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ROTARU ALPHA - CONVEX FUNCTIONS

SUBHAS S. TIHOOSNURMATH ANDS. R. S\VAMY

Abstract. Let S*(a, b) denote the class of analytic functions f in
the unit disc E, with f(O) = f'(O) - l = 0, satisfying the condition
[(zf'(z)/f(z)) - a[ < b, a E C, Ja - 11 < b :::; Re(a), z E E. In this
paper the class S*(a, a, b) of functions f analytic in E, with f(O) =
f'(O)-l = 0, f(z)f'(z)/z =p O for z in E and satisfying in Ethe condition
[J(a, J) - al < b, a E C, [ct - II < b :::; Re(a), where J(a, f) = (1 -
a)(zf'(z)/f(z)) + a((zf'(z))'/f'(z)), o- a non-negative real number is
introduced. It is proved that. s• (o·, a, b) CS* (a, b), if a> (4.b/c) [Jm(a)I,
c = (b2 - la - 1 J2)/b. Further a representation formula for f E 5* (a, a, b)
and an inequality relating t.hc coefficie11t.s of -functions in S*(a, a, b) are
obtained.

1. Introduction

Let V denote the class of functions J analytic in the unit disc E, with f(O) =
J'(O) - 1 = 0. A function f of V is sa.id to belong to S*(p), the class of starlike

function of order p, if Re(zf'(z)/ f(z)) > p, 0::; p < 1. The class S* of starlike

functions is identified by S*(O) 三 S*. In [6] Rota.ru investigated properties of

the class S*(a, b) of functions f E V satisfying l(zf'(z)/f(z)) - al < b, z E E,

where a EC, la-11 < b::; Re(a). It is clea.r that S*(a,b) C S*(Re(a)-b) CS*.
Let K(a,b) denote the class of functions Jin V for which zf'E S*(a,b).

In this paper we combine the notions of Rota.ru starlike functions [6] and
alpha-convex functions [2] to obtain a. new subclass of starlike functions.
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We now introduce the class S*(o:, a, b) of functions f E V with f(z)f'(z)/z -/

0, z E E, satisfying in E the condition

IJ(a,f)- al< b, a EC, la- II< b::::; Re(a),

where J(o,f) = (1- a)(zf'(z)/J(z)) + o:(zf'(z))'/J'(z) and o a non-negative

real number. Functions in S*(o, a, b J are called Rotaru alpha-convex functions.
Note that S*(O,a,b) = S*(a,b) a.ncl we investigate a few properties of the

class S*(a, a, b).

2. We require the following len1mas to prove our main theorem

Lemma 2.1. Let a EC, la-11 < b :S Re(a) and p(z) be analytic in E with

p(0) = 1. Then IP(z) - a I < b, z E E, if and only if, there exists a function w

analytic in E satisfying w(O) = 0, lw(z)I < l for z E E such that

p(z) = 1 + !l w(z)
｀＇六 ，丶, z EE,

where A= (b2 - lal2 + a)/u and JJ = (I - a)/&.

The proof of this lemma follows by an a.pplication of Schwarz's lemma as in

Rotaru [6J.
From now on A and 13 will be a.s in lemma 2. 1 and also c = (b2 - la - 庄）/b.

Next we have the well known Jack's lemma [1].

Lemn1a 2.2. Let w(z) be regular in E with w(O) = 0. If there exists a

zo EE such that max lw(z)I = lw(zo)I then zow'(z0) = lcw(z0) for some k~l.
I z I::;屆 I

It is well known that all Cl'-convex functions are starlike [2]. We now prove

an analogous theorem for the class .5'*(n, a, b).

Theorem 2.1. Let f(z) E S"'_(o·,a,b), o. > (4/c) llm(a)I. Then f(z) E
S*(a,b).
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Proof. Define an analytic function w(z) in E by

z!'(z)
f(z)

1 + A w(z)
一"

1 十万 w(z)
(2.1)

Clearly w(O) = 0 and w(z) 1 -謹in E. In view of lemma 2.1, it sufficies to

show that lw(z)I < 1. Suppose there exists a z0 E E such that max lw(z)I =
厙回

lw(zo)I = 1, then by lemma 2.2,

汩(zo) = l~w (zo) , k~l.

From (2.1) and (2.2) we get

IJ (a, J (zo)) - a I = b I /J +('I+ Al]+ (ctck)/b)w(z0) + Aw2(z0)
l 十 (A+礽w(zo) + A万研 (ZQ) 'I

where c = (b2 - I a - l白/b > 0. Now IJ(a-,f(zo))- al> b, provided

(2.2)

丨B + (l +AB+ (ack)/b)w(z0) + Aw2區）l2>ll+(A+ 万)w(zo) + A万硏 lzo)l2·

(2.3)
Condition (2.3) reduces to the following:

(ack)/2b + 1 + Re(AB) + Re[(A +万)w(zo)] > 0

or equivalently

ac(k - 1)
2b +I+ Re(A) Re(B)-Im(A) Im(B) + Re(A + B) Re(w(z0))

QC
-Im(A +万) Im(w(zo)) + — > 0. (2.4)

2b
QC

Since — (k-1) 2:: 0 and lm(A) Im(B) < 0, (2.4) holds provided 竺 土 Im(A+
2b 2b

B) > 0 and I + Re(A) Re(B) 士 Re(!\+ B) > 0. Now, since o > (4/c) jlm(a)I
we have

竺 土 f rn(J\ +瓦 > 0
2b

and

1 + Re(A) Re(B) 士 Re(A +面 = (1 士 Re(A))(l 士 Re(B)) 2:: 0,

since 凶 :S 1 and !Bl < 1.
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This means that J區）E S*(a, a, b), a contradiction. Thus the proof is complete.

Corollary 2.1. Let f(z) E S*(a,a,b), ex> 0. Then J(z) E S*(a,b).

The above corollary follows by taking a = 五in theo_rem 2.1.

Corollary 2.2. Let a> 0, b > l/2 and f(z) E S*(a,b,b). Then f(z) E

S*(b,b).

The above result is obtained if, in corollary 2.1, we take a= b, b > 1/2.

Remark. Corollary 2.2 improves a result of 1v1iller, Mocanu and Reade [4]

who proved it when b~l.
Let us choose a= (1 + p- 2p(3)/2(1 -(3) and b = (l -p)/2(1-(3), where

O :s; p < l and O < (3~1. Then the u11clerme11tioned corollary follows now from

corollary 2 .1.

Corollary 2.3. Leto·> 0, 0~p < 1, 0 < (3~l and f E V with

J(z)J'(z)/z :j; 0 for z in E. Then

I (zf'(z)/ f(z)) - 1
翊((zf'(z)/ J(z)) - p) - ((zf'(z)/ J(z)) - 1) I < 1, for z in E.

whenever

I J(o:,f(z))-1
2{3(J(a,f(z)) - p)- (J(o:, f(z)) - 1 I < 1, for z in E,

where J(a, f(z)) = (1- o:)(zf'(z)/ f(z)) + o:(zf'(z))'/f'(z) and a a non-negative
real number.

Remark. For p = (1 - .X)/(1 + .\) and{)= (1 + .X)/2, 0 < ,\::;; 1, corollary
2.3 agrees with theorem 1 of Pa.clma.na.bha.n and Bha.rati·[5].

Theorem 2.2. For (4/ c) I/ m(a)I < 且< n, S*(a:,a,b) c S*(趴 a, b).

Proof. Let f(z) E S"'(o.:,a,b). Forrn theorem 2.1 and the identity

且 BJ((),f(z))- a= -[J(o·,f(z))- a]+ (l - -)[zf'(z)/f(z))- a], (3 < a,
Cl'fr
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we arrive at the desired result f(z) E S*(/3,a,b).

Corollary 2.4. For a~l > (4/c) llm(a)I, S*(a,a,b) C K(a,b).

3. In this section, we obtain an in1portant integral representation for
the elements of S*(a,a,b).

Theorem 3.1. Let f(z) E S*(o:,a,b), o: > (4/c) llm(a)I, and if for (4/c)
jJm(a)I < (J <awe choose the branch of [zf'(z)/f(z)]P which is equal to l when

z = 0, then the function F13(z) = f(z) [zf'(z)/f(z)]P is in S*(a,b).

Proof. A simple calculation yields

zF13(z)
Fp(z) = J((3,f(z)).

Since f(z) E S*(a, a, b), by theorem 2.2, we have

1z:;二）－卟 = IJ((J,f(z))- al< b,

for (4/c) IIm(a)I < {J < et. Hence F13(z) E S*(a,b).
Now we consider tl1c co11vcrse problem. Given the function F(z) E S*(a, b)

and ex> (4/c) jlm(a)i i、the sol11tion
l . 2

I(z) = { 云1 pl/o(l)l-ldt}°,
of the differential equation

(3.1)

F(z) = f(z)[zf'(z)/J(z)t, (3.2)

with boundary condition f(O) = 0, a function in S*(a, a, b)? The answer is yes,

and our solution provides us with an integral representation formula for functions
is S * (a, a, b).

Theorem 3.2. Let F(z) E S*(a,b) and a > (4/c) IIm(a)I. Then f(z)
defined by (3.1) belongs to S*(a,a,b).
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f(z) is well defined,
regular in E and is in S*(o, a, b). The t I·ec uuque 1s similar to the one employed
in [3, Theorem 5] and is omitted.

consists of showing thatThe proof of this theorem

In this section we obtain an inequality for the coefficients of4.

functions in S*(a, a, b)

S*(ct,a,b) and let s1

Sm = (I - a)(f3m - am) 十 0'1m-I, lm = (a- - (A/酌）O'm + (I - a)趴n+a瓦-1,
1 - (A厐 ），0, t1Let f(z) E4.1.Theorem

{4.1)

m = 2, 3, 4, ... , where O'.m, /3m and ,m are defined by

立l 一 /;: + l)akCLm-k+I,
k=I
rn

L k(m - /;: + l)akam-k+I,
k=l

f k(l.: + l)ak+1am-k+l·
k=l

O'.m

fJm

'Ym

Then the coefficients an satisfy the follo画ng inequality:

n = 2,3,4, ...
n n

2曰2~ 圍2I: 口 ＼
m=l·m=I

I + A w(z)
1 +万w(z)'

Proof. Since f (z) E S* (o·, a, b),

+ Cl [
(:~f'(.z))'

, """ ·-·' '一·
I'(:::) ］(1)

汀'(z)
- Ct

.f(z)

(4.2)

where w is analytic in E, w(O) = 0 a.nd lw(z)丨< 1 in E. This gives

(1- a)[z(f'(z))2 - f(z)f'(z)] + nzf(z)J"(z)
A

－瓦 (z)[a 一 万 汀 (z).f'(z) + (1 - a)z(J'(z))2 + azf(z)f"(z)].

Given f(z) = z + L~2 anzn, we note that

立mZm,
m=l

f尸,n主 J(z)J"(z)
,n=1

f。m尸 ，(J'(z))2
m=l

J(z)f'(z)
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where Gm, /Jm and ,m are defined in (4.1). Thus (4.2) becomes

00 co

(1 - a) L因- am)zm + a L ,mzm+I
m=l m=l

CX) CX) CX)

＝氙 w(z){(I - a) L f3mzm + (a - i O'.mZm + a 芷 'YmZm+I}
m=l

B) L
m=l m=l

which simplifies to

f SmZm
m=l

00

－瓦 (z){ 芷 丘尸｝．
m=l

(4.3)

Now from (4.3) we get

n .-x:, n刁

J L Sm.?m + L I囯 ：：：ml < IBll L lmZ可 ，
m=l m=n+I ni= 1

where hm's are some complex numbers. This yields

n oo n-1L lsml2 十 辶 匹 112::; IBl2 L口2
rn=l m=n+l m=l

or
n n-1
芷 ism 12 ::; !Bf 芝曰2_
m=l ni= 1

The above result is sharp for the function

f。(z) 。
｝tlc
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