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A GENERALIZATION OF INVERSE SCHWARZ’S INEQUALITY

GOU-SHENG YANG AND KAI-YU TENG

1. Introduction

In 1915, Frank and Pick [4] proved the following inverse Schwarz’s inequality:

If 4 and v are nonnegative and concave functions on the interval [0, 1], then

1

1 g - 1
/ u(tyo(t)dt > 2 / 2()de) ¥ /0 o2 (t)di) . (1.1)
0

0

Bellman [2] generalized (1.1) into the following form:

/0 w(t)v(t)dt > pA+ I éB+ 1 ( /0 uA(t)dt)*( /0 vB(t)dt)%, (1.2)

Where1<A,B<oowith%+%=
We note that the inequality (1.1) is the special case of (1.2) when A = B = 2.
Recently, Alzer [1] established the following generalization of (1.1):

P 2v/(2p+ )20+ 1) e ¢ [ g2eengn
/Ou(t) (e > (REEIED) ) /0 (6)dt) ¥ ( /0 (t)dt)(1,3)

where p > 0,9 > 0.
We note that the inequality (1.1) is the special case of (1.3) when p = ¢ = 1.

Our aim of this article is to generalize the inequality (1.3) in several forms.
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2. Preliminaries

Lemma 1. ( Alzer [1] ) Let u,v and w be integrable functions on [0,1] and
fol w?(t)dt # 0. Then

Lo aman [ onand o [ e Jy w(tyw(t)de - [y v(tyw(z)dt
R Y e

Lemma 2. ( Berwald [3] ) Let u be nonnegative and concave on [0,1]. If
0<p<Lg, then

1 g 1 i
@+1) [ w@al? < [@+1) [ v

Lemma 3. Ifa > —1, 0 < p < g and u is nonnegative such that u(tl_-lk?) is

concave on [0,1], then
1 3 1 2
(et D@+1) [ wipea? < [+ Do+1) [ wora?. @
0 0 |

Proof. Using Lemma 2, we have

1 g 1 r—
(e +1) [ wemni? < [o+1) / wP (7)) 7,

for 0 < p<g.
With the change of variable z = tl_i?, we have the desired inequality (2.1).

Remark. Lemma 2 is the special case of Lemma 3 when a = 0.

Theorem 1. Let @ > —1; p,qg > 0. If u and v are nonnegative such that

u(tﬁ?) and 'v(tl_*]-?) are concave on [0,1], then we have

2 1
(p+1)(e+1) /2p+1D)(2¢+1)

(a+ 1)FHE-1( /0 u(e)[Aede)  ( /0 w()Ped) B, (3.1)

/0 uf(t)v?(t)dt >[ A+ )% (B +1)%
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forp < A< 2p,q< B <2q; and

/D uP (t)v? ()t dt > [2(1‘1( ;rj)l*;((f:l;) 5

1 1
. u Ao vy v B,o & .
([ wontea ([ orea?, @2

1)(a+ 1)EHET

for A > 2p, B > 2q.

Proof. If we replace u and v by u?(t)t% and v?(t)t%, respectively, in

Lemma 1, and set w(t) = ¢, then we have the inequality
1 1 1 1 1 1
-2-[( / u?P(2)t%dt) ? ( / v¥9(t)t%dt) % + / uP(t)v?(2)t*dt]
0 0 0
1 1
>(a + 1) / wP(£)1%de) ( / o9(£)t%dt). (3.3)
0 0

Since 0 < p £ 4, 0 < ¢ < B, using Lemma 3 to the right hand side of (3.3),

we have

 tsgiran s [ 24+ DA(B 4 1) 2
/ou(t) ()t dtz[

o A+%-1. 1uA o %
e+De+n ©@tD (f whyeay

-4 /0 : vB(epdr) ¥ - ( /0 1 u?P(8)todt) ? ( /0 1 Pty dt) 2.

(3.4)

Now if A < 2p, B < 2q using Lemma 3 again to the last term of (3.4) , we have

L aneenegnd( [F apgegnd <(AtDEB+1D)E(e+1)F+E1
([) u?P()t*dt) (/0 29(t)tdt) S( /et )t )

1 1
: ,uA o 'y ’UB a %_
([ wiorea ([ w2

(3.5)
The inequality (3.1) follows immediately from (3.4) and (3.5).
If A> 2p, B > 2q, an application of Hélder inequality yields
1 i, " 1
( / u?P(t)t*dt) ? ( / v?9(t)t%dt) ?
0 0
Py g . £ ; +
<(a+1)sts571.( / ud(t)t*dt) 4 ( / o° (1)t%di) 7. (3.6)
0 0
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The inequality (3.2) follows from (3.4) and (3.6).

Corollary 1. Let a > 0, p,q > 0. If u and v are nonnegative, concave and
increasing on [0,1], then (3.1) and (3.2) hold.

Proof. Let g(t) = tﬁ?, t € [0,1]. Then g is concave on [0,1]. If t;,%; €
[0,1], and let f(¢) = u(tT};), t € [0,1]. Then
f(aty + bty) = u(g(aty + bt2)) > u(ag(t) + bg(t2))
2 au(g(t1)) + bu(g(t2))
= af(t1) + bf(t2).
for all a,b € [0,1] witha+ b= 1.

This shows that u(tl_i?) is concave on [0,1]. Similarly, 'v(tl—+La) is concave on
[0,1]. The results then follows from Theorem 1.

Corollary 2. Let u(t) and v(t) be nonnegative and concave on [0,1] and
0<p< A 0<q< B. Then we have

: 4 q 2 1
[ w2 [y - V@t D2et 1)

1 » 1
([ weonan ([ wen®an?,

for A < 2p, B < 2q; and

J(a+DE(B+1E

A Y& ] 1 2, f1 P
/0 WP (£ (t)dt > [2(‘4(:_:)1)((;3;)1) = 106 /0 [u(t)]4dt) % ( /0 [w(2)]Bdt) ¥,

for A > 2p, B > 2q.

Proof. This is the case a = 0 of Theorem 1.

Remarks.
1. Inequality (1.3) is the special case of Corollary 2 by taking A = 2p, B = 2q.
2. If welet p = q = 1, then Corollary 2 becomes :

: A+ DAB+DF [ o g
/0 w(t)o(t)dt > . ( /0 uA(t)de) ¥ ( /0 vB(1)dt) ?,
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for 1< A<2,1<B<2;and

. % 3 - 2, ! 3
[ womteyae > (EEDZELDZ _qy( [Cuaan* ([ o2yan

for A>2,B>2.
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