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A NOTE ON TWO SUMMABILITY METHODS

W. T. SULAIMAN

Abstract. A theorem connecting the two summabilities ’ﬁ,pnlk and
|C, |k is proved. This theorem contains as special cases the result of
Mohapatra 1967.

1. Introduction

Let Ya, be an infinite series of partial sums s,,. Let ¢ and ¢ denote the nth
Cesaro mean of order §(6 > —1) of the sequences {s,} and {na,} respectively.
The series Xa,, is said to be absolutely summable (C, 6) with index k, or simply
summable |C, 6|k, k > 1, if

oo ’
an—llag — opa|* < o0,

n=1

or equivalently
(o o]

> il < co.

n=1

Let {pn} be a sequence of positive real constants such that

e = Zplu—-»ooa,sn—qoo (Fey =289 =10

v=0

A series Ya, is said to be summable IW, Palie b2 1,0

Z(gﬁ)"“lfrﬂ = Tu1]" <0 (Bor 1986)
_1 n
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where

1 n
P—n Z—;pvsv-

For p, = ~—_—];_—1~ the summability |N,p,|, which is the same as |N,py,|1, is
equivalent to the summability |R,logn, 1|, and for p,, = 1, |N, p,|x summability
is equivalent to |C, 1|, summability. In general the two summability methods
|C,é|x and []_\7-,pn|;c are independent of each other.

The following results are known:

Theorem A (Mohapatra 1967) Let sequence {€,} satisfy the following

€n = o(l) as n — oo;

n=t )\ log(n+1)|A €, <0 (0<a<l);

(]2
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/\nlog(n + 1)|A €n I < o (Of > l)s

M8
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Il
Jod

An nlog(n + 1)|A% €, | < o0;

[M]8

[l
et

n
where {\n} is a positive non-diminishing sequence of n. Then Y a, €, is

summable |C, a| (a > 0), whenever
Y BTkl = 0 (Bad
n=1

We prove the following

Theorem 1. Let {p,} be a sequence of positive numbers such that np,, =
O(Pn) and {P,/npn} non-decreasing. Let {€,} be such that €, = o(1). Let

{An} be positive non-decreasing such that

Z( ViTUAT, 1| = O(M\E), m—

Pn
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where T, is the (N, p,)-mean of the Y an. I

an ka1 B [Aen|/\’°<oo 0<a<l)

le A€, [M<oo (@>1)
n=1 npn

and
(o @)

i .
Z _|A2 €n I’\ﬁ < 00,

n=1 "

then the series Y an € is summable |C,alx, k> 1, a > 0.

1 .
Remark. If we put p, = ——, k = 1 in Theorem 1, we obtain Theorem

n+1
A.

2. Lemma

We required the following Lemma for the proof of the Theorem Lemma [3]
-If o > 6 >0, then

m 2
Z (_T_l___Ll = 0(v!79), m— .

no
n=uv+1

3. Proof of Theorem 1

Let t& be the nth (C,a)-mean, a > 0, of the sequence {na, €,}. Then we

have
y R P =
2 = — Y A% lva, €y, Tpn—Tohor = = P,_1a,.
n A%; va E n n—1 PnPn__l 1;1 v la'U
1 —
tg = FZP 1av{vA°‘ 1P -1 E'u}

- Z{ZP g A {eaAS Pt €, 4 {ZP _18.}nPL €4

"‘ v=1 r=1
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P,_ P,._
Z{vAogv €y ATy 1 + == A%71 €, ATy_; + (v + = 1

P, P,
v=1]
a— 1 PU— a—1 P'n
A, A s Go AT‘u—l + ('U ‘i 1) P, An o 1A €Ev ATv—l} . 'nP— €n AJj'n—l]

—t°‘1+tiz+t§3+t34+tns, say.

In order to prove the Theorem, by Minkowski’s inequality, it is therefore

sufficient to show that

= 1
> ;Itf{’r|k <oo, r=1,23,4,5.
=i

Applying Hélder’s inequality,

m+11ak = Aal Aalkl
7;2 ;ltn,ll —<- 7; Ao‘ Zv A Iev' IAT'U ll {Z }
m+1 Aaf—l
= O(l)uz_:v’”l €, |*|AT, - 1|"n;k1 #}:’

; A )
= 0(1)2’0 | € [FIAT, o * e

=1 n=v+1

= O(I)Z'vk—ll € | |AT, 4|

= (1) Z( ) AT,y | IZAEnI

n=v
oo

= 0(1) Y (k- 1)AT, IlkZIA €n |

il

1)}:|Aen12( S THAT, |
= O(I)ZIA €n |AE
n=1

1P, )
=0(1) )" ;})—]A €n |AE
n=1 L
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m+41

Z Aa )H levHAT_uk{Z

1)2( 24 € [H1AT, ZAa

- omy, S € MAT

(o0}

= BRI ey

=1'v p'U

MAT,F ) 1A En |

n=v

:O(l)ZlAenlz i P Y- AT, 4 |F

VPv Pv
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i
A—-ukl

=O(1)Z--1A AE )* AT "

e )
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cek i Pn
1Py )
m+41 n-—1
. ,I(Aa)k Z(v+ 1)* ( (AT )MA & [
n=2 v=1
% &gy [Pt
m+1
1)Zv’~<—) 1A €, IAT-1l* )
v=1 n=v+1
P m-+1
= 0(1) Zv’“(p—“)kla € IATal* Y
v=1 v n=v+$1

= 0(1) Z(%)"IA €y [|AT,-1|*
v=1 Y
P = A9

= 0(1)Z<;)‘|ATV_11‘1 Y A e, |
v=1 *Y =Y
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=P ., B

= 0(1 Ej—"Azen §j—”’°—1AT_ k

()mpnI lv:l(f’v) |ATy -]

il - ;
= 0(1) 30 HIA € |
n=1 "

For tn3, we have to consider the two cases 0 < a < 1 & o > 1. For

0 < a <1, we obtain

m+1 1
Z “]t alf
mli n—1
<3 n(ja)k Z(v+1) (M8 €, AT, M AR
m+1 n—1

= 0(1) }: =Y ’~( “)5(n = 0)°7?| €y [F|AT,a]*

= ‘U_

« {Z(n_ v)e=2}k-1 (2)
" et (n —v)*=2

—O(l)Zv )leullATu-l Z ey e
n=v+1

-0<1)Z alann 1( %) €0 MAT, |
—0(1)2 e 1( =) AT, ll‘Zm €n |

—0(1)Z|Aenlz U LTINS

'U

P .
= {1} an*ka-lp—m En |
n=1 B

When oo =1, 1% 3 = 0 as AA®Z! = 0, then we are assuming a > 1, and hence

m-1

|
Z “Jt 3|k
el
m+1 n—1 P
= 0(1) Z = D () (n - v)*7 €, [HAT,_y [* - ale-D(k=1)

Pu

v=1
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n—1 n—1
(as Z(n— g = 0(1)/ (n— 2)*"%dz = O(n*"1).)
v=1 1
= F g aey (n —v)*2
- ke Lv\k k k (n—v)""
=0(1) 2 vl ATl 3 =g
v=1 n=v+1
_ R —_— k
= 0 3 S € ATl
=01} Z ——|A €, |AF, asin the case of tn.2
Finally,
o0 k—ka—1 Py, k
1 O(1) £y n+e (2N € [IATpal* (0 <a <)
—ltasl" = 1 P "
O() T 7 (1)l €n MIATual* (a2 1)

01) =, nk-ka-lfﬁm en M (0<a<1)

O s ——IA €n Ay (221),

as in the case of £} 5

This completes the proof of the Theorem.
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