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OPIAL TYPE INEQUALITY IN SEVERAL VARIABL瓦S

B.G. PACHPATTE

Abstract. In the present note we establish a new mtegral 1nequality of the Opial
type mvolving a function of n variables and its partial derivative. A corresponding
result on the discrete analogue of the main result is also given.

1. Introduction

The following remarkable inequality

la I z(t)z'(t) I dt~ 差 1a I z'(t) 12 dt, (1)

valid for z(t) absolutely continuous function with z(O) = O was proved in 1960 by z.
Opial [2]·Since that time several proofs of this inequality have been given and analogous
mequaht1es have been established, see [l,p.154-162]. In a very interesting paper [8] G.S
Yang has given a two independent variable analogue of the Opial's inequality given in
(1). Further results on Opial typ·e mequaht1es in two and more independent variables
can be found in the recent papers of the present author [3-6]. The aim of the present
note 1s to establish a new mtegral inequality of the Opial type involving a function of
n variables and its partial derivative. The discrete analogue of the main result is also
given. The analysis used in the proofs is elementary and the results established provide
new estimates on these types of inequalities.

2. Main result

We shall denote by R the set of real numbers and Rn t}1e n-dnnensional Euclidean
space. Let E be a bounded domain in 即 defined by E =
R,x = ( n~1仙 ，bi], For Xi E

互 . . . , Xn) denote a variable point in E and dx = dx1 ... dxn. For any con-
tmuous real-valued function u defined on R we denote by
·b b1

feu(x)dx then-fold integral
, ｀

.fan· · ·f01 u(xi, · · ·, Xn)dx1· · ·dxn and for any x E .Ewe denote by JE.r u(y)dy then-fold
mtegral fXna,. ...启 u(y1, · · ·, Yn)dy1 dyn. We denote by F(.E) the cla.c,s of continuous
functions u : .E --+ R for which D1 Dn ()u x cxJSt and such that

u(a1,X2, ... ,xn) = u(x1,a2,x3 ... ,xn):::: ... :::: u(xI,···,Xn-1,an) 0, (2)

Received September 19, 1989.

7



8 B.G. PACHPATTE

where Di = -j!;: for i = 1, · · ·, n.
Our mam result is embodied in the following theorem.

Theorem. 1. Let u E F(E). Then

L I u(x) 11 Di Dnu(x) I dx :S (L围(x; - 叫）L, 丨D, · · ·Dnu(y) 丨2 dy圧 ）；

X (j I D1 ... Dnu(x) j2 dx) .
E

Proof. For any u E F(E) we have the following identity

u(x) = j 趴 . . .Dnu(y)dy.
E,,

From (4) and by using Schwarz inequality in integral form we observe that

(3)

(4)

lu(x)I~丨I D1 ... Dnu(y) I dy~(Q包-a,)/ (l. 丨D1 ... D0u(y) 12 dy/. (5)
E.r

Now by using Schwarz inequality in integral form we have

丨E 丨u(x) II D1 ... Dnu(x) I dx~([ 1 u(x) 12 心）! (丨~I D1· · ·Dnu(x) 12 心）! . (6)

Using (5) on the right side of (6) we get the desired inequality in (3).This completes the
proof of Theorem 1.

Remark 1. It is interesting to observe that

団 伝－叫）(le, I D, Dnu(y) 丨2 dy) dx

s (上且(x, - 叫）dx) 寸~ID, Dnu(y) I'dy)

＝圭庄 - a,)'丨~ID, ... D.u(x) 12 dx.

Now using (7) on the right side of (3) we have the following inequality

(7)

1 n

LI u(x) 丨ID, ... D.u(x) I dx~ 譚 ，gcb; _ a;) L 丨D, · · ·D.u(x) 12 dx. (8)

If we take n = l in (8) and denote a1 = a, 柘 =band D卫 ＝叭 xi = x, then the
inequality (8) reduces to the following inequality

[ 1 u(x) 11 u'(x) I dx~ ~丑 ')_l回(x) 12 dx (9)
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Here we note that the constant appearing in (9) is larger than the constant obtained in
Opial's inequality in (1). The main reason for it is the wastage involved in proving the
much more general inequality given in (8). The main step in the proof of inequality (8)
there is a significant wastage at (7) which prevents to get the sharp constant in inequality
(8) and hence in inequality (9).

3. Discrete analogue

Before starting the discrete analogue of our Theorem 1, we first introduce the ha­
sic notations and definitions used in this section. Let No = {O, 1,2, · · ·}. For x =
(xi, ... , xn) E N0 and z : N0 一 R, we define the difference operators

V1z(x1, x2, · · ·, Xn) = z(x1, x2, ... , Xn) - z(x1 - 1, x2, ... , Xn),

"vnz(x1, ... ,x户 1, Xn) z(x1, ... , Xn 一 1,卣- z(x1, ... Xn-1, Xn - 1).

Similarly, we define

V1V2z(x1,x2, ... ,xn) ='v1[z(x1,x2 ... ,,xn) - z(x1,x2-l,x3 ... ,xn)].

and so on. Let B be a bounded domain in N0 defined by B = CT7=1[0, ci]. For any
C1

real-valued function z defined on B we denote by 严 z(x) the n-fold sum L
B x1=l

％
X1

芷 z(x1, ... , xn) and for any x E B we denote by I:z(y) the n-fold sum L ...
x,.=1 Bz Y1=l,nL z(yl,···,Y註 We denote by G(B) the class of functions z : B -+ R for which
y,.=1
V1 ... v'nz(x) exist and such that

z(O, x2, ... , Xn) = z(x1, 0,互 ...'Xn) z(x1, ... , Xn-1, 0) 0. (10)

We now state our result to be proved in this section.

Theorem 2. Let z E G(B). Then

LI z(x) I I'vi ...'vnz(x) 丨
B

n .l.

< (I:(Il司(I: I'vi 団z(y) 12)丫 (I: I'vi !
...'vnz(x) 12) .

B i=l Br B

(11)

Proof. For any z E G(B) we have the following identity

z(x) = LV1 ... Vnz(y).
B.,

(12)
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From (12) and by using the Schwarz inequality in summation form we observe that

n l.

lz(x) I~ 辶 I V1. ·. Vnz(y) I~(IJ Xi) 2 (辶 I V1 隔z(y) 12) t. (13)
Bx i=l Bx

Now by using Schwarz inequality in summation form we have

Llz(x)IIV1 ... Vnz(x)I:::; (芷 I z(x) I引 （芷 I Vi 立屯）12) ! . (14)
B B B

Using (13) on the right side of (14) we get the required inequality in (11). This completes
the proof of Theorem 2.

Remark 2. It is easy to observe that

n n

瓦 (Il司 (LI'vi···'vnz(y) 12) :S (L(Il司）(L I'v1· · ·'vnz(y) 12) (15)
B i=l B:r: B i=l B

1 n

＝ （在 IT ci(ci + 1)) (LI'vi ...'vnz(x) 12)
i=l B

Now using (15) on the right side of (11) we have the following inequality

~I z(x) I I Vi ...'vnz(x) I<; (圭且 c,(c.+ !)) !~I'vi ...立z(x) I'. (16)

If we taken= I in (16)'and denote c1 = m, V1z = Vz,x1 = x, then the inequality (16)
reduces to the inequality

m
1芷 I z(x) 廿 'vz(x) I::; (-m(m+ l))i立 丨'vz(x) 12.
2

,=O x=O
(17)

Here we note that the constant appearing in (17) is larger than the constant obtained in
the discrete analogue of the Opial's inequality given by J.S.W. Wong in [7). The main
reason for it is the wastage at (15) in the general case of the proof of inequality (16).

In concluding we note that the inequalities established in Theorems 1 and 2 are
different from the Opial t·ype mequalities in two and many mdependent variables recently
established by the authors in [3-6, 8]. We believe that th·e mequaht1es obtained in this
paper are new to the literature.
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