=l
+(1 - r)韞函.Pi.~P\~r + (1- r) I:~瀉P了P尸}, r=Jl

exp{ (s - 1)江 1 I:i~1 Pij. log _EiL.} [log卫L-1], r=l
Pi ..P.j. Pi ..P.j.

and

；和 ＝

Consider the vector

a= (aijk, i = 1, ... ,M; j = 1, ... ,K; l = 1, ... ,L) with aMKL(l = 1, ... ,L)
excluded and the function

First, we prove the result for r 钅l, s i- 1.Proof.

L l(L ML
= (s 一 1)一l{[I:罔訓UI:立立立id]巨

l=l h=l l=l h=l l=l
（豆 ）E A= {(i,j)/(i,j)-/; (M, IC), i = 1, ... , M,j = l, ... , JC}

L 1(-1 L M

芷 心 的il]巾－囟LL aihl]] 1-r
(i,j)EA l=l j=l l=l i=l

+ [1-

g;(a)

M-1 L I(
s-1

芷 rLL的d]l-r]
－一
r-1 _ 卟 r :j; 1, s :j; 1

i=l l=l j=l
. [1-

Let
P. = (Piil, i = 1, ... ,M; j = 1, ... ,K; l = 1, ... ,L) with PMI<z(l = 1, ... ,L)

excluded, and
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P* = (Piik, i = l, ... ,M; j = l, ... ,l(; l = l, ... ,L) with PMK1(l = l, ... ,L)
excluded.

Let us also define

p = (蜘 , i = 1, ... ,M; j = l, ... ,K; l = 1, ... ,L)

and

P = (Piil, i = 1, ... ,M; j = 1, ... ,K; l = I, ... ,L).

If we consider the Taylor's expansion of g;品）in a neigbourhood of P., we
obtain that

nt [9;(P) - 9;(P)] 引st珥（啟 y 丨丨Px * Py) - st珥 (Pxy II Px * Py)]

and
M K Lnt·LLL翌凹 ＿恥 l 即l
i=l j=l l=l op引

have asymptotically the same p.d.f..

The random vectors

[n i>111, ... , n PMkd, l = l, ... , L

are independent and multiomial distributed with parameters

N N
[n1; —Pnl,N1 ．．．，一 PMkt),N, l = 1, ... , L

Applying the MK迢mensional Central Limit Theorem, we obtain

l. n
正 ［［ ＾ N

N1 ［
n N

l 一P111 - -p111],… ，一PMKl - 一PMKl)] !:_ Af(O, E(l))n1 n1 N, n100

l = 1, ... ,L

where
N N

囟l) = [元P伍 ，ii)l(6伍 ，ii)(i辺2)一茫 2,h)d] i1,i2=l,…,M
ii,h=l,…，K

and
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褔 ，五）（洹 2) = 1 if (i1 = i2'力＝咋）and 6c·＂叫伍函 = 0 otherwise
As n加 =N/Nz and nf12 = n1/2國/N)112, we have

xf =n2 -i. N i.
[ ] 2 [(A
N, Pu, - Pu,), ... , (PMKl - PMK1)] !:_n100

.N(O, :E(l)).

l = 1, ... ,L

Therefore, the asymptotic probability distribution function of the linear

function bfX,, where

b} = a9:(P) og;(P)
[— 一op111 ，．．．，OPMKl ]' l=l, ... ,L

is normal with mean zero and variance bfE(l)b,.

As X1,X2, ... ,XL are independent vectors,

L N, i L M K

囟Ji]濁Xf = n! ~立2墜四 （蜘 - Piit)8p引l=l l=l i=l j=l

has a normal asymptotic probability distribution function with mean zero and

variance
1 L

心 =NL血摔(l) b,
l=l

Now we calculate心 explicitly. As

邸(P) 1 M I(

— =—
8pijl r - 1

[L立.(Pi ..P.i.)1-r]思{rp妒 (Pi ..P.j.)戶
i=l j=l

K M

+ (1- r)LPij瓦~p~了+ (1- r)L亞計尸｝
j=l i=l

we obtain the expression of s屯 for r # 1.
Now, by contynuity of stv we obtain the enunciated result.

Remark 1. (a) Applying Jensen's inequality to the convex function 而 ）＝

丑 ，we obtain stv2~v2. Equality holds if and only if L = l or
NI M K

NLLPijl—og:(P)
i=l j=l op引
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does not depend on l (l = 1, ... , L).

(b) As the random variables

M K

2n st珥 （啟 y II Px * Py) and nLL 1 2
— （加- Pi ..P.i.)

i=l j=l Pi..P.j.

converge in law to the same distribution under the hypothesis of independence

and

L

Y'= 註 ［（加 . - P1 ..P.1.), · • •, (PMK. - PM卫K.)] 志~fY[O,L麋~(l)]
l=l

H Pxy = Px * Py and Px = P1, Py = P2 with P1 and P2 known, then

MK
花 = n Y'CY = 2 n stD頃,xY II 版 *Py)氙Lf3hXi

h=l

where 釘s are the eigenvalues of the matrix CE*, being

［
1

L NK
C = diagMKxMK —— ] i=l,… ，M, E* =瓦一 E(l)

Pi ..P.j. i=l,… ，K Nl=l

and the 対 's are independent (see Mardia et al, 1979, pp. 68).

3. Tests of Independence

Let X and Y be two random variables with joint distribution function

F(x,y), and let Fx and Fy be the marginal distribution function of X and
Y, respectively. In this section we study some tests of the hypotheses of inde

pendence, namely, Ho: F(x,y) = Fx(x)Fy(y) for all (x,y) E R2, against the

alternative H1: F(x,y)-/: Fx(x)Fy(y) for some (x,y).
We suppose that we have n observations on (X, Y). Let us divide the space

of values assumed by X (the real line) into M mutually intervals Ii, ... , IM. Sim

ilarly, the space of values of Y is divided into I(disjoints intervals J1, ... , J氏
Let Pij be the observed frequency of cell (i,j), and let Pii = P((X,Y) E
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Ii x J;) = P(X E Ji and YE J;), where i = 1, ... ,M and j = 1,.~.,I(.
Then the random vector (nf,11, ... , nfJMI<) has a multinomial distribution with

parameters (n;p11, ... ,PMK)·The hypothesis to be tested is Ho: Pii =:= p中

i = 1,2, ... ,M, j = 1, ... ,I(, where Pi.= P(X E Ii) and P.; = P(Y E扭
We consider the statistics given in theorem 2

T1 = 2nD;(Pxy II 版 ＊玢）
r

If恥 is true, then T1 will be small. Thus a large value of T1 indicates data
less compatible with the null hypothesis. Hence for large n a level a test is given

y
瓣11, ,PMK) = { 1 if Ti>

2X(M-l)(K-1),a
．．． 0 otherwise

The theorem 1 can be used to evaluate the asymptotic power of the previous

test when (pn, ... ,PMI() is not equal to (P1.P.1, ... ,PM.P.k).
A second possibility appears when the hypothetical probabilities Pi. and

P.; specifying the marginal distributions may be known, in which case we are

required to examine whether the probabilities Pi; [= P(X = Xi, Y = Y;)] could
be constructed by the law

Pii = Pi. P.;

Let X and Y be two random variables with joint distribution function

F(x, y), and let Fx and Fy be the known marginal distribution of X and Y

respectively. A test of hypothesis to test Ho : F(x,y) = Fx(x)Fy(y) for

all (x,y) E R2 against the alternative H1: F(x,y) f; Fx(x)Fy(y) for some

(x, y) E R2 can be constructed

If we haven observations on (X, Y) obtained by random sampling, we con-

sider the statistics

T2 = 2n n:(Fxy II Px *Py)
r

If 恥 is true, then T2 is asymptotically chi-square distributed with M1(- 1

degrees of freedom. Hence for large n, one must reject 恥 at a level a if 花 ＞

2XMK-1汩
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On the other hand, i_f we haven observations on (X, Y) obtained by stratified

random sampling with proportional allocation, we consider the statistics T3 given

in remark l(b). H 恥 is true, then T3 will be small. Thus a large value of T

indicates data less compatible with the null hypothesis. Hence for large n, when

T3 = t, one must reject ho at level a if

MK

P [L /3h Xi > t]~a
h=l

where f3h's are given in remark l(b). This probability can be computed using

the methods given by Kotz et al (1967).
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