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ON EXTREME POINTS OF A CERTAIN LINEAR SPACE
OF LOCALLY UNIVALENT FUNCTIONS

KHALIDA INAYAT NOOR

Abstract. Let H = (H,®,®) denote the real linear space of locally
univalent normalized functions in the unit disc as defined by Hornich. For
—-1< B< A<,k >2, the classes Vi[A, B] of functions with bounded
boundary rotation are introduced and this linear space structure is used
to determine the extreme points of the classes Vi [A, B].

1. Introduction

let M be the set of all analytic functions in the unit disc £ = {2 : |2| <
1}. Let H denote the subclass of all locally univalent functions f which are

normalized by the conditions

J(0) =0, f(0) =1 (1.1)

and for which arg(f’) is bounded in E. Ilere arg denotes that branch of the
imaginary part of the logarithm which vanishes at the point 1.
Let P[A,B], -1 < B < A <1 be the class of functions p analytic in £ with

14+ Az .
We note that P[l,-1]= P ={p€

p(0) = 1 such p(z) is subordinate to 1L

M/Re p >0, p(0) = 1}.
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Also K[A,B],-1<B< A < 1, denotes the class of functions f € M and
normalized by (1.1) such that

ril
14 Zfi, € P[4, B]. (1.2)
K[1,-1] is the class I of convex unjvalent functions in E and K[A,B] C K.
We define the following:

Definition 1.1. Let f € I and,forz€ £, -1< B< A< Ls

2 2) | 1

k 4
1+ (z) o (Z+§)1’91(3_)—(E—§)pg(z), K2 Z

where p1, p; € P[A,B]. Then we say that [ € Vi[A,B]. The class Vi[1,—1]
consists entirely of functions with bounded boundary rotation kn for some k > 2
and V2[A, B] = K[A, B].

Hornich [1] showed that (H, @, ©) is a linear space with the operations

(f®9)(z) = / F(6)d' (€)de,

(A0 f)(z) / (@) de.

[l

The null element in H is the identity mapping.

We shall show that Vi[A, B] is a lincar space under these operations and

discuss the extreme points of these classes considered as subsets of H.

2. Main Results

Theorem 2.1. Let [ and 9 € Vi[A, B] and let F be defined by

['(z) = /-~(f’(f),)“'(g'(f))ﬁd{, (2.1)

0

with o, € Rt and o + B=1. Then F ¢ Vi[A, B].
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Proof. From (2.1), we have

PG _ ), )
Flz) ) )

9'(2)
k , g1
= (Z = 5)[04)1(2) + Bpa(2)] ~ (7 = 3lapr=(z) + Bpa(2));
pi € p[A,B], t=1,2,9,4.

Since P[A,B] is a convex set, see [2]. we have the required result that
F e VilA, Bl

Theorem 2.2. Let p € P[A,B] and p(z) = 1+ prz+p22* +...... Then
|p1|l = A — B if and only if p has the form
1+ Azz

whereg e X ={zeC:i|X|=1}, 1< B< AL L

Proof. Since p € P[A, B], we can write

1+ Aw(z)

plz) = 1 + Bw(z)’

where w is a Schwarz function.

Thus )
B l = plz
wis) = Bp(z) - A’

w is analytic with |w(z)| < 1 in E and w(0) = 0. This gives us

(Bp(0) — A)? (A= B)""

[w'(0)] = | ..

Therefore, from Schwarz lemma, we conclude that w has the form w = zz for
some z € X and this gives us (2.2). Conversely if p is given by (2.2), then it is
easy to check that |p;| = (A — B). This completes the proof.

Remark 2.1. It is casy to see that p € P[A, B] if there exists a function

h € P such that
(1-A)+ (1 4+ A)h(2)
(1= B)+(1+ B)h(z)’

Bla = (2:3)
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Using the known result [e.g. 3] determining the extreme points for the class P

alongwith (2.3) and theorem 2.2, we easily have the following;:

Theorem 2.3. The eztreme points in the class P[A, B] are ali the functions
of the form
z € X. (2.4)

Remark 2.2. From theorem 2.3, Milman theorem [4, p440] and the known
[2] fact that P[A, B] is a convex set, we have the following Herglotz integral
representation for p € P[4, B].

14+ Azz
2] = ] 2.5
o) = [ Ltdmm,, 29
where 2 € X and 4 is a Borel probability measure on X and conversely.

We can also easily deduce that an equivalent condition for f € Vi[A, B] is
that, for B # 0,

log f'(2) = A log(1 — Bmz)d%gdp,

where / |du| < k.
: "
(2.6)
Also f € Vi[A, B], B # 0, implies that

o

cA-B '
larg f'(z)] < = B sin~! Br. (2.7)

Remark 2.3 Following essentially the same method [5], we can easily show that
for every @, § € R, the class (e« @ K[4, B]6 80 K[A, B]) is a compact subset

of H whose end points are exactly the functions f of the form

[(1+B1 A-B

BJz)a] 7 (2.8)

with some (z,y) € X?, 2 # —y and B # 0.
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From definition 1.1 and the integral representation (2.6) we immediately

have the following.

Theorem 2.4. For allk > 2, B # 0, we have

k

1 k 1
Vk[AaB] = (Z ‘1 5) O] I([AaB] S) (Z - 5) © I([Aa B]

Theorem 2.5. For allk > 2, B # 0, the class Vix[A, B] is a compact subset
of H. A function f is an extreme point of Vi[A, B] with respect to the Hornich

linear space structure if and only if

fiz)= [(1 + B:’L‘.?)%'{'%] A-B
SRR T
for some (z,y) € X2, z # —y.
References

[1] H. Hornich, “Ein Banachraum analytischere Funktionen in Zusammenhang mit den sch-
lichten Funktionen”, Mh. Math. 73(1969), 36-45.

[2] K. Inayat Noor, “On some univalent integral operators”, J. Math. Anal. Appl. 128 (1987),
586-592.

[3] G. Schober, “Univalent Functions-Selected Topics”, Lect. Notes Math. 478, Berlin-Hei-
delberg-New York: Springer, 1975.

[4] N. Dunford and J. Schwartz, “Linear operators I, General Theorey”, Interscience, New
York, 1958.

[5] W. Koepf, “Classical families of univalent functions in the Hornich Space”, Mh. Math.
100(1985), 113-120.

Mathematics Department, College of Science,P.O. Box 2455, King Saud University, Riyadh
11451, Saudi Arabia.



