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INTERPOLATIONS OF DETERMINANTAL INEQUALITIES
OF JENSEN’S TYPE

DRAGOSLAV S. MITRINOVIC AND JOSIP E. PECARIC

As in [1] and [2] we shall use the following notation:

= {M|M is a positive definite matrix of order n},

the determinant of the matrix M,
II;-“=1/\J-, k=1,---,n, where A1,..., A, are the eigenvalues of M with A; < ... <
Aﬂ: lMlﬂ = |M|1

— the submatrix of M obtained by deleting the j** row and column of M,
= the principal submatrix of M formed by taking the first k rows and columns of

M, M[n] = M, M[n — 1] = M(n), M[0] = the identity matrix,
the class of Bellman-Bergstrom-Fan quasi-linear functionals o;, §;, and vy defined
on M by _

(M) =| M [, i=1,-n,

and
n(M)=(M|/| MK D/CD, k=1,---,n,

respectively. It is evident that M is closed under addition and multiplication by a
positive number, i.e. if My, My € M, a > 0, then

M, + M5, aM; € M.

Now, quasi-linearity of the BBF functionals follows from results given in [3, pp. 67,

70, 71] (see also [1,2]), i.e.

¢(pMy + gM3) > pd(My) + q(M2)

for Ml,Mg EM,p,q >0, ¢ € BBF.

More generaly, for M; e M, p; >0 (i=1,---,m), B =Xk p; (k=1,---,m), ¢ €

BBF, we have [2]:

60> piM;) > > pip(M;) > P [ [ d(M)P/ P, (1)
=1 i=1 =1
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what i1s an interpolating inequality for
1 m m
i I’m
¢(m ZPiMi) > Hd;(M,_-)P o (2)
t=1 i=1
Note that (2) is also a generalization of a result from [4].
For p; = 1/m, (1) and (2) become

6 oM 2 2o Y o) 2 [T, ©

m 4 m 4

and

o2 3w > TT s, @

Here, we shall give some interpolations of inequalities (3) and (4). In there results
we shall use the following expresions:

hn=me T G0 3T
(k) 1<4, 5

&bl Sm

pm= I1 GO+ + s,

1<i1 <. CipSm

hem = 3 (S(Mi) - $(Mi,)

(rI:) 1<i1<...<ix<m

Tk,m — H d’(%(le +...+ Mzk))ll(’:)

1<i1<..<ix<m

First, we shall prove the following interpolations of the first inequality in (3):

l m 1 m
QS(E Z;MZ) == frn,m 558 o fk+1,m > fk,m e LT fl,m = ;n— qu(M,) (5)
1= i=1

Proof. We have

Tegt . = . Z ¢(Mil+"°+Mik+1>

m
(k+1) 15i1<"'<ik+1sm k+1

k+1
> e A
(k+1) ISil<"'<ik+1Sm k+ 1 F=1 ' . k
= _L Mi‘ +"'+Mik
I

1<01<- < <m
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The second inequality in (3) has the following interpolations:

1 m ) m i
= > (M) =gmm > o 2 Gkt 2 Ghm .0 2 Giym = [ e(a)t'™,  (6)
i=1 ‘

i=1
L -
; Z;G’S(Mz) = hl,m 2 s hk,m 2 hk+1,m 2 s > hm’m — I:[1¢(M‘)1/m' (7)

Proof. Now, we have

Mi1 ik41 1 k'_';l
Jk+i,m = H (¢( )+k+-:¢(M )) /%)

1< <. <ix418M

k41
> [ ([[EMadt et M) = $0)) o T
1<i1< . <ipg1 <m =1 k
Mil P ik m
_ II (¢( ) + = + ¢(M, ))1/(k) - farm
1< <..<ix<m
and i .
hrt1,m = 7y 3, (6(My,) ... $(M;, ,, ) *+D)

(kt:l) 1< <. <t 1M

1 1 (M) .. (M, ) 1/k
< 1 k41
B (1:;1) 151‘1(.;;‘_“5”; k+1 ]Z:;( ¢’(Mi,-) )

- > (¢(My,) ... p(M))F = by .

(1:) 1<4;<...<ipx <m

Finally, similar interpolation of (4) is:

1 « m
qs(g ZIMI) = Tmm 2 s 2 Tk4+1,m 2 Tk,m Z e Z Pim = Uld)(Mz)l/m (8)

Proof
]W,'l -+ ...-{-]W,jk_‘_1 1/(;:1)
Tk+l,m — H ¢
k41 1
Mi1+---Mi I—Mi- k_+L1 m
s T (oMt = Moy T
lSi1<...<ik+1Sm =1
1 /(%
= H ¢(E(Mu++Mlk)> (k) =Tk,m-

1511<.<ik5m



42 DRAGOSLAV S. MITRINOVIC AND JOSIP E. PECARIC

References

[1] D.S. Mitrinovié and J.E. Pecarié, “Determinantal inequalities of Jensen’s type,” Anz. Osterr. Akad.
Wiss. math. -naturwiss. KI. 125 (1988),75-78.

[2] C.L. Wang, “Extensions of determinantal inequalities,” Utilitas Math. 13 (1978), 201-210.

[3] E.F. Beckenbach and R. Bel]man, Inequalities, Berlin-Heidelberg-New York, 1971.

[4] L. Mirsky, “An inequality for positive definite matrices,” Amer. Math. Monthly 62 (1955), 428-430.

D.S. Mitrinovié

Smiljani¢eva 38, 11000 Beograd, Yugoslavia.

J.E. Pecarié

Faculty of Technology, Ive Lole Ribara 126, 41000 Zagreb, Yugoslavia.



TAMKANG JOURNAL OF MATHEMATICS
Volume 22, Number 1, Spring 1991

GENERALIZATIONS OF OPIAL-TYPE INEQUALITIES
IN TWO VARIABLES

WING-SUM CHEUNG

Abstract. In this paper some generalizations of the existing Opial-type inequali-
ties in two variables are established. Such integral inequalities have a wide range
of applications in the study of differential and integral equations.

1. Introduction

The Opial-type inequalities are among a handful of celebrated integral inequalities
which plays an important role in the study of many differential and integral equations.
The first Opial-type inequality is the following one obtained by Opial.

Theorem ([5]). If f € L£[0,h] satisfies f(0) = f(h) = 0 and f(z) > 0 for all
z € (0,h), then

h h
-/0 |f(z)f'(z)|de < 3/0 |f'(z)|?dz .

Opial’s result has been generalized to many different situations, most of which are
for the case of 1 variable (eg; [2], [4], [7], [8]). In [3], several Opial-type inequalities in
2 variables have been established. In this paper, we shall further generalize the results
obtained in [3] to more general situations. For other Opial-type inequalities in 2-variables,
which are less general, one is referred to, e.g., [6], and the references cited there.

2. Main Results

In what follows we shall assume that f, g, fi, g1, fi2, and g12 are continuous real-
valued functions on [a, b] X [c, d], where, as usual, the subscripts refer to partial derivatives.
Let w be a positive continuous weight function on [a,b]-x [c,d]. Let r be any positive
function on [a,d] x [c,d] with =1 € £L1([a, b] x [c,d]).

Theorem 1. If f(a,t) = g(a,t) = fi(s,c) = g1(s,¢) = 0 for all (s,1) € [a,d] X [c,d]
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and if w(s,t) is nonincreasing in each variable, then

b d
f / wl FalP(|fa1al® + |Fr29]7) dds

< — a)(d — ¢)]?Pte-1 / / ~ldids -
/ / rw(| frz* P+ 4+ |912|2(p+q)) dtds

for any real numbers p > 0, ¢ > 1. _
Theorem 2. If f(a,t) = g(a,t) = fi(s,c) = g1(s,¢) =0 and 0 < A < w(s,t) < B

for all (s,t) € [a,b] x [e,d], then
b pd
i / wlf gl (I fg12l? + | Frag|?) deds
(2p+9)/(2(p+9¢))
_ —1

//rw(|f12|2(p+q)+|g12]2("+q))dtds

for any real numbers p >0, ¢ > 1.

Theorem 3. If f(a,t) = g(a,t) = f(b,t) = g(b,t) = fi(s,c) = g1(s,¢) = fi(s,d) =
91(s,d) = 0 and 0 < A < w(s,t) < B for all (s,t) € [a,b] x [¢c,d], then

b d
/ f wlFglP (1fg1al? + |f129]7) dtds

g [(b — i — c)]2p+q 1( )(2p+q)/(2(p+q))
~ 2(p+aq) 4 A

5 i
X / / rw(| f12|2PFD 4 |g1,]2P+9) dids
a e

- M

for any real numbers p > 0, ¢ > 1, where

(a+b)/2  p(ctd)/2 (a+b)/2 ,d
M ::ma.x{/ / r~1ldtds, / / r~ldtds |
a c a (c+d)/2
b (c+d)/2 b d
/ / r~1dtds, / / r"ldtds}
(a+b)/2 Je (a+b)/2 J(c+d)/2

Before proving these theorems, we first define, for any (s,t) € [a,b] x [c,d]

)

s t
F(s,t) 3=/ / w(u, v)¥ CE+)| £, (4, v)|* dvdu
a c
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and .
G(s,t) := / / w(u, v)?/ CP+D)|g,5(u,v)|? dvdu .
Clearly we have FF > 0, G > 0.
Lemma 1. For any (s,t) € [a,b] X [¢,d] and any real numbers p > 0, ¢ > 0.

s t
/ ./ wq/'(z(pﬂ))(FG)p/q[F|912|q + G| f12|*]dvdu

g s — a)(t — ¢)]?P/4 S tr‘lvu
L) /f dud

s i
A / / rw(|f12|2(P+4) + |912|2(p+4)) dvdu .
a (4

Proof: Since

t

Fl(s,t):/ w(s,v)q/(z(”+“))|f12(s,v)[q dv ,
t

oot = / w(s, v)? CE+D g o(s, v)|¢ dv |
C

Fa(s, ) :/ w(u, )OO fy (D) du |

Gals,t) = /S w(u, 1) CCTD|g 5 (u, 8)|? du
both I’ and G are nondecreasing Sn each variable. Hence
/3 /t w(u, v)¥ CC+[F(u, v)G(u, v)]P/ -
T 0)losa(u,0) 1+ G, 0) oo, o)
< / 3 [F(u,t)G(u, )P/ [F(u,t)G1(u, t) + Fi(u,t)G(u,t)]du
- ﬁ—q/as[F(u,t)(?’”)/qG(u,t)(P“)/‘l]l e
= —L_p(s,)0+0/1G(s, )P+

P+4q

q . 1\2(p+49)/ ¢ 2(p+9)/q
F(s,t + G(s,t y

Now by Holder’s inequality,

3 t

s gt (2p+9)/q s gt
& [/ / ,.—q/(2p+q)dvdu] ; [/ / rw|j12|2(”+q}dvdu]

s t s t
< [(s—a)(t—c)]zp/q . / / r~ldvdu - / / rw| f12|2 P+ dvdu

IA

r(ﬂq)/q
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and similarly,

s t s i
G(s>t)2(p+q)/q5 [(s“a)(t"‘c)]zp/q " / / r~ldvdu - / / rw|g12|2(p+4)dvdu.

The lemma now follows by plugging these back into (2). Q.E.D.

Proof of Theorem 1: Since w is nonincreasing in each variable, by Holder’s
inequality we have

1£(s,0)] < / | (1, 2) da

< / /: il ) Bt

s t
< (s, 7D [ [ au(u, oGO+ 1500, ) dvdu
< w(s,t)"YCE+[(5 - a)(t —¢)] 4D/ (s, 1)t/e

and similarly,
lo(s, )] < w(s, )"V CE+D([(s —a)(t — ))T-/2G(s,1)1/ T
for any (s,t) € [a,b] X [c,d]. Hence by lemma 1,
b pd
/ / w|fglP (|fg12|? + | f129]?) dtds
b
< / / [(s —a)(t — c)](2p+q)(q—l)lqwq/(2(p+q))(Fc;)p/q(F»[-glzlq s G]f12|q) dtds

b pd
< [(b—a)(d - c)](2P+q)(‘I—1)/<1/ / wi/ CO+O)(FG)PI1(F|gys)? + G|f12]?) dtds

b pd
- 2p+g—1 // iy
< b— a)(d — c)]2P+e-1 . .
< 2(p+q)[( a)(d —¢)] L r~ dvdu
b pd
//”U(lflzlz(p“)+l912|2(”+4))dtds. Q.E.D

Proof of Theorem 2: Since 0 < A < w < Bon [a, ] x [¢, d], by Holder’s inequality

we have,
|f(3:t)|§/ / | f12(w, v)|dvdu

f ] 1 :
< A-1/C(o+e) / / w(u, o)/ CE+)| £, (u, v)|dvdu

@ A-l/(2(p+q))[(5 —a)(t - c)](q—l)IQF(s,t)llq
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and similarly,
lo(s, )] < AHEEHD (5 — a)(t — ) DaG(s,1)!/1

for any (s,t) € [a,b] x [c,d]. Hence by lemma 1,

b d
/ / wlFalP (£ 912l? + | Frog|?) deds

b pd
< / / A=CPHOICE+D)[(5 — g)(t — ¢)]2P+O(e-1)/g

w(FG)P!(F|g12|? + G| f12]?) dtds

B\ (2r+9)/(2(p+4))
< [(b = a)(d — )] 2P +aXa=D/s (Z)

b pd
/ / w‘?/(?(‘““))(FG)P/q(F|g12|9+G|f12|‘1)dtds

2 o (B\ PG b
_ —enZte-1( 2 13
< gl aa-ar(7) [ s

b pd
X / / rw(|f12|2(”+4) + |912|2(p+q)) dtds . QED
a Je

Proof of Theorem 3. We first divide the rectangle [a,b] x [c,d] into four rectangles
la,(a+8)/2] x [c,(c+d)/2], [a,(a+b)/2] x [(c+d)/2,d], [(a+b)/2,b] X [¢, (c+d)/2], and
[(a+8)/2,8] x [(c+ d)/2,d]. By theorem 2, inequality (1) holds when restricted to the
rectangle [a, (¢ +)/2] x [c,(c + d)/2]. Now by analogous statements of theorem 2 (with
appropriate choices of the functions F' and G), it is readily seen that inequality (1) also
holds when restricted to the other three rectangles. Hence the theorem. Q.E.D.

By putting » = w™! in theorems 1, 2, and 3, respectively, we have

Corollary 1. If f(a,t) = g(a,t) = fi1(5,¢) = g91(s,c) = 0 for all (s,t) € [a,b] x [c,d]

and if w(s,1) is nonincreasing in each variable, then

b d
/ / w|fgl? (1fg1l? + | fr291%) deds

b d b d

for any real numbers p > 0, ¢ > 1.

Corollary 2. If f(a,t) = g(a,t) = fi(s,c) = g1(s,¢) = 0 and 0 < A < w(s,t) < B
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Jor all (s,t) € [a,b] X [¢,d], then

b d
/ / wlFalP(|f gral? + | Frog?) deds

q sotod LB (2p+9)/(2(p+9)) b 4d
—L 16— a)(d - o)2r+e-1{ = dtd:
=+ (b~ a)d = <)l (A) -/a /c vae

b rd
x/ / (|f12|2(”+4)+[g12|2(1’+9))dtds

for any real numbers p > 0, ¢ > 1.
Corollary 3. If f(a,t) = g(a,t) = f(b,t) = g(b,t) = fi(s,¢) = g1(5,¢) = fi(s,d) =
91(5,d) =0 and 0 < A < w(s,t) < B for all (s,t) € [a,b] x [c,d], then
b rd
[ [ wlsalerguls +1risgle) duds

q [(b —a)(d - c)]2p+q—1 (E) (2p+9)/ (2(p+49))
~ 2p+q) 4 A

b pd
x/ /(|f12|2(p+4)+|912|2(p+q))dtd3

- M

for any real numbers p > 0, ¢ > 1, where

(a+d)/2  p(ct+d)/2 (a+b)/2
M :=max { / / wdtds, / / wdtds ,
(c+d)/2

(e+d)/2
/ / wdtds, / / w dtds} ’
(a+d)/2 (a+b)/2 J(c+d)/2

By putting 7 = 1 in theorems 1, 2, and 3, respectively, we have

Corollary 4. If f(a,t) = g(a,t) = fi(s,c) = g1(s,¢) = 0 for all (s,t) € [a,b] x [c,d]
and if w(s,t) is nonincreasing in each variable, then

b d
/ / £ gl (1fgral? + | Frag|?) dids

q - b pd ferteb .
= 2(p + q) [(b - a)(d - )] /a /c w(| fra + |912] ) dtds

for any real numbers p > 0, q = 1;

Corollary 5. If f(a,t) = g(a,t) = fi(s,c) = 91(s,¢) =0 and 0 < A < w(s,t) < B
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for all (s,t) € [a,b] x [¢,d], then

b pd
/ / w|fglP (|faral® + | frag]?) deds

B ) (2p+9)/(2(p+9))

. —a)(d— )Pt —
< st l6 - - o (2

b d
x / / w({f12l2PHD 4 |g1220+9) dtds
a (12

for any real numbers p > 0, ¢ > 1.
Corollary 6. If f(a,t) = g(a,t) = f(b,t) = g(b,t) = fi(s,c) = g1(s,¢) = fi(s,d) =
91(s,d) =0 and 0 < A < w(s,t) < B for all (s,t) € [a,b] x [c,d], then
b pd
[ [ wltaP( gt + | fuagl?) deds
a c

q [(b — )~ C)]2p+q (£>(2p+q)/(2(1)+q))
~ 2(p+9) 4

A
b d
< / / w(| Fra2FHD 4 |g15[2F+9) deds

for any real numbers p >0, ¢> 1.

Notice that corollaries 4, 5, and 6 are exactly theorems 1, 2, and 3, respectively, in
[3]. In general, one would wish that the annoying term (B/A)(?P+9)/(2(r+9)) in theorems
2 and 3 could be removed. In fact, in [1] it was claimed that this could be done for
theorem 3 by requiring w to be a positive bounded function which is nonincreasing in
each variable. However, the proof there contained several crucial mistakes. As a matter

of fact, the following examples show that in general one could not remove the term
(B/A)p+0)/(2p+9) in either theorem 2 or theorem 3.

Example 1. Let f(s,t) = g(s,t) =st on[0,1] x [0,1],p=0, and » = ¢ = 1. Then

b d 1 1
[ wlraP Qsontr + ifagiaias =2 [ [ stavas, 3)
a c 0 0

while

b pd -
2(pi—q) [(b_a)(d_c)]2p+qll w(|f12|2(p+q)+Iglzlz(”“))dtds:/0 /0 wdtds. (4)

Observe that any positive continuous weight function w(s,t) which is large in, say
[0.8,1] x [0.8,1] and small elsewhere will make (3) > (4). Thus in general the term
(B/A)2P+2)/(2(r+9) in theorem 2 is not removable.
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Notice that example 1 also shows that the nonincreasing property of the weight
function w in theorem 1 is essential.

Example 2. Let f(s,t) = g(s,t) = st(1 —s)(1 —t) on [0,1] x [0,1], p = 0, and
¢ = 1. Then '

b pd
f / w|fgl? (|fg12]? + | f129]?)dtds
g |
. 2/ / w - st(1—s)(1—1t)|1—2s||]1— 2t|dids , (5)
o Jo

while

2p+q b pd
Q(P({l- q) [(b - a)4(d - C)] / / w(] f12]2P+D 4 |g15|2PFD) dtds

1 1
o 2 w|l — 25|21 — 26| dtds . (6)
4 Jo Jo

Now it is easy to check that in D = [0.4,0.6] x [0.4,0.6], we have s(1 —s) > |1 — 2s],
t(1 —%) > |1 — 2t|. Thus for any positive continuous weight function w(s,t) which is
sufficiently large in D and small elsewhere, we have (5) > (6). Hence in general the term
(B/A)2r+0)/(2(p+9) ip theorem 3 is essential.
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