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A NOTE ON TWO SUMMABILITY METHODS

W. T. SULAIMAN

Abstract. A theorem connecting the two summabilities 茵 ，Pnlk and
丨C叩 is proved. This lt 1eorem contains as special cases the result of
Mohapatra 1967.

1. Introduction

Let Ean be an infinite series of partial sums Sn, Let 吐 and 鴴 denote the nth

Cesaro mean of order o(o > -1) of the sequences { sn} and {nan} respectively.

The series Ean is said to be absolutely summable (C, o) with index k, or simply
summable IC, olk, k~1, if

00I: nk-1因 －心 -1尸 < oo,
n=l

or equivalently

f~l77n(< 00.nn=l
Let {Pn} be a sequence of positive real constants such that

n

凡 = LP·u---, 00 邸 n - oo (P-1 = P-1 = 0).
v=O

A series I:an is said to be summable 戌 ，Pnlk, k 2:'. 1, if

辶凸 k-11r,. - 1~i 一 1 尸< oo (Bor 1986)
n=l Pn
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where
1

九 ＝冗巨 釣·

1 —For Pn =— , the summability IN,Pnl, which is the same as
n+l 厐Pnll, lS

equivalent to the summability IR,logn, II, and for Pn = l, IN,p山 summability
is equivalent to 鷗 llk summability. In general the two summability methods
IC, 8lk and 茵 丨, Pn k are mdependent of each other.

The following results are known:

Theorem A (Mahapatra 1967) Let sequence { En} satisfy the following

En = o(l) as n-+ oo;

立l-or+I/\nlog(n + 1)16 En I< 00 (0 <Cl:'~l);
n=1
00

芷 入11. log(n + 1)16 En I < oo (a> 1);
n=l
00

芷 An nlog(n + 1)162 En I< oo;
n=l

where 匡} is a positive non-diminishing sequence of n. Then I: an En is
summable IC, al (a> 0), whenever

m

辶工- Tn-1 I
n=l

0 (Am)•

We prove the following

Theorem 1. Let {Ai} be a sequence of positive numbers such that npn =
O(Pn) and {Pn/npn} non-decreasing. Let {En} be such that En = o(l). Let
{ An} be positive non-decreasing such that

户~{-116.Tn-1 尸 = O(>.~),
n=l 1圧

m- oo
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where Tn is the (N,Pn)-mean of the~an. If

00

芝 nk-正 1
p
二偽 En 因 < 00 (0 < Q < 1)

n=l Pn

亡 凸偽En 凶 <oo·(a 2: 1)
n=l n Pn

and

f凸因 En 因 <oo,
n=l Pn

then the se函s Lan En is summable IC, alk, k 2'.: 1, a > 0.
1

Remark. If we put Pn = , k = 1 in Theorem 1, we obtain Theorem
n+l

A.

2. Lemma

We required the following Lemma for the proof of the Theorem Lemma [3]
- If a > h > 0, then

m

V]
(n - v)曰

n=v+l
na

0(v8-a), m- oo.

3. Proof of Theorem 1

Let 陞 be the nth (C,o)-mean, o > 0, of the sequence {nan En}. Then we

have

or 1 n

％ ＝ 不~A~ 二 屆vav Ev,
n v=l

Tn -Tn-1
p n
n

PnPn-1
芷 Pv-因
v=l

1 n

埡 ＝一
A~
瓦 Pv-lav{vA二p~一－＼ 巳 ｝
v=l
n-1 v , n1戸 严｛严 Pr一 1 CLr严{vA二p~式 Ev}+ {L 凡－西 }nP邙 旦

n v=l r=l v=l
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1 n一 1

＝戸芝{vA~:t Ev 6Tv一 1 +
p
~A正 1

n
Pv n一 v Ev 6Tv一1+(v+l)~

v=l Pv

L'.vA二 Ev L'.Tv一I +(v+ ! ) 氖 碎 亡一1 L', Ev L'.Tv一i}+ni 巳 L'.Tn-1]

=切 +t~,2 + t~,3 + t~,4 + t~,s, say.

In order to prove the Theorem, by Minkowski's inequality, it is therefore
sufficient to show that

亡 jta k
n n,rl < oo, T = 1,2,3,4,5.

n=l

Applying Holder's inequality,

m+l 1L-同 ，ilknn=2

m+l n-1
5 芷土 LVkA~=~I Ev 門Di.Tv-1

n 一 i Aa 一 1
, lk{I:~}k一 1

n=- v=l v=I A~
m m+l 正 1

= 0(1)芝凸 Ev 門6Tv-1lk 芝 An-v
nA~v=l n=v+I

m m+l
== 0(1)芝吖 Ev 門Di.Tv-Ilk L 辶立二

v=I n=v+I
m

= 0(1)LVk-II Ev I l6Tu 一 1 lk
v=l

= 0(1)户 凸） OO

Pv
鬥b.Tu-1 I 勺Lb.En I

v=l n=v

= O(l)户~) 00

Pv
k-1 j6Tu 一 11k I: 偽 En I

v=I n=v= n
= 0(1) 芷 偽 En IL(凸)k-I16Tv一 1 lk

Pvn=l·u=l
00

= 0(1) 芷 隘 En 因
n=I
00

::::!: 0(1)L卫:.j6 En 因
n=l n Pn
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m十 1 1 m+I n刁

I:-lt訌 'k :-s; I: 上 芝（凸 k
n-t A a- 一 1

n n=2 nA~v=l Pv
) A~=~I Ev 門6Tv一 1 忤{I:~}k-1

A~n=2 v=l

= 0(1)t<与I Ev I嘔Tv-1
n-1 Ao一 1

'k芷二
v=l P·u v=l nA名

m l p
= 0(1) I:-(~ti Ev 門6Tv一 1 lk

v=l V Pv
00 l p 00

= O(l)L-(2t國~-11k I: 悴 En I
v=l V Pv n=v
00

= 0(1) 芷 偽 En I立白 ［户嘔T. 一 i1•
n=l v=l
00 l Pn n Pv k-1

= 0(1) 芝 －一偽 En1I)-) I図Tv-1 lk
n=l

n 7Jn -u=1 Vu
00

1 Pn= 0(1) 辶 －—吟 En 因
n=1 n Pn

m+l m+l n刁 n-11L-園 ，4(~ l p
n 芷 n(碎）k 严 (v + it尸 ）k(A亡辶 ）k偽 Ev l{~j

n=2 n=2·u=l Pv v=l
X 6 Ev l}k一 1

m

= 0(1) 严 汽凸）嘔 Ev 吟Tv一 ilk 芷
m+l (Aa 一1)kn-v一 1

v=l Pv n=v+l n(A名）
m p m+l

= oc1) I:护尸 ）勺6 Ev ll6Tv-1lk 芷
(n - v)ka 一k

v=l Pv n=v+l
m p

= 0(1)L(~ll6 Ev II江-1 lk
v=l Pv
00 p 00

= 0(1)L三嘔Tv-1 門L 6.2 En I
v=l P-u n=v
00 p 00

= 0(1) 芷尸 ）kl6Tu一千 芝 固 En I
u= I Pv n=u
,XI n p

=O(l)LI正 Enl芷尸 ）勺6Tu一 ilk
Pvn=l·u=l
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oo n

= 0(1) L凸因 En I p
Pn

芷严 ）k-1丨b:.Tv一 1 lk
Pvn=l v=l

00

== 0(1) L凸因 En 因
n=I Pn

For t~,3, we have to consider the two cases O < a < 1 & a~I. For
0 < a < 1, we obtain

m+l 1I:-園 ，3,knn=2
m+l 1 n-1

<L立 芝(v+ I忭（囯 户 A亡訓 Ev lklL>Tv一 1尸{I:户 A訌}k-1
n=2 v=l Pv v=l

m+l n-1
= 0(1) L 1

一 LV (k pn1+k"'~/(n 一 v)a一21 Ev lklt0.Tv一 ilk
n=2 v=l Pv

n 一 1

X {芝 (n - v)a一2}曰
v=l

(i)

m+I
= 0(1)立凸ll Ev lkl6Tu-1 lk 芝 伊 -_ vt 一 2

Pv nv=l n=v+l

= 0(1)立k-ka--I(叭kl Ev lklD.1"'v-1 丨k
v=1 Pv
CO p 00

= 0(1)芷护尹 -1尸 ）kl6Tu一 ilk L 16 En I
v=I Pv n=v
co

= 0(1) 芷 偽 En 丨立 k-ko:~ (与 一116T』
n=I v=I V]Jv Pv
co

= oc1)L 忙－極-1
p
二偽 En 因：

n=I Pn

When a = 1, t~,3 = 0 as 6A二 =0, then we are assuming a > 1, and hence
m+l
芷 !:.Itel'k

n n,31
n=2

m+I 1 n-1
=O(l)L-芷吖

pV·k
n I+k。 一）(n-vr-2丨Ev lklD.Tv 一 1丨k. n(a-I)(k-I)

n=2·u= l Pv
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n-1
{ as 瓦 (n - v)°'一 2

v=l

n-1
= 0(1)丨 伍- X)°' 一 2 dx = 0(n°'-1).)

1

m m+I

= 0(1) I:护（凸 門 Ev 門6Tv一 1 lk 芝
(n - v)°'一 2
nk+OI

v=l Pv n=v+l
m 1 p= 0(1)L -(~ll Ev lkl6Tv一 1 lk•
v=l V JJv

= 0(1)f工 偽En 因 ，
n=l n Pn

as in the case of tan,2·

Finally,

m+l 1
I:-lt沁 lkn
n=2

{ 0(1) I:~-1 砧-ko-1(~J"I En 門6Tn-11'(0 <a< 1)
1 p

0(1)立~l - 尸）kl En 門6Tn-1 lk (a~1)
n Pn

{ 0(1)立~1 nk-ka-l~偽 En 凶 (O<a<l)

0(1)二囝6 En 因 (a 2:: 1),

as in the case of tetn,3·

This completes the proof of the Theorem.
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