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AN INTEGRABILITY THEOREM FOR POWER SERIES
S. M. MAZHAR

1. Concerning integrability of a power series we prove the following theorem:

Theorem. Let A(t) be a positive function defined on (0,1] such that A(t)t=% is
non-increasing for some § > 0 and '

i A(l/n)n~2 < MA(1/k)EL, (1.1)
=k

Let f(z) = Zf°cnz™, 0 < z < 1. Suppose {p,} is a positive increasing sequence with

E‘i”i < 0o such that

n
P -K
"7 (P A(1/n))VPni-2lp

for all sufficiently large n. Then A(1 — z)|f(z)P € L(0,1) iff

,0<p<oo, K>0 (1.2)

S A/m)n (3 e I < co. (13)
N k=0

This generalizes a theorem of Leindler [4], where he assumes that A(t) is a non-
increasing function. Also our theorem enables us to deduce a theorem of Jain [1] for all
7 < 1 by choosing A(t) = ¢t=7 with § > —v, whereas Leindler’s theorem includes her
theorem only for 0 < v < 1.

2. We need the following lemma for the proof of our theorem.
Lemma. Let A(t) be a positive function such that A(t) € L(0,1), A(¢)t=°% is non-
) = O(A(1/n)). Let F(z) = LParz*,0 < z <

increasing for some & > 0 and A(

n+1
1,ar > 0 then for0 < p < oo
M1 —z)FP(z) € L(0,1) iff (2.1)
(o] n
E A(1/n)n~25? < 0o where S, = Zak. (2.2)
n=1 k=0
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This generalizes a previous theorem of Leindler [3].

Proof of the lemma. The proof is similar to that of Khan [2] or Leindler [3]. Since
1 <y< l, n>2
1 n

(I —1/n)" is increasing we have for

n n Lo Sn
F(l-y)>20:ak(l—-y)k>kz_(:)ak(1——;) ZT.
Hence
£ 1) 2Sp 6+1§: sl /\( § 65pd
A(Z)n775F <2 / vy~ 'y Shdy
112=:1 (n n=1 1/n )

1/n
-0 +0(3 i - OEC -y

1
= O /0 M1 — 2)F?(z)dz) + O(1).

Thus (2.1 = {2:2).

To prove the converse we have

1 oo ]_/n [oe]
~ z)F?(z)dz = ar(1 —y)F)?
/ M=) (a)de =3 /1/n+1/\(y)(§ o(1—9)*)Pdy

S [
Si (n—}—l)(n:l (Z“"(l )pn(n1+1)

S
[l

]
S
i

( 'Z(Zak(l-————— )) (2.3)

since A(337) = O(A(1/k)) which follows in view of (1.1) and the fact that

EA( )02 > () (k +1)° _Zk;qn“* "2 LD ().

Suppose p > 1, then proceeding as in [4], we have

1 B oo 1 r °°' _i_p .
| /0 A(l——x)F”(a:)da:_O(l)nZ::l)\(;)n 22 2 5P,
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z1’700 o0 P

0(1)22 . Z/\( )nTESy = 0(1)2 212“2/\( )(m) e

o0 2p o0

oMY #H2 T Y AG)mST, =o<1>zx ym=2S%,

$=1

w .
since 22'%?*’6 < 00.
g=1
Now suppose 0 < p < 1. Then

- 1 g
ak(l— ) SSn-l- € n+1ak
; n+1 kz:;
oo (j+l)n-1 k I (G+)n-1
<S +Z Z are TL+1<S +Ze n+1 Z ag
k=jn k=jn

<S.+K Ze-ilzs(j+l),,.

i=1

Hence from (2.3)
1
/ A(l — z)FP(z)pdz
0

1, _ 1, _ 3
= 0 A()n 28R + 0 M)n™2 D e 2 Sfip0y)
n=1 n=1 7=1

) p]oo

—0(2*( )n‘25”)+0(26’ 2 Z'\( In"* 504 1)0)

0 p(l— 1) 0

_ O(Z ( )n=25%) +()(Z 2 Pt Z /\(%)m"szn)

Thus (2.2) = (2.1).
3. Proof of the theorem. Let A(z) = £§°b,z", 0 < z < 1 with

K S 1
= g Mo L
(pA(1/m))M/Pnt s
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Using the inequality [4]

Do by < YA (S e
n=1 k=1 n=1 k=n

which holds for any A, > 0, b, >0, p > 1, we have with ), = A(1/n)n~2 and in view of

(1.1)

SoAA/mn A (3b) < o) Z(A(—f;)n—2)l-*’(x(-,l;)n—l>?bﬁ

n=1 k=1

=0(3A()n~2+78p) = O(Zx(i)n-“f’ —1—)= O(E
1 1

Pn ( )np—

= O(1).

If0<p<1,then

00 gm+1 2m+!

DA <Y Y A W B + 00
n=2 k=1 m=1ln=2m4+1
2'“+‘

2° E '\(2m+1 )27( Z b)" + O(1).

IA

Now

2m+1 m 2k+1 L +£
Su=ry s
= s néi/r
k=3 k=1n=2k41 (p,,,/\( )n’)
n

1 6
(G+1) (= — 14 =)
2 p p 9k

| -?I’Z 1 < K),

. 1 ’
T (o A(5r)2%)7 =1 (pae M) V7

ok/p
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Hence - N
l -2¢ P
ZA(TI.)” (Zbk)
<K Z,\(2m+1)2-m2 +0(1)
k=1 pzkA(
= K Z 2—m,\(2m+1) +0(1)
=1 pzkA(Qk) m=k
kyo—k
< sz “\(1/2”,\(1/2 )27F +0(1)
1
=K» —+0(1
\Z;P?* (1)
2. 1
< K + O(1
x ;npn (1)
== 0(1)’
since o
Y rtA() < 2HY Y m (-
n=k 2 n=km=2"41
= a3  —_
= 2 3N m M) < KM(3)2
m=2k41
by (1.1).

Thus for 0 < p < oo the condition (2.2) of the lemma is satisfied. Hence
A1 —z)(A(x))? € L(0,1). (3.4)
Now proceeding exactly as in [4] we complete the proof of the theorem.
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