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NONNULL DISTRIBUTION OF LRC FOR TESTING HOMOGEN囝ITY
OF COVARIANCE MATRICES OF COMPLETELY

SYMMETRIC GAUSSIAN MODELS

A.K.GUPTA, D.K.NAGAR AND VIPIN TAYAL

Abstract. The nonnull moments of the likelihood ratio statistic for testing equal一
ity of covariance matrices of completely symmetric Gaussian models are obta.ined
in terms of the Lauricella's hypergeometric functions and also in terms of zonal
polynomials. Then the nonnull asymptotic distribution of the statistic is derived
under certain alternatives for unequal samples.

．1.Introduchon

Let 趴 ，．．．，辶 be random vectors of order px 1 which are distributed independently
as multivariate normal with mean vectorsµ, ... , µand positive definite covariance-1 -m
matrices L, ... ,严 respectively. Further, let 芷= <r;((l - Pi)Ip + Pi~f'] and l!:i =µi~,

1 m i
where <r[(> O), Pi andµi are unknown scalars, i = 1, · · ·, m; Ip is the identity matrix
of order p and~= (1, ... , l)~xl. In the literature such a model is known as completely
symmetric model.

Consider the null hypothesis

Ho: L=···= 芷 ＝司(1 - p)Ip + p~~'] (1.1)
1 m

against the general alternative.
Krishnaiah and Pathak (1967), Han (1975) and Gupta and Nagar (1986. 1987)

considered the problem of testing homogeneity of covariance matrices under the intraclass
correlation model and have derived the null and nonull distributions of the test statistic
(also see Gupta et al. 1975). Tayal et al. (1989) have derived the distribution of the
likelihood ratio test statistic under IIo.
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In this paper we consider the problem of nonnull distribution. The nonnull moments
of the likelihood ratio test statistic are derived in section 2 as a product of two Lauricella's
hypergeometric functions, and also in series involvin Ig zonal po ynomials when the sample
sizes are equal. In section 3 and 4 th, e asymptotic nonnull distribution of -2 ln A has
been derived for certain alternatives.

14

The null hypothesis of
=a; 柘 ＝

2. Likelihood ratio statistic and its moments.

Suppose independent random samples X ...
·th _ i1, ,4 iN; of size Ni are taken form the
z population, i = 1, · · ·, m. Let Q be a p x p orthogonal matrix with first row e'

～
＊

／淫
then QI:Q'= diag(ai,bi, ...

i
, bi) = L and~i = Ql:!i =µ卒 ＝謹µi~1, say, where

｀ai = cr;[l + (p - l)pi), bi = u;(l - pi) and~1 = (1, 0, · · ·, O)~xl.
testing homogeneity f·o covariance matrices 1s equivalent to Ho : a1 = ... = am
· · ·= bm = b.

＊

Let辶=Q.,Yiu, N;
u =I,···,Ni, then辶 ""N(焊 I:). Further let, W1i = L (Yiiu

i
p N; u=l

Yil 尸 ，W2i = L L Y1ju, W1 = f叭i,and W2 = f W2i, where Yil·= ...L 凡
j=2 u=l i=l N; L 如u, y尹

i=l u=l
being the Ph component of Y.-iu·

The likelihood ratio statistic can easily be written as (see Tayal et al. 1987)

(2.1)A1·A2A

(2.2)

No/2 m N;/2
N。 nwlii=l

0 N(d2冷W1i)芯/2
•=l i=l

A1

where

(2.3)

凶(p - 1)]凶(p-1)/弔w;tcp-1)12

m 屯TI [Ni(P - l)]N;(p-I)/2(I:W2i)N心-1)/2'
i=l i=l

A2

m
and No = L Ni. Further, A1 and A2 are independent. W

i=l e now derive two results giving
the nonnull moments of A1 and A2 respectively.

The hth nonnull moment of A1 defined in (2.2) is given byLemma 2.1.

獯的 -m四
f[{N0(1 + h) - m}/2]
·

h

_2／百
I

r_．
L

E(At)
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．屆 r[N,{1 + h)/2 - 1/2]{ry1a鬥）(N,-1)/2

1 . r[(Ni - 1)/2) ]

呤:11\!(No - m); !酌 (1 + h) - ! .. ·!Nm(l + h) - !
1 2 1 2 2', 2 . 2'

芒 (1 + h)-2m; l-7J1a尸，···,l-771a記） (2.4)

where ll-TJ1a尸 l<l i=l (m), ，m and FD is th Ie .,auricella's hypergeometrzc function
(Slater, 1966).

Proof. Since W11/a1, ... , W1m/am are independent chi-squares with N1 - 1, ... ,
Nm - l d.f. respectively, we get the hth nonnull moment of A1 as

E(A~) = [ :f•i'r丨 ．．．丨 m wli N品/2

TI Nt;/2 II仁 ］wu>O w1,.,.>0 i=l I:黯
i=l i=l

. ft尸l.(N;-1)-1
exp{-w1i/2ai}

i=l
(2ai)(N;-l)/2r[(Ni - 1)/2] ] dw11 ... dw1m·

m
Replacing [ I: ] -N沾/2W1i by an eqmvalent gamma mtegral. namely

i=l

(2.5)

m

f{N沾/2)2凶h/2巴wi;rN註1'= 1.= exp[ -音i;)x/2]·X凶h戶1dx

for Re(N,沾/2) > 0, changing the order of integration and integrating out w11, ... , w1m,
we have

m

E(A~) = [
N芯/2 h

n淬;/2

m O ] [f(N硃12)1_1 IT [ r[Ni(l + h)/2 - 1/2]
i=l a~凡-l)/2r[(Ni - 1)/2]]

i=l.「XN硃/2-1 Il(x + a;l)-[Ni(l+h)/2-1/2]dx.
。 i=l

(2.6)

Substituting u = 1/(1 + r,1x) in the above integrand and using (2.1) of Gupta and Nagar
(1987), we can easily get (2.4).

Lemma 2.2. The hth nonnull moment of A2 defined in (2.3) is given by

E(A的 ＝ ［N{。/2 h(p-1) r[N心- 1)/2] m r[Ni(P - 1)(1 + h)/2](r,2b;1)凡(p一 1)/2
frNt;) f[No(p-l)(l+h)/2]!][ f[N,(p-1)/2] ]

i=l
. p(m) 1

D (
1 1

芒 (p -- 1); 2聞 (p - 1) (1 + h), · · ·, 2Nm (p - 1) (1 + h);
1
芒 (p - 1) (1 + h); 1 - 7]2 b尸，.. ,1- 瘧記） (2.7)
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whe元 11- 磁尸I< 1, i = 1, ... , m.

Proof. In this case W2i/柘，. . . ,W2m/bm are independent chi-squared variates with
嵒(p - 1), ... , Nm(P - 1) d.f. respectively. Therefore the 研 moment of A2 can be
obtained as in Lemma 2.1.

From Lemmas 2.1 and 2.2 and independence of A1 and A2 we obtain the following
result.

Theorem 2.1. The hth nonnull moment of the test .<;iatis·tic A defined by (2.1) is
given by

N四h/2
E(A勺 = 0TI N{;ph/2

i=l

f[(N0 - m)/加No(P - 1)/2]
f[{No(l + h) - m}/2]r[No(P - 1)(1 + h)/2]

·前 閼(1 + h)/2 - 1/2](ry1a尸）(N;-l)/2 f[Ni(P - 1)(1 + h)/2](祜 一1)N;(p-1)/2

i=l r((Ni - 1)/2] f[Ni(P - 1)/2] ]
1 1 1 1·F(m)(-(No - m); - 的(l+h)-- ... -Nm(l+h)--·1

D 2 2 2'1 2 2'
1 m
＿的 (1 + h)- -· 一 1
2 2' 1 - T/1 a 1 , · · ·, 1 - ry1 a計）

. F'.护c!凡(p - 1)· 坏r1 (p - 1) (1 + h), · · ·!Nm (p - l) (1 + h);2'2'2

；凶 (p-l)(l+h); 1-瘧；1, ... , 1 - 瘧記） (2.8)

where 11 - T}1a;-1 I< 1 and 11 - 瘧2一 11 < 1, i = 1, · · ·, m.

When Ni = N i = l , m, the hth nonnull moment of the test statistic A can
be written in terms of zonal polynomials by substituting equivalent representation of
Lauricella's hypergeometric function (see Gupta and Nagar, 1988a; eqn. 2.4) as

E(A勺
NmmNph/2f可—(1 + h) - -1 N(p - 1) (1 + h)
2 2]rm [ 2 ]
N -1 N(p-1)

r [ 2 ] rm [ 2 ]

. I TJ1A11 l(N-l)/21 TJ2A21 IN(p一 1)/2

荳 瓦芷(iN(l + h) -》,c (N(p - 1) (1 + h)
k=O j =O IC J 2) J

C,c(Jm - TJ1A尸）．島Um - TJ2江 ）
k! j!

r[罡 (N - l) + k] r [ mN(~- 1)·+ j]
mN(l + h) m

r[ --+k]r[
mN(p - 1)(1 + h)

2 2'> + j]
(2.9)
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where 61 = diag(a1,···,am); 缶 = diag(b1, ... ,bm); IIIm - T/i6;1II < 1; i = 1,2, and
佤 (S) is a zonal polynomial (see James, 1964) of order kin the latent roots of them x m
symmetric matrix S; ,c =·(k1, ... , km), k1~ ···~km~0, 柘 十 . . . +km= k.

3. Asymptotic nonnull distribution for unequal samples

In this section we derive the asymptotic nonnull distribution of a mutiple of -2 lnA
when the sample sizes are unequal. Let di =為 i = 1,· ··,m,

ho = 1 [(llp - 9\立 ，一1 3
12(m - 1) 2(p- 1)

-1)- 2(m- l)(m+3)],
i=l

No = Mo + 2fJo.

N。r = Mo, and consider the alternative hypothesis

AM0 : 1-'f}1a尸 ＝ 2pi -1
一. . , " . 一
diMo' 1 1/2bi

2qi
diMo(P - 1)'

i = 1,···,m. (3.1)

Under AM0, the characteristic function of W = - 祈ln A is derived from Theorem 2.1 as

t.pw (t) = /{)Ho (t) ft { (1 忥0) }Mod;+d;f!o-} (l _ 2qi }
(d;6o+}M乩）(p-1)

"" .'"

i=l diMo(p- 1)
1 m 1 1 1 1. p(m) (

D -Mo 十妮- - ; -Mod1B 十硒 --···,-M心 B + dm8o - -·2 2 2 2'2 2'
1
-MoB 十如－一

m 2p1 2pm
2 ）2'd凶 ＇．．．＇心 Mo

1 1 1. Fi严 ((-Mo+ 8o)(p - 1); (-M。d1B + d面）(p- 1)(-M上0 + dm8o)(p - 1);
2 2 2

(!MoB+bo)(p-1)·2q1···2qm)2',1 AJI- 1、'',J A,f_f- 1、 (3.2)

where O = I - 2wt, w = .../可 and 釘Ho(t) is the characteristic function of 一祈 lnA when
the null hypothesis is true and can be obtained from (3.1) of Tayal et al. (1989) by
putting h = -2wrt. The asymptotic expansion of IPH。(t) is given below:

m
Lem1na 3.1. Let Ni= di No, di > 0, i = 1, · · ·, m with I: di= 1. When Ho is true

i=l
the characteristic function of W = - 祈In A, can be expanded as

鷗 (t) = 0-112[1 十蓋 {e-2 - 1} + O(M0-吖］

where f = 2(m - 1), and

咋＝氐 di2 _ m(m + l)(m + 2)
6 - 2J6名］．

i=l

(3.3)

(3.4)
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Proof. See Anderson (1984, p. 汩1).
The asymptotic expansions of the Lauricella's hypergeometric functions involved in

(3.2) are also given in the following two results:

18

m
Lemma 3.2. For Ni = diNo, di > 0, i = l, · · ·, m with L di = l, the asymptotic

i=l
expansion of .F'hm) involved in the characteristic function of - 祈In A is

1,,(m)(1 m 1 1n 2Mo + 80 一— ; -Mod10 十陋 - - .. . -
1

, M。曰2 2 2'2
1 1

十心 80 - -; -M,。() + 8。 m. 2p1 2pm
. ••一 一" . • ••• " " . .. _ .一

2 2 _ 2'd凶 ' '心M』
(3.5)

m

= exp(芷Pi) [1 +立 {Ao+ A1e-1} + O(M尸 ）］
i=l

訌`i=l

m

(2oo - m)(芝幻
i=l

A。
where

(3.6)十

(3.7)
m m m m

Ai= m(L幻 -(I:幻 2 十 L(Pl/di) - L(Pi/di)
i=l i=l i=l i=l

and

Proof. Expanding Fhm) in the series form using (2.2) of Gupta and Nagar (1987).
one has

(3.8)

F护 (!Mo+ 80 - 置五。d10 + d函－！ ，2

軻dmO+d証,-ti汩+60 - 罡)6,, 忥 ）
oo m

I:I:伍 (R, t) fl { (疍 r;因｝
r=O R i=l

where R = (几 . . . ,rm),r1 十．．．十店 = r, L denotes summation over all such partitions,
R

and
1

m (II昺Modi()+ d凈o 一与 } 2
-(Mo - m) + 80)

2 r; 1
,=1 (.:..(M訛- m) + bot

2
Expanding logarithm of G1(R, t), and converting back we get

炻 (R, t)

(3.9)

m

= 0-r [Il(M尹/2)可{ 1 +f ri(2di8o + ri - 2) + O(M_2
i=l i=l Modi() 。）｝

{ 1 + r(28o ..:_ :n+ r - l) (1 - 0-1) + O(M凸｝

叭(R, t)
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Substituting 祐 (R, t) from (3.9) in (3.8), using multinomial summation formulae and
summing over r one can easily get (3.5).

m
Lemma 3.3. For Ni = diNo, di > 0, i = 1, · · ·, m with I": di = 1, the asymptotic

i=l
expansion of Fhm) involved in the characteristic function of - 祈ln A is

呤;n\(!Mo 十妮）(p- 1); (iM尹 丑 函）(p- 1), · · ·(!Modm(} + d謎o)(p - 1);2'2
1 2

(-M磺 十 8o)(p - 1)·
2q1 佃

）2'd1M心- 1)'' 心M心- 1)
m

exp岱 吋 [1 +
1 .
一 {A~+ A~B-1} + O(M戶）] (3.10)
Moi=l

where

A~
m

280 (I:Qi) +
1 m 2

i=l
(p- 1) (I:可

i=l
(3.11)

and
m m

A~= (p~1) 丨辶倔 /di) - (芷 qi尸］
i=l i=l

(3.12)

Proof. Similar to the proof of Lemma 3.2.

Lemma 3.4. For large M0, we have

m 1II扣－三 ) }M0d;+d;oo-!(l- 2qi)(2庫di+ di8o)(p - 1)

i=l diMo diM心- 1) }
m

= exp[- L(Pi +qi)]·[1- 志 {(p~1) tqd2妁(p - 1) +町
i=l i=l di

m

+ LPi{280 +
1
di
— (Pi - 1)}} + O(M02)].

i=l
(3.13)

Proof. Expanding the logarithm of

ft { (1 - 笙 －）巴 d;+d,60- 吉 (l _ 2qi·)(!M。d;+d,o0)(p-1)
i=l diMo diMo(P - 1) }

and converting back, one can easily get (3.14).
Substituting (3.3), (3.5), (3.10) and (3.13) in (3.2) and ip.verting the resulting ex

pansion of the characteristic function, one gets the following result:
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Theorein 3.1. The asymptotic expansion of the distribution ofW = - 祈ln A under
the alternative hypothesis s-tated in (3.1) is give by

P[W =S w] = P[xJ =S w] 十立 {P[x祏 =S w] - P[x; =S w]} + O(M尸） (3.14)

where
m m m m 2

C = - [(苫的-m(芷 p;)+(苫p;户（江 十亡 （因 q;)2-t,(主）] (3.15)

and x; is the chi-square variate with v d.f.

4 .. Asymptotic nonnull distribution for equal samples

In this section we derive the asymptotic nonnull distribution of -2 ln A when the
sample sizes are equal. Let W = -(2M/N) ln A where M = N - 2b (b is a constant to
be specified later). Then the characteristic function cp(t) of W is

ip(t) = i.p1 (t).ipz(t) (4.1)

where ip1(t) and <p2(t) are the characteristic functions of - (璟）In A1 and - (恃）lnA2
respectively. In this section we derive the asymptotic distribution of W by using the
asymptotic expansion of叩）as M -+ oo, for the following sequence of alternatives (see
Khatri and Srivastava, 1974; Gupta and Nagar, 1987)

_1 2P1 ． _1 2P2
(i) I - T/1~1 = 訂－， I - TJ2缶 ＝ (p- l)M

-1 2Q1 _1 2P2
(ii) I - ry1~1 = 一M' I - T/2~2 = (p- l)M

-1 2Q1 . -1 2Q2(iii) I - TJ1~1 = —M' I - T/2 缶 ＝ (p- l)M

_1 2P1 -1 2Q2(iv) I - 711~1 = 一M' I - TJ2~2 = (p - I)M

where Pi, P2, Q1 and Q2 are fixed matrices.

Case (i):
2P1

I - TJ16.戶＝— . I- 鷉 了＝
2P2

M'(p- l)M
Following the approximation procedure described in Gupta and Nagar (1987) (also see
Khatri and Srivastava, 1974; Gupta and Nagar, 1988a 1988b) we obtain the asymptotic
expansions for the characteristic functions <pj (t), j = 1, 2 as follows:

色 (t) = o-(m-1)/2[1 + AU)—(0-1 - 1)M

十志 (B妒+Bine-1 + B~no-2) + O(M勺 j=l,2 (4.2)



where
A(1)

B~1)

nP)

A(2)

Ba2)

Bi2)
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1 m2 - 1= - (8 - -)(m - 1)+·+ tr P『- (tr P1)2
2 6m m

21 1 m=-[-(8)(m 1)+ -l 2 (trP1)2 2
2 -2 一 6m + tr P1 一 m ] + r1

4 (tr P凈 1 (tr P1)2
十

3
- [ - tr Pf] + 2(8 - -)[ - tr P汀
記 2 m

m2 -1
- - [{ - (8 -1) (m - 1) + + tr Pf -

(trP1)2 2
6m m ｝

1 (tr P1)2 4(tr P1) (tr Pi)2
+ 4(6 - 2) { m - tr Pf} + m [ m. - tr P汀

十
2 (tr P1)2
盂 [ m - tr Pl]]

砌 =- (BP)+ B心1))

r1 =占弓尹 －評(m - 1) + tm(b - t)(m2 - 1)]

2m -1= -8(p-l)(m-1)+ +trPJ-
(tr P計

6m m
1 [ m2 - 1 (tr P2)2 2= - -b(p-l)(m-1)+ +trP:j- ] + 巧
2 6m m

4 (tr P忙 (tr P2)2
十 一

3
[ - tr Pf] + 28(p - 1) [ - tr P計

m 2 m

＿ ＿［｛－砸 - l)(m - 1) + m2 - 1 + tr Pi - (tr乃）2 2
6m m ｝

(tr P2)2 4(tr P2) (tr P2)2
+48(p-1)[ -trP釒] + { - tr P2

m m m 2 }

十
2 (tr P忙-{ - tr P2
m m 2}

-·
］

犀 =- (B12) + B旳
2 3
［

1
巧＝— --m282(p- 1)2(m - 1) + -m8(p - l)(m2 - 1)]

3m2 2 2
Multiplying <p1 (t) and c.p2(t), we get the characteristic function 叩）as

叫）= o-(m-1)[1 - 趴尸- 1)十立 {To+ T10-1 + T20-2} + O(M可 (4.3)

where

1 (m2 - l)p (tr P1)2
C = - [-2b(rn - J) + 2(m - 1) + + (tr Pl) - --

6m(p - 1) m
1+ ((tr 屑）＿

(tr P出
p-1 m ）］．
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Now choose 8 such that -28(m - 1) + !(m - 1) + (m2-l)p = 0, giving 8 = m(4p-3)+p
6m(p-1) 12m(p-1)·

For this value of 8, C, T0, T1 and T2 are given by

C'C = C1 + - 上
p-l

1 4 l
To = -C2 + - 店+2(8 - -)C1 +

4 28
2 3 2c~+ c~+ r2 3 (p - 1) (p - 1)

巧 = - {c2 + 4(o - t鷗+ 4(t;~片）広 十直広 十 10 c~
(p- 1)

十 4(tr P2)
Cf+

. 2
C'm(p - 1)2 m(p - 1)2 1}

乃 = - (To+ T1)

where C1 = 盅(tr P1)2 - (trPf), Cf = 益(trP芷- (tr屑），店 ＝志 (trP団- (trPf),
切＝詣 (trP芷- (trPJ), and r = 282(m - 1) - (m-1)(4m+l)6m

Inverting (4.3), we get the asymptotic distribution of Was

P[W :S w] = P[x; :::;·w] +~{P[x; :S w] - P[xJ+2 :S w]} (4.4)

十志四庫 J :S w] + T1P[xJ+2 :S w] + T2[XJ+4 :S w]} + O(M丐

where f = 2(m - 1)

Case (ii):
2Q1I - 1J尸61=— I-畸21 =. 2P2
M'(p- l)M.

Replacing P1 by - 炻(I+ 冤）in the coefficients in (4.4)°and rearranging certain terms,
various coefficients for this case are

C = c; + 1
(p- 1) c~

1 1 8
To = -C2 + 2(8 - -)c; + -c; - -4

2 2 3
(trQ1)C;

m

十 4 2 c~+ 28 c~+ r
3(p - 1) (p - 1)

1
- { C2 + 4(8 - 2)C仁 —8 2

(tr Q1)c; + -c;m rn
+4c; 十竺 -C~+ 1(tr P2) C~+ 2 燜｝

p-1 m(p-1)2 m(p-1)2
乃 = - (To+ T1),

T1

where
1

c; = 一(trQ1)2 - trQi,
m

1er= 一 (trP計- trPi,m
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1
僖＝一 (trP.才 -trP主m2

1c; =一(trQ凈 -trQfm2 and

The asymptotic distribution in this case is given by

= P[xJ~w] 十趴 P[x; ~w] - P[xJ+2~w]} (4.5)

十志 四 P[xJ S w] + T1P[xJ+2 S w] + T2P[xJ+4 S w]} + O(M丐

P[W~w]

I - TJ「圉 ＝翌 ；I - T/2岑= 2Q2(p- l)M.

Case (iii):

2Q
The asymptotic distribution is given by (4.5) by replacing P2 by -Q2(I+)(p- l)M .

Now the coefficients for this case are given by

1
(p- 1)—ct十C=C;

1= -[c; + 1 1 4 8
C;'] 2 + 2(8 - -)c; - —(tr Q1)C; + -c;

2 (p ;_ 1) 2 m 3
28 4(tr Q2) 8
+— c;二 C;'+ C;'+ rp-1 m(p-1)2 3(p-1)2

- { [c; + 1 1 8 2
(p - 1) C;'「+4(8 一 -)c; - 盂(tr Q1)C; + -c; + 4C;2 m

十 48 C*'8(tr Q2) 2 4
(p - 1) 1 - C;'+ C;'+m(p- 1)2 m(p - 1)2 (p - 1)2 er}

- (To+ T1)

T。

T1

T2

1 1
where Ci= 一 (tr Qi)2 - tr Qi, Ci'= 一 (tr Q孑- tr Q~,

m m

C;'=~(tr Q护- tr Q~and
1c; =—(tr Q団- tr Qi,m2

Case (iv):
2P1

I - TJ16.尸＝— . I - T/2玉 ＝
2Q2

M'(p- l)M.

The asymptotic distribution is given by (4.4) by replacing P2 by -Q2(I + 2
M(p-1)佖）

where now,
1

(p - 1)—C;'十C= C1
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1
To = - [広+ 1 1 1 28

2 (p - 1) 3C;'「+-店+2(8 - -)C1 + r + C;'2 (p - 1)
1 8

m(p - 1)2 (trQ2)C;'+
3(p- l)図＇

1 l 4(trP1) 211 = - { [C1 + C;'「+4(8--)Ci+ C1+-C1+
48

(p - 1) 2 m m (p - 1) C;'
8(trQ2) 2 4

－－ m(p - 1)2 Ct+ C;'+m(p - 1)2 (p - 1)2 C;'}

T2 = -(To+ Ti) and C1, C;', C2, Ct and rare defined above.
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