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ON FINITE DIFFERENCE INEQUALITY
OF LYAPUNOV TYPE

GOU-SHENG YANG, SHIOW-FU HUANG

1. Introduction

The classical inequality of Lyapunov [1] states that if y(¢) is a nontrivial

solution of the differential system
y'(t)+pt)y(t) = 0, a<t<h
y(a) = y(b) = 0,
where p() is a real and continuous function defined on [a,b], then
b
(b— a)/ Ip(2)|dt > 4.

Write throughout Az(n) = z(n + 1) — z(n).
Pachaptte has establihed in [2] the following discrete analogue of Lyapunov
type inequality:

Theorem A. Let p(n) and r(n) be real-valued functions defined on I =
{a,a+ 1,0+ 2.---,b}, where a,b are integers, and r(n) > 0 forn € I. If z(n)

s a solution of the equation
A(r(n)Az(n)) + p(n)z(n) = 0, (1)

such that z(a) = z(b) = 0, and 2(n) #0, Vn e I° = {a+ 1,a + 2,---,b — 1},
then

1< (¥ 75) (X 1otw). ©
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The main purpose of this paper is to given some generalizations of Theorem

A.

2. Preliminary Results
In order to prove our main results, we need the follwoing lemmas:

Lemma 1. If u, v are any functions defined on I, and m is a positive integer
then

b—1 b—2
> um™(n)Av(n) = u™(b - 1)v(b) — u™(a)v(a) — > v(n+ 1)Au(n)w(n)

where w(n) = v™ 1 (n+1)+uv™ % (n+1)u(n)+- - +u(n+ Du™2(n)+u™"1(n).

Proof. We have
b—1
Z u™(n)Av(n)
b1
= Y u™(n)(v(n+ 1) - v(n))

b—1 b—1
= z_: u™(n)v(n+ 1) — Z u™(n)v(n)

b—1 b—2
= Z u™(n)v(n+1) — Z u™(n+ 1)v(n + 1)
b—2
= w"(b~1)o(b) - v (a)v(a) - Y (um(n+1) - u™(n))v(n + 1),

Since
u™(n +1) = u™(n)
= (ur+1) - u(m) (v (n + 1) + ™2 (n + Du(n) + ---
+u(n + 1)u™2(n) + um-l(n))
= Au(n)w(n).
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it follows that

b—1 b—2
z w™(n)Av(n) = u™(b— 1)v(d) - u™(a)v(a) — z v(n + 1)Au(n)w(n).

Lemma 2. Under the hypotheses of lemma 1, if u(n) = r(n)Az(n), and
M = maxyer |z(k)|, then

lw(n)] < @M)™ D rmH(n+ 1)ri=Y(n).

=1

Proof. We have

w(n) =u™ (n+1)+ u™ 2 (n+ Du(n) + -+ u(n + )u™"2(n) + u™ 1(n)

m

= > u™ i (n+ 1) (n)

i=1

= Y (r(n+ Daa(n+ D) (r(w)Az(m)
so that

w(a)| < > e (n+ DlAa(n+ DT ) A

=1

< (2M)™ 1Zrm '(n-l-l)'r’ (n).
i=1

3. Main Results

Theorem 1. Let z(n) be a solution of the equation (1) such that z(a) =
z(b) = 0, and z(n) # 0, Vn € I°. If m is a nonnegative inieger, then

b—1 2m+1

n))w (le(n)l Z P L A ). ()
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Proof. Let M = maxyepo |z(k)|. Then M > 0, since z(n) # 0, Vn € I°.

From the following identities:
k-1
z(k) = > Az(n), kel
b1
z(k) = =Y Az(n), kel
n=k

it follows that

b—-1
2|z(k)| < Z |Az(n)], ke 1Y
Hence
b—-1
2M < ZIAx(n)l,
so that

2m+2

b-1
(200)2m+2 < (Z I (n)r ini (n)IAx(n)l)
n=a

Using Holder’s inequality with indices 22+2 2m + 2 we have
g q 2m+1

(M) < (Z(r i (n)) 341 ) ’”“(S(r%%%(n)mz(n)l)m“)

= (Z Tln))zm“(:\j P2+ () Az (n) P
_ Cg : (171))2,”“ (Z(r(n)Aw(n))2m+lAz(n))
It follows from Lemma 1 that
(21 < (2 w5 (- b‘[,((n +DACMA(@(), @

where w(n) = Z?zmo(r(n+1)Az(n+1))2m‘i(r(n)A$(n))i, Since A(r(n)Az(n)) =
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—p(n)z(n), it follows from (4), and lemma 2 that

(2M)*™+? < (::'T(IT))MH :: (n+1)p(n):v(n)w(n))
b-1 - b—2
2[3. ) (L lent Dllla(milu())
b—1 -2
<(X ) (Z [p(n)lw(m))
< ( ) (Z p(m)l(221)7" "}f AP () ().
Therefore
b--1 1 2m+1 — e
e<(X =t (le(n)l 3, PP e e

This completes the proof of the theorem.

Remark 1. In the special case m = 0, the inequality (3) reduces to the
inequality (2) in Theorem A.

Theorem 2. Let pi(n), pa2(n), v(n) be real-valued functions defined on I,
andr(n) >0 forn € I = {a,a+1,---,b}. Let z(n) be a solution of the equation
A(r(n)Az(n)) + pi(n)Az(n) + p2(n)z(n) = 0 such that z(a) = z(b) = 0 and
z(n) # 0, Vn € I°. If m is a nonnegative integer, then

b—-1 g Sl b—2 2m+1 ) _
1<(Tm) (Zem@i+pm) L ri=(n)). (5)

Proof. As in the proof of theorem 1, we have

b—-1 b—-2

(2M)>™+2 < (Z 7'(1_17,)) e (— E z(n + 1)A(r(n)Aa:(n))w(n))

n=a n=a
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Since —A(r(n)Az(n)) = p1(n)Az(n) + p2(n)z(n), it follows that

b—-1 2m+1 b—-2
uym (3 =) (T an + D)ea(m)A2(r) + pa(m)a(m)w(n)
b—-1 om4+1 b-2
(T ) " (3l Ditmlle(n)
+ [pa(@)ll=(m)Dlw(n)])
-1 1 2m+1 b2
() (ZMnamizM + ()0 u(w)])
b-1 2m41 b—2
(2 &) (3 M Cln(m) + a(m) (230"
2m+1
; r2m+1"i(n + l)ri"l(n)) :
Thus
b—1 a2 2m+1 _ _
< (X ) ()] + e > i ).

Remark 2. The inequality (5) reduces to the inequality (3) when p; (n) = 0.

Theorem 3. Let z(n) be a solution of the equation (1) such that z(a) =
o1z(a+ 1), z(b) = o2z(b — 1), where —1 < 01, 02 < 1, and z(n) # 0. Vn € I°.

If m is a nonnegative integer, then

(2 = |o1| = |oa)*™+? (6)
b—-1
1 \2m+1 ¢ omt1 2m+1
S(n;, ) (P D= e o
b—2 2m+1 ) )
& ,,,2m+1(a)(1 _ Ul)2m+1|01| + Z Ip(n)|22m Z ,,,2m+1-—z(,n + 1)1"—1(77.))
n—a =1

Proof. Let M = maxyey |z(k)|. Then M > 0, since z(n) # 0, Vn € I°. We
have

k-1 b-1
zlk) = Z Az(n) + z(a), andz(k) = z(b) - Z Az(n),
n=a " n=k
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so that
k-1 b-1
|z(k)| < Y |Az(n)] + |z(a)| and|z(k)]| < 2(b) + > laz(n)l.
n=a n=k

Hence
b—1

2lz(k)] < ) 1Az(n)| + |z(a)] + |2(b)]

o1
= Y |Az(n)| + |oa|lz(a + 1)| + |o2||z(b - 1)]

n=a

IA

b—1
> 1Az(n)| + (loa| + |o2)M, ke,

which gives
b—1
oM < ) |Az(n)| + (Joa| + lo2]) M.

n=a

On substraction and rise to the power 2m + 2, where m > 0, we have
2m+2 g r2m+2 = Sl
(2= loa| = Joa)Pm+2 0242 < (Y 1Aa(n)])
b—1
B m+ 2m+2
= (Z T 2.2m+21 (n)'rgm-%; (n)lAm(n)l)
n=a

Using lemma 1, lemma 2 and applying Holder’s inequality to infer

(2_|(71| _ |02|)2m+2M2m+2

£ (:2: ﬁ)zmﬂ (z T2m+1(n)|A:r(n)|2m+2)
51 b—1

- (¥ ;(lnj)zm“ (T (r(m)Aa(m)Pm+*aa(n))

n=a n=a
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b—-1

- (Z 1 )2m+1 ((T(b _ I)Ax(b N 1))2m+1$(b) _ (T(G)Ax(a))2m+1z(a,)

aa T(R)

b—2
- Z z(n + l)A(r(n)Aa:(n))w(n))

b=1 2m+1 o
= (3 )™ (6 - D2~ 1)™120) - (r@2(a) ™ 500

b—2
-~ Z z(n + l)p(n)x(n)w(n))

b-1

< (o) (- Dlase- DEm e
b—2
+ 1™ (@)|Az(@)PmH2(a)] + Y la(n + Dllp(n)e(n)lfw(n)])-

Since

|Az(b~ )P = |2(b) - 2(b - 1)]*™F!
= |o2z(b — 1) — (b — 1)|2™F! < |o, — 1|2+ pr2m+
|z(0)] = loaz(b—1)| < 02 M
[Az(a)*™*! = |2(a + 1) — z(a)*™+?
= |z(a+ 1) — o1z(a + 1)]>™*! < |1 — oy [P p2m ]
|z(a)] = |o1z(a +1)| < |ou| M,

substituting these facts to (7) we have

(2 _ lo,ll_lo_zl)2m+2M2m+2
b—1

1 2m+1 9
< ( ) ) ( 2mtL(h _ 1\(1 = o )2™H | g | 4L 2T
<\l P (b~ 1)(1 - 02)*™ o

4 7.2m+1(a)(1 _ 0.1)2m+llo,1|M2m+2
b—-2 2m+1

+ 2 M EMP™ Y P (0 1) (n)).

n=a 1=1
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Dividing both sides by M?™+? we get the desired inequality.

Remark 3. When o, = o3 = 0, the inequality (6) reduced to the inequality

(3).
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