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A MANY VARIABLE GENERALIZATION OF HARDY’S
INEQUALITY CONCERNING A SERIES OF TERMS

B. G. PACHPATTE

Abstract. In the present note we establish a multivariate generalization
of the well known Hardy’s inequality concerning a series of terms by using
a fairly elementary analysis.

1. Introduction

The classical inequality concerning a series of terms due to G. H. Hardy [4]

(see, also [5, p-241] and [1,2]) can be stated as follows.

Theorem H. Ifp> 1, a, 20 and A, = a1 + ...+ n, then

Sy < 2y Yk 1)

The equality holds in (1) if all the « are zero.

Despite the many papers that have been written about Hardy’s inequality
(1), it appears that there is no natural multivariate version of (1) in the literature,
see [1-10] and the references therein. In view of the importance of the inequality
(1), it is desirable to find many variable analogue of the inequality (1). The

main objective of this note is to present a many variable generalization of the
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inequality (1) by using the elementary analysis based on the idea used by E. B.
Elliott [3] to obtain a simple proof of Iardy’s inequality given in (1).

2. Main Result

In what follows, we let 1 be the set of real numbers and B be a subset of the
n-dimensional Euclidean space R" defined by B = {2 € R" :1 < z < 0o} where

1=(1,...,1) € R™. For a function u: B — R, we use the following notations

Youlw) = 3 e D, #lYiasus ol

B y1=1 yn=1
and
Z U(y) = Z y17 . 9y'n.)7
B,z = Yni1

where 1 = (1,...,1) € B, & = [#1y.e.,8s) € B sich that 1 < = Le. 1 € =
Throughout this paper without further mention, we assume that all inequalities
between vectors are componentwise and all the sums exist on the respective
domains of their definitions and agrce that the value of any function u(z1,...,z,)
with any of its component zero is zero.

Our main result is established in the following theorem.
Theorem. If p > 1 is a constanl, [(z)> 0 for z € B and

Y Iy), ze€B, (2)

/3]_,.1‘
then

Z{H (=) yr o O] 3)

t= 171

The equality holds in (3) if f(z) =0 for all z;, i =1,...,n.

Proof. Let N = (Ny,N,,...,N,) € B. From (2) we observe that

A(z) _p Ty T ,
Z{Hn(lxz Z Z Myzs) ")) fu - wm)}

BlN =l I | yi=1 Yn=1
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Nn— Nn Ty
n—1 P -
Z Y. mgey[ Y = 3
zi=1 D=l =1 Yy=A
Tn—~1

A o S Sfneortmanm})): (4)

y1=1 Yn-1=1

Define

a(xl, vy -1, ) (5)

Tn—1

_ 1 Z { Z S e Yne1,9n) )

yn'_] y1=1 Yu—-1=1

where (Z1,...,Zn-1,2r) € B. Irom (5) and using the elementary inequality
a™t! 4 mb™t > (4 Dab™, @620, m>1, (6)

we observe that

Tp—1

O (Bis o5 s Tn—inBe) — p—l){ Z Z Tt 55 ,yn-1,zn)} (7)

y1=1 Yn—-1=1

: ap—l(zla' "awn—l)mn)
p

:ap(zlv"') '-na(xla"'aw'n.—lvzn)

— (Zn — Da(z1,..- Tn-1,2n — 1)}a”“1(z1,...,mn_1,xn)

= [1—a:n(
(

)
S [1 - xn(pi 1)]0,1)(1.1’” ¢ 7$n—lawn)

2 1)]ap($17' L 3‘7"‘11—13‘7-:71)

)(:L'n. - J-ls-- s ¥n—1,Tn — l)ap_l(mla- --ya:'n.-—laa:n)

(
o (p—l)a”(m,.. y -1, n)}]

)(a,n = 1)[ {a (BaysongBriatodbn — 1)

= —-—--—){(:L.n_— 1)aP( 11,...,:L-n‘_|,:v.n—l)

- Tpl (x17"'7a‘n-—1) 'n)}-
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Now keeping zi,...

adding the inequalities we get

Na

,Zn—1 fixed in (7) and substituting z, = 1,2,...,

N, and

(8)

yYn—1, mn)}

Z P (Bges « 3 Dpei 5 B}
ra=1
T,—1
- (— }: { Z Y S,
zp=1 y1=1 Yn-1=1
-a”"l(:cl,...,a;n_l,a:n)
1
< — (——=)NyaP(z1,...,Zn-1,Nn)
p—1
< 0.

From (8) and using the Iolder’s

Ny
z 'Ll»---a-'l-'n—la-'vn)
T, =1
N?l &£
IS A S s
zp=1 J]"l Yn~ 1=1
-ap“l(z'l,.- »&n—1,Tn)
Ty—1
2SS s
L=l '!jl—-l Yn— 1"1
Nn p=1
. [ Z Olp(a;l,...’-’vn—l,:vn)] " .
e |

inequality with indices p, —{—— we have

(9)

’ yn——ls:’:n)}

7yn—laxn)}p]%

Dividing both sides of (9) by the last factor on the right side of (9) and then

raising the result to the pth power, we obtain

Na

Z o P

7$n—l,mn)

Tyl

L,—l J]—l Yn — 1—-1

Z{Z Z [y,

(10)

ayn-laxn)}p-
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From (4), (5) and (10) we get

>t

Bi,N b=
Ny Nywq ~p p Nn
-1, .
¥ ... ¥ (o) iy .3
z1=1 Tp-1=1 Tp=1
Ty—1

{ Z Z f(ylv---ayn—lal'n)}p]

y1=1 Yn-1=1

n Nn.—l
P n—2 = —-P
. Z Z (Mfed) ™ 30 [ 20 el
z1=1 Typ-2=1 zy=1 zyu-1=1

Tp—-1 Tpn-2

{ Z {Z Z f(yla yn—Z,yn—l,il?n)}}p].

Yn-1=1 ®n1=1  yYn-2=1
Now by following exactly the same arguments as above we obtain

Nyin Tp—1 Tpn—2

3, a5l 3, 1 2{: :Z: FWyen ey Yn1,2n)} }F

Fa—a=1 Yyn—1=1 y1=1 Yn—

Tp-1=1 y1=1

From (11) and (12) we obtain

> (i

By~

Nn Nn.—l

2p 3, =P
2l Z Z nfe) >0 [ 2
=1 Ep-n=i1 Ta=1 Dr--g=l

Tp—2

{Z Z f Y1, "yn—273"n—1axn)}p]-

=1 Yn—2=1
Continuing in this way, we finally get

Z {]'[n }P <( P )np pr(z

By~ By, N

z { Z £ Z—- f(ylv"'7yn-—27$'n-—lamn)}p.
Yn—2=1

353

(11)

(12)
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By taking N — coi.e. Ny — 00,i=1,...,nin (14) we get the desired inequality
in (3). The proof of the theorem is complete.

It is interesting to note that in the special case when n = 1, the inequality
established in (3) reduces to the Hardy’s inequality given in (1), written in a
slightly different notation. For other generalizations and extensions of Hardy’s
inequality (1), we refer the interested readers to [1-10] and the references given

therein.

References

[1] E. T. Copson, “Note on series of positive terms”, J. London Math. Soc., 2 (1927), 9-12.

[2] E. T. Copson, “Note on series of positive terms”, J. London Math. Soc., 3 (1928), 49-51.

[3] E. B. Elliott, “A simple exposition of some recently proved facts as to convergency”, J.

London Math. Soc., 1 (1926), 93-96.

[4] G. H. Hardy, “Note on a theorem of Hilbert, Math. Zeitschr, 6 (1920), 314-317.

[5] G. H. Hardy, J. E. Littlewood and G. Polya, “Inequalities”, Cambridge University Press,
1934.

[6] M. Izumi, S. Izumi and G. M. Peterson, “On Hardy’s inequality and its generalization,
Tohoku Math. J. 21 (1969), 601-613.

[7] P. D. Johnson Jr. and R. N. Mohapatra, “Incqualities involving lower-trangular matrices,
Proc. London Math. Soc. 41 (1980), 83-137.

[8] J. Nemeth, “Generalizations of the Hardy-Littlewood inequality”, Acta Sci. Math: Szeged
32 (1971), 295-299.

[9] B. G. Pachpatte, “A note on Copson’s inequality involving series of positive terms”,
Tamkang Jour. Math. 21 (1990),13-19.

[10] G. M. Petersen, “An inequality of Hardy’s”, Quart. J. Math. Ozford, 13 (1962), 237-240.

Department of Mathematics and Statistics, Marathwada University, Aurangabad 431004 (Ma-
harashtra), India.



