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ON FINITE DIFFERENCE INEQUALITY

OF LYAPUNOV TYPE

GOU-SHENG YANG, SHIOW-FU HUANG

1. Introduction

The classical inequality of Lyapunov (1) states that if y(t) is a nontrivial

solution of the differential system

y"(t)+p(t)y(t) = 0,

y(a) = y(b) = O,

where p(t) is a real and continuous function defined on [a,b], then

a ::; t ::; b,

b

(b - a) J lp(t)ldt > 4.

Write throughout 6-x(n) == x(n + 1) - x(n).
Pachaptte has establihed in [2] the following discrete analogue of Lyapunov

type inequality:

Theorem A. Let p(n) and r(n) be real-valued functions defined on I ==
{a,a + 1,a + 2. · · ·,b}, where a,b are integers, and r(n) > 0 for n EI. If x(n)
is a solution of the equation

~(r(n)~x(n)) + p(n)x(n) = 0, (1)

such that x(a) = x(b) = 0, and x(n) f:- 0, \/n E J0 ={a+ 1,a + 2,· · ·,b - 1},
then

b-1 b-21
旦 (I:詞）(L IP(n)I).

·n=a n=a
(2)
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The main purpose of this paper is to given some generalizations of Theorem
A.

2. Preliminary Results

In order to prove our main results, we need the follwoing lemmas:

Lemma 1. If u, v are any functions defined on I, and mis a positive integer
then

b-1

芷 um(n)6.v(n)
n=a

b-2辶`l)v(b) - um(a)v(a) - 芷v(n + l)~u(n)w(n)
n=a

where w(n) = um-1(n+ 1) +um-2(n+ l)u(n)+· · ·+ u(n+ l)um-2(n)+ um-I(n).

Proof. We have

b-I

芷 um(n)~v(n)
n=a

b一 1

芝尸(n)(v(n + 1) - v(n))
n=a
b-1 b-1L um(n)v(n + 1) - L um(n)v(n)
n=a n=a
b-I

L um(n)v(n + 1) - 昰 um(n + l)v(n + 1)
n=a n=a一 1

=U噴- l)v(b) - um(a)v(a) - 昱(um(n + I) - um(n))v(n + 1).

Since

um(n + 1) - um(n)

(u(n + 1) - u(n)) (um-1(n + 1) + um-2(n + l)u(n) + ...

+ u(n + I)um-2(n) + um-l(n))

= Llu(n)w(n).
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it follows that

b-1
辶尸(n)bi..v(n)
n=a

_ um(b- l)v(b) - um(a)v(a) - 昱v(n + l)llu(n)w(n).

Lemma 2. Under the hypotheses of lemma 1, if u(n) = r(n)~x(n), and
M = maxkEl lx(k)I, then

m

!w(n)I~(2M)m-l I: rm-\n + l)ri-l(n).
i=l

Proof. We have

w(n) = um-l(n + 1) + um-2(n + l)u(n) +· · ·+ u(n + l)um-2(n) + um-l(n)
m

－芷 um一 i(n+l)ui一l(n)
i=l
m

－芷 (r(n + l)~x(n + l))m-i(r(n)~x(n))i-l,
i=l

so that
m

lw(n)I ::; L rm-i(n + l)l~x(n + l)lm-iri 一1(n)l~x(n)尸
i=l

m

::; (2M)m-1L rm-i(n + 1)严(n).
i=l

3. Main Results

Theorem 1. Let x(n) be a solution of the equation (1) such that x(a) ==
x(b) = O, and x(n)-:J 0, \/n EI°. Ifm is a nonnegative integer, then

b-1 b-2 2m+l
45心志）2m+l (:E lp(n)I L r2m+l-i(n + l)ri-l(n)). (3)

n=a n=a i=l
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Proof. Let M = maxkElo lx(k)I. Then M > 0, since x(n) f= 0, \In E 1°.
From the following identities:

k-1
x(k) = 芷 ~x(n), k E 1°.

n=a
b-1

x(k) = - L~x(n), k EI°,
n=k

it follows that
b-1

2丨x(k)I~ 芷 l~x(n)I, k EI°.
n=a

Hence
b-1

2M~L 丨Llx(n)I,
n=a

so that
b-1

(2M)2m+2~(芷亭岩(n)謳 (n)l~x.(n)I) 2m+2.
n=a

Using Holder's inequality with indices 鈕吐22m十1' 2m + 2 we have

b-1
(2M)2m+2 < (L( 尹 严 2m+l

b-1 2rn+l
_ r 2rn+2 (n))2rn+1) (L(r2rn+2(n)l~x(n)l)2m+2)

n=a n=a
b-1

= (I: 1 2m+l 曰
— ·
T n()) (L r2m+1(n)l~x(n)j2m+2

n=a n=a
）

b-1 1 2m+l b-1
= (L戸 図r(n)~x(n))2m+I~x(n) .

n=a n=a
）

It follows from Lemma 1 that

b一 1 b-2
(2M)2m+2 < (L 1 2m十 1

-— -r(n)) (L(x(n + l)~(r(n)~x(n))w(n))), (4)
n=a n=a

where w(n) = E;~(r(n+l)~x(n+1))2m-i(r(n)~x(n))i, Since~(r(n)~x(n)) =



FINITE DIFFERENCE INEQUALITY OF LYAPUNOV TYPE 217

-p(n)x(n), it follows from (4), and lemma 2 that

b-1 b-2
(2M)2m+2~(L---:-

1 2m+l
n~• r(n)) (芷 x(n + I)p(n)x(n)w(n))
b-1 b-2

~(I:
1 2m+l

n=。二 阻lx(n + l)llp(n)llx(n)llw(n)I)
b-1

s 心 志）2m十 1正 （昰 IP(n)llw(n)I)
n=a n=a
b-l b-2 2m+l~(~ 志）2m+1M霑~lp(n)l(2M)2m 苫 ,2m+l一 '(n),'-'(n))

Therefore

4:, (昰志）2m+I因 lp(n)I芍2m+I-i(n + l)r'一l(n) .
n=a n=a i=l
.)

This completes the proof of the theorem.

Remark 1. In the special case m = 0, the inequality (3) reduces to the
inequality (2) in Theorerr1 A.

Theorem 2. Let PI (n), P2 (n), r(n) be real-valued functions defined on I,
and r(n) > 0 for n E J = {a, a 十 1, · · ·, b}. Let x (n) be a solution of the equation
~(r(n)~x(n)) + P1(n)~x(n) + p2(n)x(n) = 0 such that x(a) = x(b) = 0 and
x(n) f. 0, Vn EI°. If m is a nonnegative integer, then

b-1 b-2 2m+l
4::; (I:—

1 2m+l
r(n)) (I:c2加 (n)I + IP2(n)I) L r2m+l-i(n + l)ri-1(n)). (5)

n=a n=a i=l

Proof. As in the proof of theorem 1, we have

b-1
(2M)2m+2 :,; (I:鬥2m+l (- 昰x(n + l)D.(r(n)D.«(n))w(n))

n=a
r(n)

n=a
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Since -~(r(n)~x(n)) = p1(n)~x(n) + P2位）x(n), it follows that

b-1 b-2
(2M)2m+2~(L

1 2m+l詞） (Lx(n + l)(p1(n)~x(n) + P2(n)x(n))w(n))
n=a n=a
b-1 b-2

~(L 1 2m+l詞) (L lx(n + 1)1(加 (n)ll~x(n)I
n=a n=a

十加 (n)I Ix(n)l)lw(n)1)
b-1 b-2

心心 志 ）2m+l (L M(lp,(n)l2M + lp,(n)\M)lw(n)I)
n=a n=a
b-1 b-2

斗2 1 2m+l詞） （差記 (2IP1(n)丨十 丨P2(n)1)(2M)2m
n=a

2m+lL r2m+l-\n + l)ri一l(n)).
i=l

Thus
b-1 b-2 2m+l

4~(I:-
1 2m十 1
r(n)) (I:c2加 (n)I +伽(n)I) L r2m+I-i(n + l)ri一1(n) .

n=a n=a i=l
）

Remark 2. The inequality (5) reduces to the inequality (3) when p1 (n) 三 0.

Theorem 3. Let x(n) be a solution of the equation (1) such that x(a) =
a1x(a + 1), x(b) = a2x(b- 1), where -1~a1, a2~1, and x(n)~0. \:/n E J0.
If m is a nonnegative integer, then

(2- 回 －回）2m+2
b-1

心立 志 ）2m+l (,2m+l(b - 1)(1 - 疏司1回
n=a

(6)

b-2 2m+l
十 ,2m+1(a)(l - ai)'m十'la,1 十 L lp(n)l2'm 苫 ,2m十1-icn+l)r;一 '(n))

n=a

Proof. Let M = maxkEI lx(k)I. Then M > 0, since x(n) f; 0, Vn E J0. We
have

k-1 b-1
x(k) = L~x(n) + x(a), andx(k) = x(b) - L~x(n),

n=a n=k
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so that

k-1 b-1

lx(k)I~L l~x(n)I + lx(a)I andlx(k)I~x(b) 十芷 l~x(n)I.
n=a n=k

Hence
b-1

21x(k)I~ 芷 l~x(n)l + lx(a)l + lx(b)I
n=a
b-1

=~16.x(n)I + la1llx(a + 1)1 + la2llx(b - 1)1
n=a
b-1

<~16.x(n)I + (la1I + la2l)M, k EI,
n=a

which gives
b-1

2M::; 芷 l~x(n)I + (la1I + I叫）M.
n=a

On substraction and rise to the power 2m + 2, where m > 0, we have

b-1 2m+2
(2 - !ail - 回）2m+2M2m+2 ::; (瓦 \b..x(n)I)

n=a
b-1

= (Lr声 訐(n)r同(n)lb..x(n)I)
2m+2

n=a

Using lemma. 1, lemma. 2 a.nd applying Holder's inequality to infer

(2-IC11I - 回1)2m+2M2m+2
b-1 1 2m+l b-1

~(L詞）図 2m+1(n)l~x(n)l2m+2)
n=a n=a
b-1 1 2m+l b-1

= (I:詞） （芝(r(n)L'>x(n))2m+2 L'>x(n))
n=a n=a
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＝倡 志）2m+l ((r(b - l)Cix(b - 1)}2m+lx(b)- (r(a)tix(a))'m+lx(a)
b一2- L x(n + l)Ll(r(n)Llx(n))w(n))
n==a

＝邑 占）'m+l ((r(b - I)Cix(b - 1) ,m十1x(b)- (r(a)t1x(a))2m十1x(a)
n=a (

）

b一 2

+ L x(n + l)p(n)x(n)w(n)
n=a

）
b-1

~(L 1 2m+l詞） (r2m+l(b - l)l~x(b - l)l2m+l lx(b)I
n=a

b-2
十 r2m+l (a)l~x(a)12m十月x(a)j + L lx(n + l)llp(n)llx(n)llw(n)I).

n=a

Since

l~x(b - l)l2m十 1 = 丨x(b) - x(b - 1)12m+l

= la2x(b - 1) - x(b - l)l2m+l~ 伍- ll2m+lM2m十 1

lx(b)I = la2x(b - 1)1~a2M

l~x(a)l2m十1 = lx(a + 1) - x(a)l2m+1

＝ 丨x(a + 1) - a1x(a + l)l2m+1~11 - a1l2m+1M2m+l
丨x(a)I = la1x(a + 1)1~la1IM,

substituting these facts to (7) we have

(2 - 囝曰a21)2m+2M2m+2
b-1

5 岱
1 2m+l詞) . (r2m十國 - 1)(1-疏正1回M2m+2

n=a

十 r2m+l(a)(l - a1)2m+lla1IM2m+2
b-2 2m+l

+ L jp(n)IM2(2M)2m L r2m+l-i(n + l)ri 一1(n) .
n=a i=l

）
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Dividing both sides by M2m+2 we get the desired inequality.

Remark 3. When u1 = 叨= 0, the inequality (6) reduced to the inequality

(3).
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