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REMARKS ON THE CONVERGENCE OF NEWTON’S METHOD
UNDER HOLDER CONTINUITY CONDITIONS

IOANNIS K. ARGYROS

Abstract. We use a Newton-like iteration to solve the nonlinear op-
erator equation in a Banach space. The basic assumption is that the
Fréchet-derivative of the nonlinear operator is Hélder continuous on some
open ball centered at the initial guess. Under natural assumptions, we
prove linear convergence of the iteration to a locally unique solution of
the nonlinear equation. '

Introduction. We introduce the Newton-like iteration
Tntr = Tn— F(ya) ' F(z,), n=0,1,2,... (1)

to solve the equation
F(z) =0, | (2)

where F'is a nonlinear operator on a Banach space X. Here we assume that the

Fréchet derivative F'(z) of F' is Holder continuous on some ball
U(a?o,’ro) = {IL e X | ”2? - xo” < ’I‘o},- ro > 0.

The point zo € z and the arbitrary points y,, n = 0,1,2,... are chosen

sufficiently close to the desired solution. Then under natural assumptions we -
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show that (1) converges linearly to a unique solution z* of (2) in U(zo,r) for
some 7 > 0. 7

Note that for Yn = T, We obtain Newton’s iteration, whereas for y, = zo we
obtain the mbdiﬁed one. The computer will determine the y,’s as to minimize
the effort each time.

_ Here is an incomplete list of the usval assumptions for the convergence of
(1) to a solution of (2):

(a) the existence and boundedness of the second Fréchet derivative of F
(see, ex. [2], [3] and [4]).

(b) The assumption of analyticity which eliminates explicit mention of the
second derivative [7].

(c) The case when the first Fréchet derivative of F satisfies a Lipschitz
condition. (See, ex. [5], [6] and the references there.)

Finally,

(d) various other assumptions mainly based on the possibility of replacing
F'(z,)~! with a sequence of linear operators which are “close” in some sense to
F'(zn)"', n=0,1,2,.... (See, ex. [5], [6] and the references there.)

We will need the following definition.

Definition. We assume that F is once Fréchet-differentiable [2] and F'(z)is
the first Fréchet-derivative at a point z € X. It is well known that F'(z) € L(z),
the space of bounded linear operators from X to X. We say that the Fréchet-
derivative F'(z) is Holder continuous over a domain D C X if for some ¢ > 0,

p€[0,1],and all z,y € D,
I1F'(z) = F'(y)]| < ellz - yl|”, (3)

From now on we will find it more convenient to assume that D = U(zo,ro)

 for some fixed zg € z and ry =0,

Lemma. Let F'(z) be Hélder continuous on U(zg,ro) for some zq, To, p

such that zo € z, ro > 0 and p € [0,1]. Suppose that F'(zq) has a bounded

inverse. For any by > |

F'(20)7'||, there is a number r3 < min{1,7o} such that:
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(a) If z € U(zo,73), then the linear operator F'(z) has bounded inverse and
17" ()| < bo; (4)
(b) if z; € U(zo,73), i = 1,2,3 then

1F(z1) - Fa2) = F'(aa)(e1 = 22)ll € gp-llen =l (5)

Proof. (a) If z € U(zo,70), then
1F(z) = F'(zo)l| < cllz — ol
Choose r; > 0 such that
0 < 71 < min( ’I‘o,( )1/”)
then if z € U(zo,™1)

1
1F'(z) — F'(zo)|| < ¢|lz — zo||” < er? < T
0

Since,

1F(@0) 11 1F(2) = F'(ao)l < bo- = < 1,

by the Banach lemma F'(z) has a bounded inverse for z € U(zg,r;). Therefore,
there exists an ro > 0, with

O<ro<my
such that if z € U(zo,r2), then ||F'(z)7?]| < bo.
That proves (4).
(b) If r3 = min{1,7;} and 2; € U(zo,73), i = 1,2, 3, we first have

(:cl)—F(:z:g)— (1,3)((1,1 —lo)
= (F(z1) = F(22) = F'(zo)(z1 — 22)) + (F'(z0) — F'(23))(z1 — 22)

= /0 (F'[t:pl + (1 = t)I-g] = ]‘1’(1‘0))(.7)1 = il:g)(lt + (F'(IL()) = F’(il:g))(.’tl = 1:2).
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But,
1
H/ (F'ltzy + (1 = t)za] — F'(z0))(21 — 22)dt]| < crsP||zy — 5|
0
&%
<gle-al ©)

and ,

I(F'(z0) = F'(23))(21 — 2)|| < er3?||z1 — 22|

1
i 4b “1171 - 222”

Therefore,

1
|1F(z1) = F(22) = F'(z3)(21 — 22)|| < 260 151~ 2Z2l-
That proves (5) and completes the proof of the lemma.
We now state and prove the main result.

Theorem. Let F'(z) be Hélder continuous on U(zo,73), where r3 is defined
in the lemma. Suppose that o € X is such that F'(zo) has an inverse satisfying

| F'(z0)71|] < bo < o0 and
T3

Fla . T
1)l < 32
Let yy, be arbitrary points such that y, € U(zo,r3), n=0,1,2,....
Then the iteration [z,], given by

Bagl = xn—(F'(yn))'lF(zn), n=0.172.

converges to a unigque solution z* of (2) in U(zg,73).

Moreover, the following estimate holds

lzn —2*|| < 27"r3, n»=0,1,2,.... (7)

Proof. Using (1) for yy = 2 we obtain

oz = 2oll = IIF'(@0) ™ Fzo)l| < [IF(20) ]I IF@o)l| < bollF(ao)]] < 2.
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By (5) and the identity
F(z1) = F(z1) = F(z0) = F'(30)(z1 — o)

we get 1
| F(z1)|| < gbzﬂf”l — 2.

Claim. Suppose that z;,7 =1,2,...,n have been chosen such that

lzi — 2ol < r3, (8)
lzi — zi-1]|| £ bol|F(zi-1)ll, (9)

and :
(el € oo — @l (10)

2bg

Then, (8), (9) and (10) hold for : = 1,2,3,...,n,....
By (4), we have
1
l#ntr = zall < bollF(za)ll < Zll#n = 2n-1ll (11)

that proves (9). Also, by (11)

[2ns1 — 20ll < D27 Hl21 — o
1=0
<{1-270"}rg < 1y
which proves (8).
Moreover, using (5) and
F(znt1) = F(znt1) = F(zn) = F'(y2)(Tnt1 — 2a),

we obtain

1
”F(xn+1)” & | Byga — Byl
2bg
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which proves (10). The claim is now proved.

Let n, q be two integers, then

g
|Zn4p = zal| < Z |2+ = Tngj-al
i=1

g—1
< bol|F(zo)ll - 277{D 277} < 27"r3.
Jj=0
Therefore, {z,}, 7 = 0,1,2,... constitutes a Cauchy sequence in a Banach space
and as such it converges to some z* € X. By (8) and (10) respectively, we get
le* — 2ol < r3

and
Fg") = B,

Finally, to show that z* is the unique solution of (2) in U(zo,73) let us

assume that z7 is another solution of (2) in U(zo,73), with z* # z7. Then

l2* = 231l = 1F(@0)™ F'(ao)(a" = 2| < bollF'(z0)(" 2Dl
1 * *
< slle™ - 2l

which contradicts the assumption z* # z*.

Therefore, z* = 2]. Letting ¢ — oo in (12), we obtain (7) and that com-
pletes the proof of the theorem.

If y» = 2o, » = 0,1,2,..., (1) reduces to the modified Newton’s iteration
which requires the evaluation of the same inverse F (z0)~! at each step of the
iteration.

However, if y, # zq, (1) requires the evaluation of the inverse operators
Fllya),n=0,1,2,...ateach step, which constitutes a difficult task in general.

A usual alternative is then to find a sequence of bounded linear operators

biys 1= 0,102, o, Sueh that

Ln — F'(zo)| < ﬁ
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and
||L;;1|| < by.

Following the proof of the above theorem, we can then easily show that the
iteration

Bt = = L Flen )y =Bl B (13)

converges to a solution z* of (2).

One can refer to [5], [6] and the references there for an extensive analysis of
iterations like (13).

Some of the results in [1] (especially Theorems 1 and 2) are similar to ours
for p = 1 only. However, the results there cannot be applied here for p # 1.

The motivation for the introduction of an interation like (1) when F'(z) is
Holder continuous on some open ball is due to the existence of problems like the

one illustrated in the example.

Example. Consider the differential equation

:L'"+:L'1+p — 0, pE [0,1] (14)

We divide the interval [0,1] into n subintervals and we set A = L. Let {vy}

be the points of subdivision with
D=9 € 9 € s € Wy & 1:

A standard approximation for the second derivative is given by

i1 — 2% +ay
" J 1 i+1 .
B = ; B = oy, #=129.....8~L

h?.

Take zg = z, = 0 and define the operator F' : IR"*~! — IR"*! by

F(z) = H(z)+ h*p(z) (15)
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2 -1
-1. 2. 0
B = .. -1 .
0 .
-1 2
= xi-i—p =
Zh+P
‘1‘9(1) . ) )
! zit’{ b
and
P
z9
T =
L Tp—1 4
Then
- lf 0 =
Fl(z) = H+h(p+1)
| 0 zP .
Newton’s method cannot be applied to the equation
Flg] = 0 (16)

We may not be able to evaluate the second Fréchet-derivative since it would

involve the evaluation of quantities of the form 2; ¥ and they may not exist.
Let 2 e R™™!) H € R"™! x IR®~! and define the norms of z and H by

lell = Jnax o

n—1
15| = 151?33_1,;“""“"
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For all z, z € R™~! for which |z;] > 0, |2;| > 0,i=1,2,...,2—1 we obtain,

for p = % say,

|F(2) = F()| = lldiagl(1 + )R ~ 1/}

3,9 1/2 1/2 3.2 1/2
= -2—h 131}15&12(-1 |z — 2;"7] < §h [max |z; — z;]]

= SHlla ~ 2|2

Therefore, under the assumptions of the theorem, iteration (1) will converge

to the solution z* of (16).
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