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SOLUTION OF A NON-HOMOGENEOUS LIAPUNOV’S EQUATION

K.N. MURTY AND K.R. PRASAD

1. Introduction

Boundary value problems play an important role in the theory of differential equa-
tions and its applications to physical and technological problems. In finding solutions
to two or three or n-point boundary value problems for non-homogeneous problems the
construction of Green’s matrix is vital.

In this paper we construct the general solution of the non-homogeneous Liapunov
system of differential equations by super-imposing the solutions of two non-homogeneous
systems. Further, the same principle is applied to find solutions of initial and boundary
value problems. In the first case the solution of the problems coincide with the solution
we obtained by variation of parameter method [4]. In the case of boundary value problem
the method of variation of parameters fails because of the fact that the constant matrix
1s imbedded by two fundamental matrices.

In section-2, we develop existence and uniqueness criteria for the system of first
order matrix differential equation

X'(t) = X()B(t) + F(2) (1.1)

where X (t), B(t) and F(t) are square matrices of order n . In section-3, we obtain the
Green’s matrix for (1.1) satisfying the boundary conditions at three-points of the form

X(al)Nl + X(ag)Ng + X(a3)N3 = f (12)

In this section we also study the properties of Green’s matrix. In section-4,we obtain the
solution of non-homogeneous Liapunov’s differential equation of the form

X'(t) = AW)X() + X(@)B(t) + F(2). (1.3)

In this section we obtain the solution of problem (1.3) satisfying the solution of the
equation

X'(t) = A@®)X(t) + F(t) (1.4)
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satisfying X (a) = o (1.5)

with the solution of the equation (1.1) satisfying the initial condition matrix (1.5). We
also obtain the solution of the boundary value problem (1.3) satisfying the mixed bound-
ary conditions of the form

M X(a1) + X(a1)N1 + M3X(ay) + X(az)N2 + M3X(az) + X(az)N3 (1.6)
by superimposing the solution of (1.4) satisfying the boundary conditions
MiX(a1) + MaX(az) + M3X(as) = 0 (1.7)
with the solution of (1.1) satisfying the boundary conditions (1.2). In section-5, we obtain
the adjoint equation for the homogeneous Liapunov’s equation.
2. Existence of solution of the equation (1.1)

Lemma 2.1. Any solution of the matriz differential equation (1.3) is of the from

X@) = Yi(t)Cy + vi(t)[ / t Y (s)F(s)ds],

where Y;(t) is @ fundamental matriz solution of X'(t) = A(t)X(t) and C; is a constant
square matriz.

Theorem 2.1. Any solution of the equation X'(t) = X(¢)B(t) is of the form
C3Y5 (%), where Ya(t) is a fundamental matriz solution of X'(t) = B*(t)X(t) and C> is
a constant square matrizc.

Theorem 2.2. A particular solution Y (t) of (1.1) is of the form

. t
) = [ PEY; )il @),
where Y5(t) is a fundamental matriz solution of
X'(t) = B*()X(¥) (2.1)

Proof. We seek a particular solution of (1.1) in the form K(¢)Yy(¢), where K(t) is
a square matrix of order n . Then it can easily be verified that

K(t) = / F(s)Yy Y (s)ds.

Hence the particular solution of (1.1) is of the form

YO = [ FEY; 0dsl5 ).
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Theorem 2.3. Any solution of (1.1) is of the form
X@) = GYS5(t) + Y(t)

where Y (t) is the particular solution of (1.1)

Proof. It can easily be verified that C; Y5 (¢) + ?(t) is a particular solution of (1.1)
for any constant matrix C;. Now to prove that every solution is of the form, let X (t) be
any solution of (1.1) and Y'(t) be a particular solution of (1.1). Then it can easily be
verifred that X (¢) — Y(¢) is a solution of (2.1). Hence

Xt —Y@®) = CiY5(t) or  X(t) = GiY5(t) + Y(2).
3. Three-point boundary value probiem

In this section we establish existence and uniqueness of solutions to three-point
boundary value problem associated with (1.1) satisfying the boundary conditions (1.2)
and obtain the properties of Green’s matrix.

Definition 3.1. The dimension of the solution space of the boundary value problem
is called the index of compatibility of the problem.

Definition 3.2. If Y5(?) is a fundamental matrix solution of the equation X'(t) =
B*(t)X(t), then the matrix D, defined by

Dg = Y;(al)Nl =+ Yz*(ag)Ng -+ Y;(O‘.;;)N;;

is called the characteristic matriz of the three-point boundary value problem.

Lemma 3.1. Suppose the homogeneous boundary value problem is incompatible.
Then there exists a unique solution to the boundary value problem (1.4) satisfying (1.7)
and is given by

X(@t) = / Gy (t,5)F(s)ds (3.1)
where
(Yi()Y] '(s) = Ya(t) Dy ' MaYi(az)Yy ' (5)
-Y; (t)Dl_lMng(ag)Yl_l(s), a1 <s<t<Lay<as
ROETE '
it( ,asg = { —Y1()D{ MaYi(a2) Y (s) (3.2)
ne -—-Yi(t),Dl_lM;}Yl(a;;)Yl—l(S), a; S I <8< a; < ag
L —‘Yl(l)Dl_lM;;Yl (Cl3)Y1_1(S), ap <t<as <s<ag
(Yi()Y,'(s5) = () D7 ' M3Yi(a3)Y7'(s) a1 <az<s<t<az<as
Gty s) _ ) —Y1(1) D7 M3Yi(as)Y, ' (s), a1 <ay<s<t<as
t€laz,as]
~Y1(8)Y;(s) = Yi(8) D5 M2Y1(a2) Yy (s)
{ =Y1(t) Dy M3Y1(as)Yy '(s), a1 <s<ay<t<as

(3.3)
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Y1(t) being a fundamental matriz solution of X'(t) = A(t)X(t) and D, being the char-
acteristic matriz, and is given by

Dy = MYi(a1) + M2Yi(az) + M3Yi(as).

Theorem 3.1. Suppose the homogeneous boundary value problem is incompatible. There
erists a unique solution to the boundary value problem (1.1) satisfying the boundary
conditions (1.2) and is given by

X(t) = / " P(s)Ga(t, s)ds (3.4)

1

where Ga(t,s) is the Green’s matriz for the corresponding homogeneous boundary value
problem.

Proof. From theorems 2.1 , 2.2 and 2.3 any solution of (1.1) is

X(t) = CYp(0) + [ / F(s)Y; ™ (s)ds]Y; (2).

Now to determine the constant matrix Cy, we substitute the general form of X (%) in the
boundary condition matrix (1.2), and get

C1[Y5 (a1) N1 + Y5 (a2) Ny + Yy (a3)Ns] + [ / ” F(s)Y, ~(s)ds] Yy (az) N2
a3
+ [ YT )]V (@) = o
Thus
G = ([ P sl 5 @+ [ (Y5 (5)ds] ¥ (as)s] D5
where Dy is a characteristic matrix of the boundary value problem. thus
X(@) = / ” P(s)Ga(t, 5)ds

where

(Y5 7N (s)Y5 (t) — Y5 ™ (s)Ys (a2) N2 D3 1Y (2)

—Yz*~1(S)Y2*((13)N3D2_1Y2*(t)) GRESUS a0
Ga(t8) _ | —Y3~Y(s)Y3 (az)N2D3 Y3 (2)
te[al,aﬂ] _YZ*—l(S)Yz* (as)NsD;].Yz*(t)’ ay S t L 8§ & as < as
=Y5 ()Y (a3)NaD3 Y5 (1), g1 KTS 8 <& <03

\

(3.5)
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(Y5~ Y(s)Y5(t) = Y5~ (s)Y5 (a3)N3D5 Y5 (1), a1 <az<s<t<as

Goft,s) _ ] —Y; 71 (s)Y5 (as) N3 D3 ' Y5 (), a1 <ay<t<s<ag
i€laz,a3]
Y2*_1(f)Y2* (t) - Yz*_l(-i)yz* (a2)N2D51Y2*(t)
L =Y5 7 (8)Y5 (a3) NaD3 " ()Y (1), T AL T4 L ?3 :
3.6

Theorem 3.2. THe Green’s matriz has the following properties.

(1) The components of Ga(t, s) regarded as a function of t with fired s, have continuous
derivatives every where except al t = s. At the pointt = s, Go(t,s) has a jump
discontinuity of unit magnitude; that is

Ga(st,s) — Gao(s™,s) = I

(2) G, is a formal solution of the homogeneous boundary value problem (1.1) satisfying
(1.2). G fails to be a true solution because of the discontinuily at ¢ = s.
(3) Ga(t,s) having the properties (1) and (2) is unique.

Proof. The proof (1) is trivial. The representation of G,(t,s) by (3.5) and (3.6)
shows that G,(t, s) is a formal solution of (2.1) it fails to be a true solution because of
discontinuity at ¢t = s. G4(t, s) satisfies the boundary conditions. For,

Gz(a1,s)N1 + Ga(az, s)N2 + Ga(as, s)Ns, when s € [ay, az]
= —¥; 7 (s)Y5 (a2) N2 D3 'Yy (1) N1 — Y5 ()5 (as) N3 D3 'Yy (a1) Ny
+ Y5 7' (s)Ys (a2) N2 — Y5 7' (5)Y; (a2) N2 D5 Y5 (a2) N
— Y5 "(s)Y5 (as)NsD3 Y5 (az) N2 + Y7 ~'(5)Y;5 (as)Ns
— Y5 "Y(s)Y5 (a2) N2D3 'Y (a3)Ns — Y5 ~'(s)Y;5 (as)N3D3 'Yy (as) Ns.
= Y57 (s)[~Y5 (a2)NaD3 ' [Y5 (a1) Ny + Y5 (a2) N3 + Y5 (a3) N3]
+ Y, (a2) N2 + Y, (a3) N3 — Y,' (a3) N3 D5 ? [Y; (a1)N1 + Y (a2) N2+ Yy (a3)N3]
= Y5 7' (s)[~Y5 (a2) N2 + Y5 (a2) N2 + Y5 (a3) N3 — Y5 (a3) N3]
=

Similarly, we obtain
Ga(ay,s)Ny + Ga(az,s)No + Ga(as,s)N3 = 0,
when s € [az, ag].

4. Non-homogeneous Liapunov’s Equation

In this section we obtain of the non-homogenecous Liapunov’s equation (1.3), satisfy-
ing the initial condition (1.5) by superimposing the solutions of initial value problem (1.4)
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satisfying (1.5) with the solution of initial value problem (1.1) satisfying (1.5). Similarly
we obtain the solution of (1.3) satisfying the boundary conditions (1.6) by superimpos-
ing the solution of boundary value problem (1.4) satisfying (1.7) with the solution of
boundary value problem (1.1) satisfying (1.2).

(@)

(i)

Initail value problem. By lemma 2.1, the solution of (1.4) is
t
X(t) = Yl(t)Cl e & Yl(i)/ YI_I(S)F(S)dS.
To obtain the constant matrix Cj, with the initial condition X (a) = a, we obtain
t
X = Y)Y (@)a + Yi(t) / Y1 (s) F(s)ds. (4.1)

Similarly, by using theorems 2.1, 2.2 and 2.3 the solution of (1.1) is
: 1
X@) = X0 + [ Fe)Y; ™ (0)dsls ()
va
To obtain the constant matrix Cy, with the initial condition X (a) = «, we obtain
1 ! 1
X@) = oY @V0 + [ PR 06 0. (4.2)
a

Now by superimposing the two solutions (4.1) and (4.2) we obtain
X@) =1 (t)Yl“l(a)aYz*_l(a)Y;(t)

+Y(0)] / Y7 (s)F()Y3 ™ () ds] Y (1)

which is the solution of the non-homogeneous Liapunov’s equation (1.3), satisfying
the initial condition (1.5).

Boundary value problem. By lemma 3.1 the solution of (1.4) satisfying the boundary
conditions (1.7) is given by

X(@) = / " Gu(t, 5)F(s)ds. (4.3)

where G(t,5) is given by (3.2) and (3.3). Similarly by theorem 3.1, the solution of
(1.1) satisfying the boundary condition (1.2) is given by

X(t) = / " F(5)Ga(t, 5)ds (4.4)

ax
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where G,(t, s) is given by (3.5) and (3.6). Now by superimposing the two solutions
(4.3) and (4.4) we obtain

X(@) = / " Gut, $)F(5)Galt, 5)ds

where G1(t, s) is given by (3.2) and (3.3) and G4(t, s) is given by (3.5) and (3.6) which
may be the solution of the non-homogeneous Liapunov’s equation (1.3) satisfying
the boundary conditions (1.6).

5. Adjoint equation for Liapunov’s equation

Consider the homogeneous Liapunov’s equation
X' = AX + XB (5.1)

where X = 245, A=a;j and B=b;;,i=1,2,---,n; j = 1,2,---,n. Now the system
(5.1) can be written as

—_ i

X = RX (5.2)
where
T11
()
Zin
Za a1l + B* aiol aizl - ainl
Z9 az [ agel + B* a3l --- aznl
X = and R = .
xzn - . . . .. . .. TR
an1l anal an3l -+ apnl+ B*
Tni
Tn2
\xnn/

and X is, (n? x 1) row vector and R is square matrix of order n? . Let LX = X — RX.
It is well known that the adjoint operator of L is L* and is given by

L*Z = (-Z7' - R*Z)

The adjoint equation for (5.2) is
b |
Z = —-R'Z (5.3)
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i *
where 7 = (zllnzl21'")Zln)z?.lyz??;---:zZn;---:Zn.lxzn2)---;znn) . Thus the system
(5.3) can be rewritten as

Z2'.= -A*Z - ZB*

where Z is square matrix of order n, and is the adjoint equation for the Liapunov’s
equation (5.1).

If A and B are skew-symmetric matrices then the system (5.1) is said to be self-
adjoint.
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