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ON S-REDUCIBLE FINSLER SPACES

M. VERMA, B. N. PRASAD AND R. K. PANDEY

1. Introduction

To study the theory of Fields in a Finsler space F,, it is important to

introduced the Ricci tensors of F,,. The Ricci tensor
Ri; = Rhijxg™* (1.1)

of a Riemanian space plays the essential role in the theory of graviation. But we
have very few papers ([8], [9]) concern with such tensors of (0,2) type constructed
from the curvature tensors of Fi,.

For the v-curvature tensor Sh;ji of Fy, the problem is interesting because it
is regarded as the Riemanian curvature tensor of the tangent Riemanian space

of F,. The »-Ricci tensor of F, is defined from v-curvature tensor Sp;ji as
Sii = Shijkg"* (1.2)

This tensor is symmetric and indicatory tensor. In this paper we shall study

those Finsler spaces for which
Sij = phij + pCiCj (1.3)

where p and p are scalar functions, h;; are components of angular metric tensor

and C; are components of contracted C-tensor i.e.
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The v-Ricci tensor of C-reducible and semi C-reducible Finsler space is of this
form. So we shall say the Finsler space whose v-Ricci tensor is of the form (1.3)
as S-reducible Finsler space. |

There are three kinds of torsion tensors in Cartan’s theory of Finsler space
Fy. Two of them are (h) hv-torsion tensor C;jx and (v)hv-torsion tensor Pix
which are symmetric in all of its indices. Since the v-curvature tensor and v-
Ricci tensor are defined from the (h) hv-torsion tensor CJ’: k. in cartan’s theory of

Finsler spaces as

Shix = OCl; + CL,Cly ~ 8;C}, - CiiCi;
= C1iCr; — C;;Chy (1.5)

Therefore, the forms of v-Ricci tensor of Finsler space will depend upon the

special form of Cjjx. Many workers have obtained interesting forms of Cisr
They are C-reducible ([3]):

1
Cijx = n_-i-l(hijc" + h;jxCi + hiiC;) (1.6)

Semi C-reducible ([4]):

C,'jk — nL-;-l-(hijCk + hjkC,' + hk,'Cj) + E%C.-C,-Ck (1.7)
Cy-like ([5]): :
Cijx = EC,-C,-Ck (1.8)

where p and ¢ in (1.7) are scalars satisfying p + g=1.
The S3- and S4- like Finsler spaces are characterized by relations (121, [4)

Lzsh,-jk = S(hhjh,'k = hhkhij)’ n > 4 (1.9)
L*Shije = hnjMik + hix Mp; — hhkMij — hij My (1.10)

respectively. Where S is (0)p-homogeneous and M; j is symmetric and indicatory

tensor.
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The various transformations of a Finsler metric have been studied in the
literature ([1]). We shall also study the conditions under which the S-reducible
Finsler space is transformed to S-reducible Finsler space under these transfor-

mations of the metric.

2. The »-Ricci Tensor of Special Finsler Spaces

The v-curvature tensor of C-reducible Finsler space is given by ([3])
1
Sepa = m(hilcjk + hjxCit — hixCit — hjiCix) (2.1)
where C;; = %C’"C,.h,-_,- + C;C;
With help of equations (1.2) and (2.1), we have

Sik = phjx+puC;Ch

n—1
(n+1)?

Therefore, we have the

where p = C? and p =

Theorem 2.1. Every C-reducible Finsler space is S-reducible Finsler space.

The v-curvature tensor for semi C-reducible Finsler space is given as ([4])

L?Shijk = hnjMik + hix Mp; — hp M;j — hij My, (2.2)
where
. 2_P_°_ I2 Pq 7,
M; = -1 2n 1 1) hij — {(n i 1)2 T}CiC;

In view of equations (1.2) and (2.2), the v-Ricci tensor for semi C-reducible

Finsler space can be written as

Sij = phij + pCiCj
where

_ ((n=3)p°C* pC
= 2(n + 1) _n+1(2+‘—’)}

and
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2

7 :(n—3){(nf_1)2+ pq }

n+1

hence, we have the following.

Theorem 2.2. Every semi C-reducible Finsler space is S-reducible Finsler

space.

The v-curvature tensor of $3-like Finsler space is written as (1.9). In view
of equations (1.2) and (1.9), the v-Ricci tensor for §3-like Finsler space can be

written as

Sij = phij +pCiC;j

where p = ——L'S;Z(n —2)and =0

Therefore, we have

Theorem 2.3. Every S3-like Finsler space is S-reducible Finsler space.

The v-curvature tensor for S4-like Finsler space is given by (1.10). In view
of equations (1.2) and (1.10), the v-Ricci tensor for S4-like Finsler space can be

written as
Sij = phij + p M;;

thghk n—3
gz mde=—p)

Therefore, we have the followings:

where p = —

Theorem 2.4. The v-Ricci tensor of S4-like Finsler space is of the form
Sij = phij+pM;;
and

Theorem 2.5. The S4-like Finsler space is S-reducible if and only if there
ezits scalars o and § with pa + p # 0 such that

M;; = ahi; +BCC;
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In view of equations (1.8) and (1.5), we have
Onisk = 0

which gives
S,‘j =0
Thus, we have

Theorem 2.8. The v-Ricci tensor of C2-like Finsler space vanishes iden-

tically.

3. The Transformation of S-Reducible Finsler Space by an h-Vector

‘Prasad and Srivastave ([7]) obtained the relation between v-curvature ten-
sors with respect to CT of a Finsler space (F,,L) and (F,,L*), where L*(z,y)

is obtained from L(z,y) by the transformation
L**(z,y) = L*(z,y) + (biy')’ (3.1)

where b;(z,y) is an h-vector in (F,, L).

The v-curvature tensor has been given as
Shijk = 0Snijk + hijdnk + hrrdij — hirdnj — hpjdix (3.2)

where d;; = %al hi; + ag m;m; and a; and a; are scalar functions

bry”
L

m; = b,' L l,‘
The contravariant component of fundamental metric tensor g*/ of (F,,, L*) has
been given by

1-0)(b% +0)

57 = o1 - L2 g iy 4 S Sh (33)
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where o = (1+ 'B—Lp-), b* = b'b;, B = by and p = n_.l___fLCibi' The (h) hv-torsion
tensor has been given by
C:jh = CZ + %(hﬁmh < h;‘m, + h:‘m_,)

; 1 .
- (Togﬁ—p [{0‘ + 5(()2 — %)}hzl + m,-mjlh]

p 1 p?
+ 13 [{o + 506" — T3)}hisd" + mim; "] (3.4)
The angular metric tensor hj; of (F},, L*) has been given by
kY + 1315 = ohij+ 4l; + bd; (3.5)

where
L*l? = Ll; 4+ Bb;

The v-Ricci tensor of (F},, L*) is obtained from equations (3.2), (3.3) and (1.3),

which is given by

S:_; = 'Ah;j + /.LC,‘C_,' + Bm,-mj (3.6)
where |
_ ¢ 1 2 3? l 1 P B2
A =[p+ M+ INE - )+ g {o(n-3)+ 307 - ),
_ 1 2 _ B 1 2 _ B
M = E(n-—l)al +a2(b - —L—z-), s 5-{-052(() - _f/i-)
and
41 1., B2 2
B =ar{(n-3+307 - 5} -2
In view of equations (1.4), (3.4), we get
C,'C_.,' = C',-"‘C';l - M(m,-Cj + ij,') - Mzm,-mj (3.7)

With the help of equations (3.6), (3.5) and (3.7), we have

s %7 % YR Sy A L2 LIB ﬁz
S = PR HWCICT + (T — Dl + T (b +1ib) + (Lzz — 1)bid; }

— pM(m;C; + m;C;)+ (B — uMz)m,-mJ- (3.8)
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where p* = 4 and u* = p. Thus we have the following
o

Theorem 3.1. An S-reducibl Finsler space is transformed to an S-reducible

Finsler space under the transformation (3.1) if and only if

A, L? LP B2
(g - Dl + 7oz (hibs +150) + (75 — 1)bids }

+ uM(m;C; + miC;) + (B — pM?*)m;m; = 0.

4. The transformation of S-reducible Finsler space by cubic

transformation

Prasad, B. N. and Singh, J. N. ([6]) obtained the relation between v-curva-
ture tensors of (F,,L) and (F,,L*) by the transformation

L% = 346 (4.1)

where 8 = b;y*, b;(z) is a component of a covariant vector which is a function of

position alone. They also obtained the angular metric tensor h}; of (F,L*) as
hi; = phij + 2pgmy m; (4.2)

where p = LL*"1, ¢ = BL*", m; = ql; — pb; and I, & 0;L. The contravariant

component of fundamental metric tensor ¢g* of (F,,, L*) has been given by
0" = p7g —pg®A(p + gb) )V + PA(ID + IbF) — 2pgbibT (4.3)

where b* = g*b;, I = g'il;, b? = g'ibb;
and A7t = p3 — ¢ 4 2p2¢h2.
The (h)hv-torsion tensor C;} of (F,, L*) has been given by

2
q
C?jh = Cihj + Q—L'(h?mj F h?mi) + pgA(gl™ — 2pb*)C;

K. A

PP+ g8!) g hisl" + T mimjot (4.4)
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where C;; = C;;:bF. By using the above relation they gave the relation between

v-curvature tensors of (F,,,L) and (F,,L*) as

Shije = PShijk + Cijdnr + Chidij — Cixdp;

— Chjdig + hiEp + hpr Eij — hix Epj — hpj Eg (4.5)
where i 2,23
e T .3 _bp
dpk = 7 MhME — PY Chk L hrk
and

22,\
2 _ 2p2\h _prgq
P°b°)hnk Y7

Eng = 4L2 [ 2(2p° + 1) — 2p°6* | mpmy — Chk

y
817

In view of equation (1.2), the v-Ricci tensor S}; of (Fn, L*) is obtained with the
help of equations (4.3), (4.5) and (1.3) as

St = [ (5Cmb™ ~ 2pACue b"b’“)p 42

gl oy AEY (g — p2b? pgi
{p(n 3) — 2pgAhrib 6"} (¢* - b)(8L2)

1
+ (;Ehkghk - 2quEhkbhbk)] hi; + uC;C;
1 - ok P2 3
+ (—Cmb — 2pgAChib"b )(—m;mj - pg°Ci;)

+{ (n — 3) — 2pgAhs bhb’°}[4L2 {(28° +1) - 2°%}

p’¢*)
4L C',_,] + = (Czaghkdhk—czhmb th

- Cfmbmdzk) = 2P‘1/\(P5hijk + Cijdpx — Cirdhp;
— Chjdik — hixEn; — hpj Eix)b"b* (4.6)

m;m; —

In view of equations (1.4) and (4.4), we get
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CiC; = CIC} + M(miC; + m;Cy)
+2p%g\(CiCj. + C;Ci) — M*mim;
— 2p°qAM(m;C;. + m;C;) — 4p*¢*AC; C;.
where

M= (@t -nt L - L B gy

and
C;, = Cgh
Using equations (4.2) and (4.7), the equation (4.6) can be written as
S::’ - *h* +[I,*C*C*+A:j
where
= —[p G 6™ — 20900, kb"b")p ¢4

1 24
- {5(n = 3) ~ 2pa a0} (¢* - pe2) (L)

1
- (EEhkghk -~ 2Pq>\Ehkbhbk)] ,

peo=p
1 2.2
A5 = - 2q[P - (;Cmbm ~ 2pgAChib"b* )%1\-

7

i 4\
- {-p—(n -3) - 2pq/\hhkbhbk}(q2 - pzbz)(gql’2 )

+ (%Ehkghk = 2P(I>\Ehkbhbk)] m;m;

+ u{M(m.-C'j + m;C;) + 2p2q)\(C',-CJ-, + C;C;.)
- Mzm,-mj - 2p2q)\M(m,-Cj, + m;C;.)

- 4p*¢*X2Ci.C;.} + (%Cmbm — 2pgAChib"b*)

eX n—3
(me,-mJ- = pqaC',-j) < {( » ) - 2pq)\hhkbhbk}

X
%{q2(2p3 +1)- 2p5b2}m.-mj —

131

(4.7)

(4.8)
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+ %(Cijghkdhk — Ch.b™dy; — CE L b™dy)
— 2pgA(pShijk + Cijdnk — Cixdnj — Chridix
— hixEnj — hp; E; )b bk

Therefore, we have the following:

Theorem 4.1. An S-reducible Finsler space is transformed to an S-reduci-

ble Finsler space under the transformation (4.1) if and only if

5. The transformation of S-reducible Finsler space by one Form

Let (¥, L*) be a Finsler space obtained from a Finsler space (F,, L) by the

transformation

L%(z,y) = L*(z,y)+ B (5.1)

where 8 = b;(z)y’ is of form in (Fy,,L). Such a transformation was fiest intro-
duced by M. Matsumoto ([1]). The contravariant component of metric tensor
g** of (F,, L*) has been given as

1
1452

*1]

b*b7 (5.2)

= ¢ —

g

where b = g¥ b; and b% = gijbibj
We also gave the (k) hv-torsion tensor C3t of (F,,L*) as

*1 1

= Ci— H—bzc.jkb'l (5.3)

where C'_jk = Cijkbi
By using the above relation, he obtained a relation between v-curvature tensors
of (F,,L) and (Fn,L*) as

* 1
ijkl = Sijki+ l_l__bz‘(c.ikc.jl — C.uC k) (5.4)
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With the help of equations (5.3) and (1.4), we get

*= Yk C.‘EC 2
C{Cj = C,- Cj — m + (C,CJ + C_,C;)/(l +b ) (5.5)
o*L*
From (5.1), we get the angular metric tensor Aj; = L"“9 By - of (Fp,L*) as
: 2 it By 4 1
h; = hij + 1ok +L*2bb —o5 (libj + 15b;) (5.6)

In view of equations (1.2), (1.3), (5.2) and (5.4), the v-Ricci tensor is obtained

as given below:

1
S:j = ph;i; + pCiCj + W(C,"J-C,,-k -CC.ij)
1

1
T 14 b2 [S-ij- * m(C..jC..i = C...C.ij)] (5.7)

Using equations (5.5) and (5.6), equation (5.7) can be written as
S5 = p*hi; + u*C}C; + Bj; (5.8)

where p* = p and p* = p and

L Lg
= p{ L"'zl s 4 L*zb b -+ T2 (l,'bj + ljb,‘)
CiC.j+CiC.i C..z'C..j
1452 1+ 5)

1
- (_]j_'bT)i(C"jC”i = C...G-‘ij

1
+pu + e B2 (C.ij_ik = C.C.ij - S.ij.)

Therefore, we have the following:

Theorem 5.1. An S-reducible Finsler space is transformed to an S-reduci-

ble Finsler space under the tranaformation (5.1) if and only if
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6. The transformation of S-reducible Finsler space by B-change

Let (Fy, L") be a Finsler space obtained from a Finsler space (Fyn,L) by the

transformation ([1])
L*(z,y) = L(z,y) + B(z,v) (6.1)

where 8 = b;(z)y".

The contravariant component of metric tensor has been given as
g*ij - LL*—lgij _ LL¢—2(yibj g yjbi) £ (LbZ +ﬂ)L*—3yiyj (62)
where b* = ¢'/b; and b? = g'J bib;
The () hv-torsion tensor Cf of (F,, L*) has been given as
ia .1 ; . )
Cik = Ch — L7 (hlmu + him; + hyem?)
1 ;
- {L*_IC.;k — §L”_2(mh,-k — 2m,-mk)}y-’ (6.3)

where hij = gi; — L™2y;y;, m; = BL™2y; — b;
The v-curvature tensor of (Fn,L*) has been given as
#* L — 1 * —_—
S = L*L7 S + Zmz(L LYY (hathjk — hichj)
.
- 5L Y(hiaC jk — hinC i + h;ikC i1 — hjiC k)
| P
+ Z(L L) l(h,-zmjmk — hikmjm( - h,,-km,-ml - hjlm,-mk) (6.4)

where m? = g;;m‘m’

With the help of equations (1.4) and (6.3), we get

n+1

C,'Cj=C;C;+( 2

)L*H(Cimj + Cjm;) — (

a ; 1)2L*-2m,-mj (6.5)

From (6.1), we have the following relation between angular metric tensor of
(Fr,L) and (F,,L*)
L

hij = (L+/ﬁf

Yhi; (6.6)
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In view of equation (1.2) and using also the relations (6.2), (6.4), (1.3), we have

S:‘j =(p+ A)h;; + puC;Cj; + BC;j + Db;b; (6.7)
where

_lg 27e2, 1.4 1.2 2
A—4{mL (n 2)+2L C’,+4L m?}
B = -;—L"'_l(n— 3) and D= 41L_2(n—- 3)

Using equation (6.5), (6.6) and (6.7), the v-Ricci tensor of (F,, L*) is given as

where
ptA .
] (e =
pr = A ﬂ) 7 7
and

1
D:'J = -g—(n + 1)L*-1(C,-m_,- + ij,’) + {D = p(%fff’z}mimj + BC'z.7

Therefore, we have the

Theorem 6.1. An S-reducible Finsler space is transformed to an S-reduci-

ble Finsler space under the transformation (6.1) if and only if
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