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COINCIDENCE THEOREMS AND MATCHING THEOREMS

HWEI-MEI KO AND KOK-KEONG TAN(*)

Abstract. Two coincidence theorems of Ky Fan are first slightly gen­
eralized. As applications, new matching theorems are obtained, one
of which has several equivalent forms, including the classical I(naster­
Kuratowski-Mazurkiewicz theorem.

1. Introduction

For a non-empty set X, we shall denote by 菸 the collection of all non­

empty subsets of X. If X is a topological space and A C X, we shall denote by
冗 the closure of A and by 8A the boundary of A. If E is a topological vector

space, we shall denote by E'the vector space of all continuous lrnear functionals

on E and by (w, x〉for w E E'and x E E the pairing between E'and E.

If A C E, co(A) (respectively, 詞(A)) denotes the convex (respectively, closed

convex) hull of A. Suppose X C E is non-empty; then a map J : X 一 菸 is

said to be upper hemi-continuous ([1, p.68]; see also [2, p.133]) if for each</> EE'
and for each real number A, the set 忭 E X : sup Re(</>叫 < >.} is open in X.

uEJ(x)
We note that every upper semi-contrnuous map 1s upper hem1-contmuous and

the sum of two upper hemi-continuous maps is again upper hemi-continuous.
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For relations among upper semi-continuity, upper demi-continuity [4] and upper

hemi-continuity, we refer to Shih-Tan [11, Propositions 1 and 2 and Examples 1

and 2].
In this paper, we first slightly generalize coincidence theorems of Fan [5,

Theorems 9 and 10] and a fixed point theorem of Shin-Tan [11, Theorem 4].

As applications, new matching theorems are obtained, some of which generalize
those of Fan [5, Theorems 2 and可 Finally, from one of our matching theorems,

we deduce several equivalent results, one of which is equivalent to the classical

Knaster-Kuratowski-Mazurkiewicz theorem [9].

2. Coincidence Theorems

First we shall state without proof the following result which can be proved

by slightly modifying the proofs of Theorem 9 of Fan in [5] and Lemma 1.2 of

Ko-Tan in (10]:

Theorem 1. Let X be a paracompact convex set in a locally convex Haus­

dorff topological vector space E, X。be a non-empty compact convex subset of
X and J(be·a non-empty compact subset of X. Let f, g : X~ 菸 be upper

hemi-continuous such that

(a) For each x E X, f(x) and g(x) are closed convex, at least one of which

is compact.

(b) For any X E J(n ax and 4> E E';;ith Re</>(X) ::; Re</J(y) for all y E X'
there exist u E f(x) and v E g(x) such that Re</>(u) 2'.: Re</>(v).

(c) For any x EX\ J{ and <p E E'with Re</>(x)::; Re</>(y) for ally E Xo,

there exist u E f(x) and v E g(x) such that Re</>(u) 2'.: Re</>(v).

Then there exists a point x E .X such that J(x) n g(x) f; ¢.

The 飼lowing result is a consequence of Theorem 1 and is a generalization

of Theorem 10 of Fan in (5} and Theorem 4 of Shih-Tan in [可 ：

Theorem 2. Let X be a paracompact convex set in a locally convex Haus-
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dorff topological vector space E, X。be a non-empty compact·convex subset of
X and I(be a non-empty compact subset of X. Let f, g : X --+ 2E be upper

hemi-continuous such that
(a) For each x E X, f(x) and g(x) are closed convex at least one of which

is compact.
(b) For each x El(n&x, f(x) - g(x) meets LJ A(X - x).

>->O
_ ,. ,一

(c) For each x E X \ J(, f(x) - 9位）meets LJ A(Xo - x).
,>->O

Then there exists a point x E X such that f位）n g(x) -/¢.

Proof. Let x E K n 8X and¢E E'be such that

Re¢(x) ::; Re¢(y) for all y E X. (1)

As J(x) - g(x) meets LJ .\(X - 可，let u E f(x), v E g(x), ( .\。這 r be a net m
>.>O

(0, oo) and (x。)碩 , be a net in X such that A。(x。一x)- u 一v; it follows that

入a<f>(x。一x) =¢(>.cr(Xa - x))--. <f>(u - v) = <f>(u) - <f>(v).

By (1), for each a Er, Re<f>(x) :S Re<f>(xcr), so that Re<f>(u) 2: Re<f>(v). Thus the
condition (b) in Theorem 1 is satisfied.

Next let x E X \ ](and¢E E'be such that

Re</>(x)~Re¢(y) f'or all y E Xo. (2)

As f(x) - g(x) meets U .X(Xo - x), let u E f乜 ），v E g(x), ( ;\。伍 r be a net
>.>0

）in (0, oo) and (x。犀 r be a net in X。such that 団Xa - X 一 U 一 v· 1t follows

from (2) that Re<f>(u) 2: Re<f>(v). Thus the condition (c) in Theorem 1 is also

satisfied.
Therefore by Theorem 1, there exists i: E X such that f(x) n g(x) # <f>.

We note that Theorem 2 remains valid if in the union U in both cond1t10ns
'、>O

(b) and (c) 吠 > O" is replaced by 呔 < 0".
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When g(x)~x for a.11 x E X, the coincidence Theorem 2 becomes the fol­
lowing very general fixed point theorem w届ch generalizes a fixed point theroem

of Halpern [7, Theorem 2] which in turn generalizes Fan-Glicksberg's infinite

dimensional generalization [3,6] of the Kakutani fixed point theorem [8]:

Theorem 3. Let .X be a paracompact convex set in a locally convex Haus­

do,fj topological vector space E, X。be a non-empty compact convex subset of
X and I(be a non-empty compact subset of X. Let f : X~ 菸 be an upper
h .emi-contznuous map such that

(a) For each x EX, f位）is closed and convex.

(b) For each X E J(n ax'f位）叮 x + U /\(X - x)] f- <j> •
.\>0

(c) For each x E X \ K, J位）仃 x + U /\(Xo - 可] I cf>.
,\>O

Then t,~e,e exists a point i: E X s-uch that x E 犀 ）．

As is noted earlier, Theorern :3 rerna.i ns valid if in the union LJ in both
,,\>0

conditions (b) and (c) "/\ > O" is replaced by 吠 < O" and the result so formulated

generalizes Theorem 3 in [7].

3. Matching Theorems

As an application of Theorem 2, we have the following matching theorem

for closed coverings of a convex set:

Theorem 4. Lel X be a paracompact convex subset of a locally convex

Hausdorff topological vector space E, X。be a non-empty compact convex subset
of X and !(be a non-empty compact subset of X. Let {Ai : i E l} and {Bj : j E

J} be two locally finite fmnilies of closed S'ltbsets of X such that

LJ .4; = LJ Bj =)<:.
iEI jEJ

Let {Ci : i E l} and {D1 : j E J} be two families of non-empty subsets of E
such that any finite union of lhc C\'s is wnlained in a compact convex subset of
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E. Lets: X 一菸 be upper hemi-contimwas such that each s(x) is a compact

convex set. Suppose that for each point X E (Kn fJX) U(X \ K), there exist i E l

and j E J sucht that

(i)xEAinBj,

COINCIDENCE THEOREMS AND MATCHING THEOREMS

(ii) 訶(C; + s(x)) - 商(D;) meet {'~0 : : 。二二
,;\>0

Then there 函st two non-empty finite sets lo C l and Jo C J and a point i: E X

if x E Kn ax,

if XE X \ K.

such that

(a) x E (n Ai) n(n Bj),
iElo jEJ。

(b) 石(U{Ci : i E lo}) + s(x) meets 詞(LJ{Dj:jEJo})

Proof. For each x E .X, let

{j E J : X E Bj};{i El: x E Ai},J(x)l(x)

X andand J(x) are non-empty and ffojte as U Ai = U Bj =
iEI jEJ

{Ai : i El} and {Bj : j E .J} are locally finite. Define f, g, h: X 一菸 by

then l(x)

= co(u{C'-i + s(x): -i E l(x)}),

＝芍(u{Dj: j E J(x)}),

＝面(U{Ci: i E l(x)}).

f乜）
g(x)

h(可

X, h(x) and s(x) arc compact convex so that

f(x) = h(x) + s(x) is also compact convex. Since {Ai : i El} is a locally finite
family of closed subsets of X, for each x E X, the set U (x) = X \ U Ai is an

沼 l(x)

open neighborhood of x in X; note then whenever y E U(x), yr/. Ai for each

i rf_ l(x) so that l(y) C l(x) and therefore h(y) C h(x). This shows that his upper

semi-continuous and hence f = h +sis upper hemi-continuous. Similarly we can

EBy hypotheses, for each x

show that g is upper semi-continuous (and hence upper herni-continuous) on X.

Thus the condition (a) of Theorem 2 is satisfied. Ily (i) and (ii), the conditions

(b) and (c) of Theorem 2 a.re also satisfied. Ily Theorem 2, there exists x EX
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such that f位）ng位）钅 ¢. Let l0 = l位）and Jo = J位），then lo and .li。are
non-empty and finite and the conclusions of the theorem hold.

The proof of the above theorem is a modification of Theorem 11 of Fan in

[5] and of Theorem 1 of Shih-Tan in [11]. Theorem 4 generalizes Theorem 11 and
hence also Theorem 12 of Fan in [5]. The following result is an easy consequence

of Theroem 4:

Theorem 5. Let X be a paracompact convex subset of a locally convex

Hausdorff topological vecto1'space E, X。be a non-empty compact convex subset
of X and !(be a non-empty compact subset of X. Let {Ai : ·i E l} and {Bj : j E
J} be two locally finite families of closed subsets of X such that

LJAi = LJ 趴 = X.
iEI jEJ
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（臼 Ai) n (n Bj) n (瓦(LJ 乙）－詞(LJ 叮 ）f¢.
iElo jEJ。 ·1Elo jEJ。

Proof. Let s : X -. 汗 be defined by s(可 = -x for all x E X. Then all

hypotheses of Theorem 4 are satisfied so that there exist non-empty finite sets

10 C l and Jo C J and a point :全 EX such that

(a) x E (n Ai) n(n Bj),
iElo jEJ。

(b) (詞(LJ Ci) - x) n古(LJ Dj)-/= 粥
iElo jEJ。
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叻 ））．Bj) n (面(LJ Ci) - 面cu
iElo iEJ。

it follows that

x E (n Ai) n (n
iElo jEJ。

As an application of Theorem 5, we have
．

Let y be a non-empty convex set in a Hausdorff topological

vector space E, y1, ... , Yn be points in Y, z1, · · ·, Zm be points in E, Ai, ... ,An,
n m

Bi, ... , Bm be closed subsets of Y such that LJ Ai = .LJ Bj = Y·Suppose when-
·i=l J=l

画th 1~k < n and whenever x E co{Yi1, · · ·, Yik},

6.Theorem

... < ik~n＜ever 1 ::; i1
Then

there exist two non-empty subfamilies 9 oj'{l, ... ,n} and1i of{l, ... ,m} such
there existsj E {l, ... ,m} S'llch that x E B1 and x+zj E co{yh,···,Yik}.

B1) n [(co{yi: -i E 9})-'(co{z1: j EH})]#¢.(n Ai) n (n
iE9 jE'H

that

Proof. Let X = Xo = J(= co{y1,···,Yn}, l = {l, ... ,n}, J = {l, ... ,m}

i E l,

j E J,

for each

for each

Ai nx
Bj nx

＝乜 }, ;tCi

Dj

and

B1＝乜 ｝，

We shall show that for each x E &X, there 碣 st i E l and j E J such that

(i) X

(ii) Yi 一 Zj E X + u ,X(,.,Y - X)
>.>l

E Ain瓦

s

Indeed, let x E ax; without loss of generality we may assume that x = I: 仰狐k=l
s

1, ... , s with I: 紅: =
k=I

Ai ntJj

Thus by1.0 for ea.ch k＞n and akwhere 1 :S s <
Eand x + Zj丶uch tha.t x EJl and j E

sL U1,;'!)1,;
k=I

hypothesis, there exist i E
1, ... , s and0 for each kwhere 姒 ＞X + ZJLetco{y1, ... ,Ys}·

1 such that

s s s

圧 －奴~O for all k = l, ... ,s. As I: (/\ak- 缸 ）=.\(I: 叫-(I: 幻 ＝入-1,
k=l k=l k=l

＞we can choose ,\l, ...'s,0 for all /;;＞akAs1.土 bk
k=l
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1
一. ...

,\ - 1
I:(>.ak - 姒）Yk is in X. It follows that
k=l

1 l s s
严- Zj - X) + X = -·-

,＼
(Yi L口k) + (L llkYk)

k=l k=l
1 1
,\
-[l·Yi+(/\ - 1)·一 I:(>.ak - bk)Yk] EX,\ - 1 k=l

so that Yi 一 Zj E X + >.(.X - X) C X + UA>l >.(X - X).
Since X is a compact convex set in a Euclidean space, Theorem 5 implies

there exists two non-empty subfamilies g of {l, ... , n} and 1i of {l, ... , m} such
that

（臼心 n(n 趴）n (co{yi : i E 釘- co{zj :j E 司 ）＃粥
iEg jE'H(n Ai) n (n Bj) n (co{ Yi : i E 釘- co{zj : j E 司 ）钅¢
iEg jE'H

This completes the proof.

4. Equivalent for111s of the Classical Knaster-Kuratowski­

Mazurkiewicz Theorem

Ily taking Zj = 0 a.ncl 13j = Y for all j = 1, ... m in Theorem 6 we have

the following very general matching theorem due to Fan [5, Theorem 2) where

he has given two basica11y different proofs:

Theorem 7A. Let Y ue a non-empty convex set in a Hausdorff topological

vector space E, y1, ... , Yn ue points in Y, A 1, ... , An be closed subsets ofY such
n

that LJ Ai = Y. Then there exists a non-empty subset { 互 ，．．．，互 } of{l, ... ,n}
i=l

such that

n

（臼 A.iJ n co{yij : j = l, ... , /;;} /; ¢.
j=l

Now we shall state the f"ol1owing Theorems 713, 7C, 7D and 7E which are

all equivalent to Theorem 7A:
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Theorem 7B. Let y be a non-empty convex set in a Hausdorff topological

vector space E, Yi .. ·, Yn be points in Y and B1, ... , En be open subsets ofY such
nthat U 瓦 = y. Then there exists a non-empty subset {ii, ... ,几} of{l, ... ,n}
i=l

such that
k

( 「) Bij)n(co{yii :j = 1, ... ,k}) -I cf>.
j=l

Theorem 7C. Let Y be a non-empty convex、set in a Hausdorff topological

be closed subsets of Y
n

Then n Ai /: </>.
i=l

be points in Y and A1, ... , An

such that co{yi : i E l} C LJ Ai for each s11.bset l of { 1, ... , n}·
·iEI

vector space E, Y1 , .. ·, Yn

Theorem 7D. Let y lJe a non-empty convex set in a IIausdorff topological
be open subsets of Y

n
Then n Bi -/=¢.

i=l

be points in Y and B1, ... , Bn

such that co{yi : i E l} C LJ Bi for each subset l of { 1, .. ·, n}·
-iEI

vector space E, Y1, .. ·, Yn

Theorem 7E. Let y be a non-empty convex set in a Hausdorff topological
which is contained in avector space E, {Yi : i E l} be a family of points 切 Y

compact convex subset of Y and {O.i : ·i E l} be a famjly of open subsets of Y
of l suchThen there exists a non-empty finite subset losuch that U Oi = Y.

iEl
that

（臼 Oi) n (co{yi : -i E 扇 ）1¢.
iElo

．We first remark that T'heorern 7 ;\ a.11d Theorem 7B (respectively, Theorem
7D) a.re d叫 逗tcrncuts or each other in the sense that the7C and Theorem

However, a dual statement of

Theorem 7E does not hold even if the set Y is compact as the followrng simple

example illustrates:

words "closed" and' 可ope11" are in tercl1a:ugeahle.

with i # !, !, !, let
Then {Ai : i E l} is a

l

{t }.
EFor each i

Ai{f },
[O, 1].

Ai = { 1 - i} and let A! = { t}, A 古 ＝

family of closed subsets of Y such that

(a) LJ Ai== Y;
i El

lyLetExample.
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(b) i¢Ai for each i E l;

cc) Ai n Aj = <1> if i I j.
Thus there does not exist a non-empty finite subset lo of l such that

（臼 Ai) n (co{ i : i E 扇）-I <I>.
iEI。

We next remark that Thoerem 7C is equivalent to the classical Knaster­

Kuratowski-Mazurkiewicz theorem [9) while Theorem 7D is equivalent to Corol­

lary 1 in [12]. However the formulations of Theorems 7B and 7E appear to be
new. Thus once we have established the equivalence of Theorems 7A, 7B, 7C,

7D and 7E, our matching Theorem 6 a.n cl hence also Theorems 4 and 5, are all
generalizations of the classical Kna.ster-K u ratowski-Mazurkiewicz theorem.

It is easy to see that Theorems 7B and 7E 洫ply each other. Before we

proceed to establish the equiva.lence of Theorems 7A, 7B, 7C and 7D, we observe

that by replacing Ai's and Bi's by A.in co{y1, ... , Yn} and Bin co{y1,. · ·, Yn}
respectively, we may assume without loss of generality that Y = co{yi,.,., Yn}
and is therefore also compact in some Euclidean space. We shall only prove that

Theorem 7A 令 Theorem 7B and Theorem 7Il 令 Theorem 7C; the proof of

Theorem 7A 令 Theorem 7D follows a similar argument as that of Theorem 7B

¢} Theorem 7C and is thus omitted.

Proof of Theorem 7A => Theorem 7B:

For each z E Y, let Hz= n{Bi: -i = l, ... ,n and z E Bi}; then Hz is an
open neighborhood of z in Y so tha.t there exists an open neighborhood Uz of

z in Y such that Uz C U z C 1几 Since Y = LJ{ Uz : z E Y} and Y is compact

(remember, we have assumed Y = co{y1, ... , y11}, see remark above.) there exist

勻，. . . ,zm in Y such that)"= LJ{U.::1: j = l, ... ,rn}. For each·i = l, ... ,n,

define

Ai = U(u 勺 j = 1, ... ,rn and IIzi C Bi},

then Ai is a closed subset of Y and Ai C Bi. Clearly Y = U[~1 Ai. Hence by
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Theorem 7A, there exists a non-empty subset { i1, ... , ik} of {1, ... , n} such that

COINCIDENCE THEOREMS AND MATCHING THEOREMS

k(n Ai;) n co{Yi; : j = 1, ... , k} /; <P
j=l

k(n 瓦 ）n co{Yi; : j = 1, ... ,k} # </>.
j=l

but then

今 Theorem 7A:Proof of Theorem 7B
Fix any positive integer m. For each i = 1, ... , n, let

1
{y E Y : dist(y, Ai) < - },m

(remember we have assumed Y = co{yl,···,Yn} so that Y is contained in some

Euclidean space.) then Bi(m) is an open subset of Y and Ai C Bi(m).
n n
LJ Ai = Y, we have LJ Bi(m)
i==l i==l
non-empty subset lm of {1, ... , n} such that

Bi(m)

Since

Hence by Theorem 7B, there exists aY.

Bi(m)) n co{yi : i Elm}#</>.en
iElm

Since the collection of all non-empty subsets of {1, ... , n} is finite, there is a
sequence (mi)f;1 with mi _,. oo as j _,. oo and there is a non-empty subset lo

of {1, ... , n} such that lmj = 10 for all j = 1, 2, .... For each j = 1, 2, ... , choose
Since (x·)00· ．

J j=l 1s a sequence 111 the

一 X

any Xj in (n
iElo

compact set co{yi :'i E 扇 ，there is a subsequence 包孚1 such that x,1

for some x E co{yi : ·i E 扇. Fix'i E lo. Since

Bi(mj)) n(co {Yi : i E 扇 ）．

dist(i:, Ai)~dist(x, x 1;) + dist(x I;, Ai)

< dist(i:, x1J 十上
mt J

Ai so that

J-* oo,

we see that x E Ai as Ai is closed. Therefore x E n
iElo

as--"7 0

（臼 Ai) n (co{yi: i E 扇 ）# <p.
iElo
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Proof of Theore1n 7B ::} Theorem 7C:
n n n

Suppose n Ai = </>; then Y = Y \ n Ai = LJ (Y \ Ai). Let Bi = Y \ Ai
i=l i=l i=l

for each i = 1, ... , n, then each Bi is open in Y. By Theorem 7B, there exists a
｛．non-empty subset i1, ... , ik} of {1, ... , n} such that

k

（臼缸 ）n co{yip ... , Yik} f:. ¢.
j=l

k
Thus (Y \ LJ 丸）n(co{yip . · ·, Yik}) -/; ¢

j=l
which is a contradiction. Therefore we must have

k
so that co{Yii, ... , Yik} c/. LJ Ai,

j=l

nn A.if; 心
i=I

Proof of Theore1n 7C =} Theoren1 7B:

Suppose the contrary that for any non-empty subset l of {1, ... ,n}, (n Bi)
呾

n(co{yi: i El})=</>. For ea.chi= 1, ... ,n, let Ai= Y \ Bi, then Ai is a
closed subset of Y. But then co{yi : i E /} C LJ A.i for each non-empty subset

iEI
n n

l of {1, ... ,n}, so that by Theorem 7C, n Ai-:}</>. It follows that LJ Bi-:} Y
i=1 i=l

which is a contradiction. Therefore there exists a. non-empty subset {勺，...'ik}

of {1, ... , n} such that

k(n 凡）n(co{yij :j = 1, ... ,k}) :f¢.
j=l
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