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NONNULL DISTRIBUTION OF LRC FOR TESTING HOMOGENEITY
OF COVARIANCE MATRICES OF COMPLETELY
SYMMETRIC GAUSSIAN MODELS

A.K.GUPTA, D.K.NAGAR AND VIPIN TAYAL

Abstract. The nonnull moments of the likelihood ratio statistic for testing equal-
ity of covariance matrices of completely symmetric Gaussian models are obtained
in terms of the Lauricella’s hypergeometric functions and also in terms of zonal
polynomials. Then the nonnull asymptotic distribution of the statistic is derived
under certain alternatives for unequal samples.

1.Introduction

Let X,..., X, be random vectors of order px 1 which are distributed independently
as multivariate normal with mean vectors p,..., ¢ and positive definite covariance
matrices 3°,..., Y respectively. Further, let ) = oi[(1 = pi)I, + piee’] and p, = pie,

1 m i -

where ¢?(> 0), p; and p; are unknown scalars, 2 = 1,---,m; Ip is the identity matrix
of order p and ¢ = (1,---,1),x1- In the literature such a model is known as completely
symmetric model.

Consider the null hypothesis

Ho: Y =...=) =0*[(1—p)p +pee'] (1.1)

against the general alternative.

Krishnaiah and Pathak (1967), Han (1975) and Gupta and Nagar (1986. 1987)
considered the problem of testing homogeneity of covariance matrices under the intraclass
correlation model and have derived the null and nonull distributions of the test statistic
(also sce Gupta et al. 1975). Tayal et al. (1989) have derived the distribution of the
likelihood ratio test statistic under Hy.
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In this paper we consider the problem of nonnull distribution. The nonnull moments
of the likelihood ratio test statistic are derived in section 2 as a product of two Lauricella’s
hypergeometric functions, and also in series involving zonal polynomials when the sample
sizes are equal. In section 3 and 4, the asymptotic nonnull distribution of —21n A has
been derived for certain alternatives.

2. Likelihood ratio statistic and its moments.

Suppose independent random samples X, i1y -+, X;n, of size N; are taken form the
® population, i = 1,-- -ym. Let @ be a p X p orthogonal matrix with first row &' [+/P;

then QEQ’ = diag(a;,b;,---,b;) = Z and y; = = Qp, = piQe = \/puie;, say, where
d; = o} {1 +(—1pi], b = 02(1 - p;) and e; =(1,0,---,0),x;. The null hypothesis of

testing homogeneity of covariance matrices is equ1valent to Hy:ay = = @y, = @b =
= by = B
* N;
Let Y, =QX;,,u=1,---,N;, then Y;, ~ N(y;, Z) Further let, Wy; = 3 (yiu—
u=l
N;
Yi1-)?, Wa; = Z Z: Vs Wa = Z Wii,and W, = Z Wai, where yi1. = 5= 3 %i1u, Yiju
j=2u= i= u=1

being the j* component of Y;,
The likelihood ratio statistic can easily be written as (see Tayal et al. 1987),

where

m
wy fwle
Al = FEoy N/2 : (22)
Tl (ZWh)W2

[No(p — 1)]Nolp=1)/2 [I w172
e (2.3)
[N (p — 1))V 1)/2(ZW ) Noto= 1)/2°

=3

3

and Ny = E Nj. Further, A; and A, are independent. We now derive two results giving
=1
the nonnull moments of A; and Aj respectively.

Lemma 2.1. The h** nonnull moment of Ay defined in (2.2) is given by

By = [go—r]" . o —m)/2
1 L[{No(1 + k) — m}/2]
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ﬁ[-F[Ni(l +h)/2 - 1/2](7110?1)(M_1)/2]
o Ll(v: —1)/2]
| 1 1 1 i
- FP((No ~m); sM(L+B) = 2., 5 N(1 +h) -
1 i
§N0(1+h) == §m,1 T]1a1 yory l—ma,, ) (24)
where |1 —.771“{_1| <l,i=1,---,m and an) is the Lauricella’s hypergeometric function
(Slater, 1966).
Proof. Since Wii/ai,...,Wim/am are independent chi-squares W1th Ny —1,.
N, — 1 d.f. respectively, we get the h* nonnull moment of A; as
NNo/2 .y m .o 1N:hj2
s = [ [ [k
H N /2 wi11>0 wim>0,;_1 Zwli
= 1=1
m i(N;i—-1)-1
wy; exp{—w1i/2a;}
. : 3 : dwn .o dwlm. (25)
I [ Goeyo=nrari(; = 14 |

m
Replacing [} wi;] ~Noh/2 by an equivalent gamma integral. namely
i=1

1=1

m e o] m
Iw(Noh/Q)QNohlz[Zwli]ﬂvoh/z = / exp[_ (Z wu)x/Q] . gNoh/2-1 4,
0 =1

for Re(Noh/2) > 0, changing the order of integration and integrating out w;,

-y Wim,
we have
il T[N:(1+R)/2 —1/2]
Y e SN0 -1
E(Al) - [ﬁNt ] [F(NOh/2) H[ (N _1)/2F[(N 1)/2]]
1=]
/00 xNohlz—l ﬁ(.’l?+a;1)_[Ni(l+h)/2_1/2]d.’E. (26)
0 g=1

Substituting v = 1/(1+ n1z) in the above integrand and using (2.1) of Gupta and Nagar
(1987), we can easily get (2.4).

Lemma 2.2. The h** nonnull moment of Ay defined in (2.3) is given by

E(A}) = [miévi]"(’"” [[No(p — 1)/2] H[ 0(p = 101+ 1)/ 2ok )V

HN{N;/z I'[No(p — 1)(1 + h)/2] [[N;(p—1)/2]

)] 1 1
. F§ )(iNo(p~ i gNi(p = 1)1+ k), -, 5 Nm(p = 1)(1 + h);

1
5No(p = D(1+h); 1= mab", -, 1= mabil) 2.7)
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where [1 — b7t < 1,i=1,---,m
Proof. In this case Wy /b1, ..., Wap /by, are independent chi-squared variates with
Ni(p—1),...,Np(p — 1) d.f. respectively. Therefore the h'® moment of A, can be

obtained as in Lemma 2.1.
From Lemmas 2.1 and 2.2 and independence of A; and As we obtain the following

result.

Theorem 2.1. The h** nonnull moment of the ifest statistic A defined by (2.1) is
given by

Ny N2 T[(No — m)/2]T[No(p — 1)/2]

[] NN:eh/2 " T[{No(1 + h) — m}/2]T[No(p — 1)(1 + )/2]

E(AM) =

T[R4 A2 — 120 D DM = 1L+ Wb 02007

1 I‘[(N- ~1)/9] L[Ni(p—1)/2]
.F<'“>( 5(No — m); N1(1+h) le(1+h)— %;
—2“No(1+h)_ E; 77101 3 1—'771‘1_1)

1 !
- FgP (5 No(p — 1); 5N1(p— D +h), -, 5Nm(p — (1 + h);
1
gNo(p = D)1+ h); L= maby?, -, 1= mobrt) (2:8)

where |1 —ma;'| <1 and |1 —ned7t|<1,i=1,---,m

When N; = N, i = 1,---,m, the h** nonnull moment of the test statistic A can
be written in terms of zonal polynomials by substituting equivalent representation of
Lauricella’s hypergeometric function (see Gupta and Nagar, 1988a; eqn. 2.4) as

Np-1)Q1+ h)]
2

b N [%(1 +h) - -21-]r"*[
N-1, . Np-1
r[X=dym e
: |771A_1 I(N—l)/2| n2 A-—l lN(p—l)/Z

3T Y GNa 8- ) (= PAER)

k=0j=0 K
_Cx(Im—ThA1 ) Ci(Im —mA3")
k! T
| 'r[%(N_1)+k]F[——mN(§—1)'+j] -
e L e |
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where A; = diag(as,...,an); Dg = diag(by,...,bn); ||[Im — mA7| < 1;i=1,2, and
Cx(S) is a zonal polynomial (see James, 1964) of order k in the latent roots of the m x m
symmetric matrix S; x = (k1, ..., km), k1 > 2 kn 20,k + ...+ kp = k.

3. Asymptotic nonnull distribution for unequal samples

In this section we derive the asymptotic nonnull distribution of a mutiple of —2In A

when the sample sizes are unequal. Let d; = ITJ", i=1,.--,m,
. (11p—9) d=1 —
- —glm—1 3)|, No= Mg+ 2éo.
%o 12(m — 1) [ 2(p—-1) (Z (m )(m +3)|, 0 0 0

NyT = Mj, and consider the alternative hypothesis

- 2p; _ 2¢;
-1 ) .
: 1= T = ;1—mn b — I s -t N MELT 8 3.1
Am, : 1—ma; My Up diMo(p— 1),z m (3.1)
Under Ajpyg,, the characteristic function of W = —271n A is derived from Theorem 2.1 as
2pz ) 3Modi+dido—3 og,  (ile+iMadi)p=1)
ewif) = Pald) H -3 b~ tolr=1) }
s BN iy D AR iyl — e , Sl
2t 2 2 202 2
1 m_ 2p 2pm
E W - ’
o Mof+ 60— 33 diMy’ deo)

my (¢ 1
- FS™ (5 Mo+ 80)(p — 1); (5 Mods0 + di60)(p = 1)(5 Modm0 + dmb0)(p — 1)

i 2¢1 2qm ‘
=Mob + 6o)(p — 1); 5o 3.2
where § = 1 — 2wt, w = v/—1 and g, (t) is the characteristic function of —271n A when
the null hypothesis is true and can be obtained from (3.1) of Tayal et al. (1989) by
putting h = —2wrt. The asymptotic expansion of ¢y, (%) is given below:

Lemma 3.1. Let N; =d;No, d; >0,i=1,---,m with }:d = 1. When Hy 1is true
=1

the characterisiic function of W = —27In A, can be crpanded as
pro(t) = 0712[1 + {67 — 1) + O(M;") (3:3)

where f =2(m — 1), and

_ %Zd_ 3 m(m+16)(m+2)_2fégl. (3.4)
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Proof. See Anderson (1984, p. 311).

The asymptotic expansions of the Lauricella’s hypergeometric functions involved in
(3.2) are also given in the following two results:

m
Lemma 3.2. For N; = d;No, d; >0,i=1,---,m with 5. d; = 1, the asymptotic
=1
expansion of Fl() ) involved in the characteristic function of —271In A s

z'gmk%MoHD o 2M0d19+d160 ;,---,%Modma
+ d, 00 — ; %M00+50f% dfﬁo : ’d,anA";o)
= exp(; )1+ MLO{AO + A167Y) + O(My )] (3.5)
where . .
4o = (260-m)(Xp) + ()’ (3.6)
and B -

Av=m(Qop) = Qop) + 3o (ob/di) = Y (pi/d). (3.7)

Proof. Expanding FI(;") in the series form using (2.2) of Gupta and Nagar (1987).
one has

m 1 1
F( )( - My + 6p — T2n, 2Mod19+d160—§ s
I 11 m 21 opm
2M0dm0+dm60 2,2M09+60 2 dIMD ”.’deO)
- 2 2 \Ti
= Y36, t)H{( Sar) Iy (3.8)
r=0 R

where R = (ry,...,

Tm),T1+...+7m =7, Y denotes summation over all such partitions
R
and

M()—-m +60
Gi(R,t) = H{( Mod6+d60—_) }(1((MO ))+5)) .

Expanding logarithm of G1(R,t), and converting back we get

. o | 2 ri(2d;60 + 1 — 2) y

Gu(R,t) = 67" [[[(Modi8/2)" 1+§:r( L O(M:?

1( ) [i=1( 0 /) ]{ = M()dig' + ( 0 )}
.{1+r(260—m+r—1)

- (1-07Y + 0z}, (3.9)
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Substituting G; (R,t) from (3.9) in (3.8), using multinomial summation formulae and
summing over r one can easily get (3.5).

m
Lemma 3.3. For N; = d;Ny, d; >0,i=1,---,m with ) d; = 1, the asymptotic
t=1
expansion of Fl()m) involved in the characteristic function of —27In A 1s

<"‘>(( =Mo + 60)(p — 1); ( Mody6 + dy60)(p — )“-,(%Modm0+dm50)(17—1);

2q}. 2q"1
Mol + 6 - 1); gomy
(2 ° 0)(p—1) diMo(p — 1) dm Mo(p — 1))
= e A e o grget -2
= exp(;qz) (14 3 o+ 4107 + 005 (3.10)
where
N = g | 3.11
Ap 250(;<I) s (p—l)(?;;q) ( )
and .
/ 2
Ay = 2d) - (D) ] (3.12)
i=1
Proof. Similar to the proof of Lemma 3.2.
Lemma 3.4. For large My, we have
1
H{ 2pi lMod.-+d.-50—§(1 _ 2q; (EMOdi + dibo)(p - ])}
d Mg d'Mo(p == 1)

= exp[- Z(p,: +a)] - |

) 241{250(10— 1)+ % }
+Zp,{2ao+ 1)}}+0 ).

(3.13)

Proof. Expanding the logarithm of

2pi \iModi+diso—} 2g; (3 Modi+d;bo)(p—1)
] — —=)2 7 [p— S i i%0 }
H{( diMO) ( diMo(p — 1))
and converting back, one can easily get (3.14).

Substituting (3.3), (3.5), (3.10) and (3.13) in (3.2) and inverting the resulting ex-
pansion of the characteristic function, one gets the following result:
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Theorem 3.1. The asymptotic expansion of the distribution of W = —27In A under
the aliernative hypothesis stated in (3.1) is give by

PIW <ul = PG Sul+ 37 {PIxfsa S vl = PG Sul} + 00" (319)

where

C = [Zf’*)~m Zp,)+ Zp,) -(sz) (Zqz Z(q, )| (3.15)

and x2 is the chi-square variate with v d.f.

4. Asymptotic nonnull distribution for equal samples

In this section we derive the asymptotic nonnull distribution of —2In A when the
sample sizes are equal. Let W = —(2M /N)In A where M = N — 26 (6 is a constant to
be specified later). Then the characteristic function (%) of W is

o(t) = @1(t)-0a(?) (4.1)
where ©1(t) and @s(t) are the characteristic functions of —(34)InA; and —(23¥4)In A,
respectively. In this section we derive the asymptotic distribution of W by using the

asymptotic expansion of ¢(t) as M — oo, for the following sequence of alternatives (see
Khatri and Srivastava, 1974; Gupta and Nagar, 1987)

2P 25
) I—mATt = = P el o st
" . 2Q _ 2P,
I—np7lA, = == I—nA;Y = ———
(]l) 171 1 M ) 772 2 (p - ].)M
" 2Q, 2Q)2
I-nit'A = =% I-9'Ay = ——
(iii) n Ay i A = DN
. ” 2P 2Q-
v) I-mA7! = ; It By = e
(1 ) Uit 1 M 7)2 2 (p _ ].)M
where P, Py, @, and Q, are fixed matrices.
Case (1):
2P, 2P.
I—mA7l = I—mpA;t = —2—
WS =g T T T

Following the approximation procedure described in Gupta and Nagar (1987) (also see
Khatri and Srivastava, 1974; Gupta and Nagar, 1988a 1988b) we obtain the asymptotic
expansions for the characteristic functions ¢;(t), j = 1,2 as follows:

(4)
?i(t) = o—<m~1>/2[1 L0711

+2= (B9 + BO0 4 BP0 1o, j=12 (42)
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where ; 24 s P)2
AW = ——(cS_——)(m—l)-+—m6 : +trP12—£—£—l——-—
m2 2
@ _ L o Ly _ —1 2 (trP1)%2
B; 2[ (6 )( 1)+ Bra + tr P} — 1"+ m

SRR o s byer
1 m? —1 teP;)? 2
BY =~ [{~@-pem-n+ Zt - B
2
+4(5 ){“fpl) —upp) 4 AL LR) p
[—-————-m —trPl]]
B = — (B + B{")
3 1 1 1
= g [~om¥(f = 5)2("1 — 1)+ gm(6 - F)(m* = 1)]
2 _ 2
A — b iy s P e P
: 2 _ 2
B =%[—-5(p——1)(m—1)+m 1+trP22_(trP2) ]2+T2
3
AP o) oo - p[CEE g
V m2 -1 (tI‘Pg)z 2
B® = - [{ = 6(p—1)(m — 1) + ——— + tr P} — 2}
2
+45(p )[(trPg) tI‘PZQ] + 4(tI'P2){(tl' Pg) . tl'Pzz}
m m
2 (tl‘Pz)
o
B — - (54 5?)
2 3 1
e =g [—-2-m252(p - 1Y*(m~1)+ Emé(p ~ 1)(m? — 1)]

Multiplying ¢;(t) and (pg([), we get the characteristic function ¢(t) as

1 ;
p(t) = 0~ (m=1[1 - (a— ~ 1) +5m {To+Ti07 + 12072} + O(M %))
where
1 (m?-1)p , (tr Pp)?
C = —[-26(m—1)+ =(m - P k) - =
[—26(m )+2(m 1)+6m(p_1)+(tr11) g

21

(43)
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Now choose § such that —26(m — 1) + 1(m — 1) + %%%% = 0, giving é§ = '—"123,;—(—%3_%)2. .
For this value of 6§, C, Ty, T1 and T3 are given by

!
C =C + Cl
p—1
1 _l 2 :1_ }_ 4 / 26 /
To = ZC +302+2(5——2)C1+ 3(p 1)202 ])C’ +r
| 4(trP1) 46
. ~2 = = /
Ty = - {C?+4(s S)C1+ B4 Cl+( —5 ¢
Atr Py) s
T =12 = 1)201}
Ty = —(To+T1)

where Cy = L(tr Py)? — (trP?), C} = L(trP2)? — (trP2), C; = L5(trP1)3 — (trP),
Cy = L (trP)? — (trP3), and r = 26%(m — 1) — L)_(_lm—lsim'*'l )

Inverting (4.3), we get the asymptotic distribution of W as

: C
PIW < w] = Plxj <]+ 3:{P[x} < ul - Plx}4z < ul} (4.4)
1. iy
+ 2 {ToPIX} < w]+ TiPIX} s < w] + Tolx]pe < wl} +O(M ™)
where f = 2(m — 1)
Case (ii):
2Q: . 2P,

I—g7lA; = A —_—

e T N ]

Replacing P; by —Q:1(I + %) in the coefficients in (4.4) and rearranging certain terms,
various coefficients for this case are

1
C = C* -+ —Cl
Y-t
. 1 1., 8. 4 N
I = 502 +2(6 - ‘2‘)01 i 502 - ‘T;(trQl)C1
4 , 26 g
-0t e 1)C
* * 2 *
T = - {02+4(6— 2)Ct ~ S QUCT + 2C;
. 4(tr P) 2
4 v s 74
+ Cz + Cl (p__ 1)2 m(p 1)2(’ }
T = — (To +T1),
where 1 1
C} = —n;(trQl)z -trQ}, C)|= R(ter)z —tr P2,
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g 1
C; = m(tl‘Ql)B oo tI‘Q? and Cé = ;lg(trpz)s - t].‘pzs.

The asymptotic distribution in this case is given by

PIW < ] = P <l + 22 { P} < ul — Pl4a < ul} (45)

1 _
+ 37 {ToPIxj < ]+ TiPlxjyz < vl + TaP[Xj s < w]} + O(M™).

Case (iii):
20, 1A, = 2Q2

—n7iA, = I-— = —
™ b M) M2 (p—l)M

The asymptotic distribution is given by (4.5) by replacing P; by —Q2(I+ TQI—W)

Now the coefficients for this case are given by

€ =1Cy + cy’
(- 1)
i 1. . 4 . 8 .
Ty = 5[01 o= )C ] +2(6 - 5)01 e E(tf Q1)CT + 502
26 */ 4(tr Q2) */ 8 */
n = -{c1 + —1—0*] +a(6 - Hor = L @uer + 30* +4C;
I (p——l) 1 9 1 m 1 1 2
46 */ 8(131‘ Q2) */ 2 s
oo ~ mGm 1P * iy + G i )
Ty = — (To+T1)

1
where Cf = -n—l(tr 1)~ Q@ C}'= ;ln-(tr Q2)? —tr Q3,
_ 1 3 3 */ 1 3 3
= m(tr Q1) —tr @y, and C3 = -7-n—2(tr Q2)° — tr Q5.

Case (iv):
- 2P 2
I-—”IAII = M ) I 7721A2— ( __QIZ)M

The asymptotic distribution is given by (4.4) by replacing P2 by —Q2(I+ Wz_lez)
where now,
!

C= z
C, + s ——l)C
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1 26
T = gl C+26— Gl F "
0 2[ R e 5 (o ) ] g = 2 ( ) 1w (1)
4 8 x1
i — l)z(ter)C Wcz
- 2 1 4(trP) 46 i
T = “{[Cl+( 7o 7' +4(5——2')C1 ——2C + _LCL+(1)——1—SC

8((31‘@2) */ 2 o114 4
TP P oG T oy

Ty = —(Tp + T1) and Cy, C}’, C3, C4' and r are defined above.

G5’}
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