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A GENERALIZATION OF INVERSE SCHWARZ'S INEQUALITY

GOU-SHENG YANG AND KAI-YU TENG

1. Introduction

In 1915, Frank and Pick [4] proved the following inverse Schwarz's inequality:
If u and v are nonnegative and concave functions on the interval [O, 1], then

l u(t)v(t)dt 2':卟2(t)dt) t (J.'v2(t)dt) 合 (1.1)

Bellman [2] generalized (1.1) into the following form:

[ u(t)v(t)dt~(A+ I)±t + l)t ([ 討(t)dt忭（［ 評 (t)dt) t, (1.2)

where 1 < A, B < oo with 1 + 13 = 1.
We noie that the inequality (1.1) is the special case of (1.2) when A= B = 2.

Recently, Alzer [1] established the following generalization of (1.1):

丨1 u•(t)v•(t)dt ;:: { 2氙可記可 [
o (p + 1)(q + 1) -1)(0 缸(t)dt) ! (j'古(t)dt) !'

。 (1.3)
where p > O,q > 0.
We note that the inequality (1.1) is the special case of (1.3) when p = q = 1.

Our aim of this article is to generalize the inequality (1.3) in several forms.
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2. Preliminaries

Lemma 1. (Alzer (1]) Let u, v and w be integrable functions on [O, 1] and
J。1 研 (t)dt f= 0. Then

! [([ u2(t)dt) ! (j'v2(t)dt) ! + j'u(t)v(t)dt] ;;, J.。~u(t)w(t)dt·J.。~v(t)w(t)dt
2 。 。 J。1 研 (t)dt .

Lemma 2. (Berwald [3]) Let u be nonnegative and concave on [O, 1]. If
0 < p~q, then

1 1
[(q+ 1) /. 研 (t)dtJ~ ~[(p + 1) /. u•(t)dt] ! .

Lemma 3. Ifa> -l O < p::;; q and· _l_, u is nonnegative such that u(t 1+。) is
concave on [O, 1], then

1 1

[(a + I)(q + I) /. 研 (t)tadt]} :5 [(a+ l)(p + 1) /. u•(t)tadt];. (2.1)

Proof. Using Lemma 2, we have

1 1

[(q + 1) 1 研 (rd•)dt]} :::; [(p + 1)1 u•西 ）dt] 主
for O < p~q.

With the change of variable x =沖 ，we have the desired inequality (2.1).

Remark. Lemma 2 is the special case of Lemma 3 when a= O.

Theorem 1. Let a> -1; p,q > 0. If u and v are nonnegative such that
_l_ _l_

u(t i+cx) and v(t 1+。) are concave on [O, 1), then we have

/1 u•(t)研 (t)dt~[ 2 - l
o (p + 1)(q + 1) vIn一 I~、'"~'1 丶

](A+尹 (B + 1)告
1 1

·(a+l):f+ 圭-l (1 [u(t)]At"dt)勺1 [v(t)]Bt"dt) 令 ， (3.1)
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for p~A~2p, q~B~2q; and

「忙(t)v•(t)tadt <'. [
2(A + t)f(B +叩

o (p + l)(q + 1)
- t](a + t)f+i-1

1. <L [u(t)]伊dt)天寸 1 [v(t})Btadt) f'
。

for A 2'.: 2p, B 2'.: 2q.

{3.2)

Proof. If we replace u and v by 研 (t) ti and 研 (t)衿 ，respectively, in
Lemma 1, and set w(t) = t主 then we have the inequality

1 1 1 1

2 [ (/. u2'(t)t0dt}'(/. v2•(t)t0 dt} 2 + /. 西 ）v•(t)t0dt]

?.(a+ l)(J.'西）t0dt)([ 研 (t)t0dt). (3.3)

Since O < p~A, 0 < q~B, using Lemma 3 to the right hand side of {3.3),
we have

［研(t)伊 (t)t0dt平(A+尹 (B + l)»" 1
o (p + 1)(q + 1)

(a+ t)i+i 一1 . (丨討(t)t°"dt)*
。「l 1

. (0 評(t)t0dt}令 - ( /. u2'(t)t0dt} ! (/. v2•(t)t0dt} ! .

{3.4)

Now if A~2p, B~2q using Lemma 3 again to the la.st term of {3.4) , we have

(11 u2•(t)t0dt计([ v2•(t)tadt) ! :<,; (A+ 1灶 (B+尹 (a+ 1) 去十t-1
(y'(2p+ 1)(2q+ 1))

·([ 討(t)t0dt} f (J.'評(t)t0dt) 砉 ．
{3.5)

The inequality {3.1) follows immediately from {3.4) and {3.5).

If A~2p·, B~2q, an application of Holder inequality yields

寸l u2P(t)t0dt计 (j'v2•(t)t0dt) !
0 0

1
::,: (a+1):f十令 一1. (fo 討(t)t0dt)} ([ v8(t)t0dt) f. (3.6)
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The inequality (3.2) follows from (3.4) and (3.6).

Corollary 1. Leto~0, p, q > 0. If u and v a元 nonnegative, concave and
increasing on [O, 1], then (3.1) and (3.2) hold.

Proof. Let g(t) = t十1十a , t E [O, 1). Then g 1s concave on [O, 1]. If ti, t2 E
[O, 1], and let /(t) = u(t-da), t E [O, 1]. Then

f(at1 + bt2) = u(g(at1 + bt2))~u(ag(ti) + bg(t2))

~au(g(ti))+ bu(g(t2))

= af(t1) + bf(t2)-

for all a, b E [O, 1] with a+ b = 1.
-1..... -1.....This shows that u(t 1十a) is concave on [O, l]. Similarly, v(t1十a) is concave on

[O, 1]. The results then follows from Theorem 1.

Corollary 2. Let u(t) and v(t) be nonnegative and concave on (0, 1] and
0 < p~A, 0 < q ::; B. Then we have

「武(t)v•(t)dt <'. [ 2 1(p + l){q + 1) - /{?'11-l- 1)(?n .J.. 1丶] (A+ t)f (B + l)i。
. (「[u(t)tdt忤(「[v(t)tdt)t,

0 0

for A~2p, B~2q; and

J.1 u•(t)研 (t)dt <'. [2(~::~~(~B/1?'- 1]([[u(t))Adt户([ [v(t)]8dt) t,

for A 2'.: 2p, B 2'.: 2q.

Proof. This is the case a = 0 of Theorem 1.

Remarks_.
1. Inequality {1.3) is the special case of Corollary 2 by taking A= 2p, B = 2q.
2. If we let p = q = 1, then Corollary 2 becomes :

[ u(t)v(t)dt~(A+ l)~? + l)i- ([ 討(t)dt忭([ 評(t)dt) t,
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for 1~A~2, 1~B~2; and

[ u(t)v(t)dt 2: [(A+ l)i? + l)k -1] ([ 討(t)dt汴([ vB(t)dt)},
for A~2, B~2.
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