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UNIFIED CONTACT STRUCTURE 

B.B. SINHA AND R.N. YADAV 

Abstract. A necessary and sufficient condition that a C00 manifold to admits 
anunified contad structure is established. A condition is obtained so that it be­ 
comes P-Sasakian. A linear connection in it is defined so its distributions are 
parallel. 

1. Introduction 

If, on a manifold M, there exists a tensor field </> of type (1,1), r vector fields 
6' 6' ... 'er and r 1-forms 171, ... , 1Jr such that 

r((e13) = 6'p, 0:,/3 E (r) = {1,·· ·,r} 

</>2 = a2{1 - rf°@ ea} 

(1.1) 

(1.2) 

where a0b0 denote ~ a0b0 where 'a' is a complex constant and I denotes identity oper­ 
ator 

T/Q O </> = 0, 
</>(ea) . 0, 

o: E (r) 

o: E (r). 

(1.3) 

(1.4) 

Then I: = (</J,ea, 77°)aE(r) is called an unfield contact structure on M and M IS an 
unified contact manifold. 

If the structure <p is compatible with the Riemannian metric g, i.e. 

(1.5) 
Q 

For any vectors X and Y. Then a2 = ±1. In case of a2 = -1, the structure <p 
is almost contact and skew-symmetric. In case of a2 = I, the structure ¢ is almost 
paracontact and symmetric. If¢ is parallel with respect to the Riemannian connection, 
then (g, <p) is Sasaki an or para-contact structure respectively. 

If one put the condition 

g( <j)X, </> Y) (1.6) 
Q 
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in place of the compatibility (1.5), then ,\ is positive because the metric g is positive 
definite, and ,\2 = a4 or ,\ = la21 by means of (1.6) and the structure condition (1.2). 

An unified contact manifold M always admits the following complementary distri- 
butions. 

D+ = {X; </>(X) = aX}, (1.7) 
D- = {X; </>(X) = -aX}, (1.8) 
D0 = {X; </>(X) = O}, (1.9) 

we define opcr ators 

<Pl= !u + !</> - 77°©(a} = !{_!__</>2 + !¢}, (1.10) 2 a 2 a2 a 
1{ 1 0 } 1 1 2 1 (1.11) ¢2 = - I - -¢ - 77 0 (a = -{-¢ - -¢ }, 2 a 2 a2 a 

cp3 = {J - i-¢2}, (1.12) a 

They have following properties 

I, 

<Pi = ¢1, 

(1.13) 

(1.14) 

(1.15) 

(1.16) 
(1.17) 
(1.18) 

By (1.16), (1.17), (1.18) the distributions D+, D- and D0 may be expressed as 
follows 

¢1 0 ¢2 = </>2 0 ¢1 = </>1 0 q>3 = cp3 O </>1 = </>2 O <f>3 = cp3 O ¢2 = Q 

and moreover, 

¢ o ¢1 = ¢1 o ¢ = a¢1, 
¢ o </>2 == ¢2 o ¢ = -a¢2, 
</> 0 <P3 = q>3 0 </> = 0. 

D+ = {X; ¢1X 
D-. = {X; ¢2X 
D0 = {X; <f;3X 

X} 
X} 
O} 

(1.19) 

Thus we have Lemma, 

Lemma 1 .[3]. The distributions D+, D-, D0 are generated by the projection 
operators </>1, </>2, q>3 respectively. 
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Theorem 1. The necessary and sufficient condition for M admits· an unified contact 
structure is that there (!,xists three complementary distributions D1, D2, D3 of dimension 
p, q, r respectively, with p + q + r = n = dim M. 

Proof. The necessary condition immediately follows from Lemma 1. Now sup­ 
pose that there are three complementary distributions D1, D2, D3 of dimension p, q, r 
respectively, with p + q + r = dim M = n. 

For any XE M, we have TxM = Dix + D2x + D3x. Let 

be a b~is of TxM, where{ e{; i E (P)} is a basis for D1x, {et; t E (q)} is a basis for D2x, 
and {6, ... ,er} is a basis for D3x. 

Now let {e1 · · · eP eP+l = e1 · · · eP+9 - eq eP+q+l - ry1 · · · en = '11r} be a ' ' ' ' ' - ' - ' ' ., 
basis of cotangent spacer; M such that 

i,j E (n) ( 1.20) 

which gives, 
I, (1.21) 

where 
k E (p), t E (q), a E (r). 

Let us put 

£ ±1, kE(p), tE(q) 

Then by virtue of (1.20) and (1.21), we get 

and 

or 

Thus M admits an unified contact structure 

( 'P, ea, T/0 )aE(r) 
Hence the proof. 
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2. On unified contact manifold M, with structure L = ( qJ, ea, 17°)aE(r) 
We define two operators 

(2.1) 

an<l 

Q (2.2) 
with properties 

p + Q = .[, p2 = P, Q2 = Q, PQ = QP = 0. (2.3) 

Lemma 2. [2]. If A is a projection operators, i.e. A2 = A and B = I - A, 
then all the solutions of the equation Ax = y are of the form x = y + Bw, where w is 
orbitrary. 

Definition. A distribution D on a manifold M is said to be parallel with respect to 
a given connection r. If, for every vector fields Y and X which belongs to the distribution 
D, the vector field Vy X belongs to the distribution D, where V is covariant derivative 
with respect to the connection r. 

Proposition 1. [3]. The distribution D+ given by {1. 7) is parallel with respect to 
a connection r, iff 

(2.4) 

if] 
Proposition 2. [3]. The distribution n- is parallel with respect to a connection r 

(2.5) 

iff 
Proposition 3. [3). The distribution D0 is para/le[ with respect to a connection r 

(2.7) 

Now if we assume that V is an I:- connection, then from (1.10), (1.11), (1.12) we get 
VefJ1 = 0, V</>2 = 0, V</)3 ...:.... 0. 

Theorem 2. If r is an I:- connection on an unified contact manifold M, then the 
distribution D+, n-, D0 given by (1. 7), (1.8) a,nd (1.9} are parallel with respect to this 
connection. 

Proof. By virtue of proposition 1, 2, and 3 we obtain the required proof. 
Now we shall find all connections.of the form 

Vx = Vx + Ax (2.8) 
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with respect to which the distributions D+, D-, D0 given by (1.7), (1.8) and (1.9) are 
parallel, where V is the co-derivative with respect to any orbitrary connection r on an 
unified contact manifold M and A is a tensor field of type (1,2), with Ax Y -:- A(X, Y). 

Now for any vector Y and for any tensor field / of type (1.1) 

. (V x f)(Y) = V x(/Y) /(VxY) 
= Vx(/Y) + Ax/Y - fVxY - fAxY, 

Vxf = (Vx/)Y + Ax of - f oAx. (2.9) 

Now suppose that the dist:i;ibutfons n+, n-, D0 are parallel with respect to V, from 
proposition 1, 2 and 3, [3) we get 

Vx¢1 o ¢1 = 0, V x</>2 o <P2 == 0, V X<P3 0 <p3 = 0. 
Now by virtue of (2.8) and (2.9) we have 

V x</>1 o ¢1 + Ax</>i - </J1Ax <P1 = 0, 
V x</>2 o </J2 + Ax</J~ - </J2Ax ¢2 = 0, 
V x<P3 o <P3 + Ax¢; - <p3Ax ¢,3 = 0. 

Now adding these equations and making use of (1.13) and (1.14) we get 

V x¢1 o </>1 + V x</>2 o ¢2 + V x<P3 o <Pa + Ax 
- </>1Ax</>1 - </>2Ax</>2 - </>aAx</Ja = 0. 

Using (2.2) we get 

This equation is equivalent to 

Hence, in virtue of lemma 2, we obtain 

where Sx is an orbitrary tensor field of type (1,2) with Sx Y = S(X, Y). 
Thus we have, 

Theorem 3. If, on an unified contact manifold M with a structure I: = 
(<P,la, 71°)0:e(r) there exists any linear connection r then distributions n+, D-, D0 given 
by (1.7), (1.8), (1.9) respectively are parallel with respect to every connection r given by 
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3. An unified Contact Riemannian manifold of P-Sasakian type [4) 

Suppose that M is an unified contact Riemannian manifold with a structure L = 
(</>,f.a,T/0,g)0e(r)· We define the following tensor fields of type (2.2). 

F = 1 
2 { I © I + ry0 © f.0 © I + I © r]° © f.0 

- T/0 © f.o ® rf3 ® f.13 - -\¢> © 'P} 
a (3.1) 

and 

H 

.(3.2) 

with properties 

F+H l©l, HH H, FF F, FH HF 0 (3.3) 

we introduce 
1 

L = H - -</> © ¢> 
a2 

Now we define a symmetric tensor field ¢> of type (0,2) as follows: 

(3.4) 

<j.>(X,Y) = g(</>X,Y) 

Definition. An unified contact Riemannian manifold M, with a structure L 
(<P,f.a, r,C\ g)oe(r) is said to be of unified contact type of the following condition is satisfied: 

for all a E (r) (3.5) 

If, moreover, all 1J0 are closed, then since d'f/0 = 0 is equivalent to (V x7J0)Y = 
(v"y7J0)X, the condition (3.5) is reduced to 

for all a E (r) (3.6) 

From 1J0(X) = g(X,f.a), a E (r) we have 
(V x77°)Y 

and then (3.6) is equivalent to 

g(V xf.a, Y) 

<PX for all a E (r) (3.7) 
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now we prove the following. 

Theorem 4. Let M. be an unified contact Riemannian manifold of unified contact 
type with structure (</>,la, 1]~E(r)· If 
(i) all T/a are closed, and 
(ii) The tensor field <p satisfies the condition LV z</> = 0. 
Then 

Vz</>(X,Y) = -a2I:11a(X)[g(Y,Z) - Lryi3(Y)1113(Z)] 
a . /3 

- a2 L 1Ja(Y)[g(X, Z) - L ryf3(X)ryf3(Z)], (3.8) 
a /3 

Proof. Since 17° are closed then (3.6) is satisfied, we have 

</>( </>X, Y) = a2[g(X, Y) - L 17°(X)17a (Y)], 
a 

V z</>(X, Y) = g((V z ~)X, Y), 
From (3.9), we have 

v'z</>(</>X, Y) = a2{Vzg(X,Y) - (VzTJa)(X) L1Ja(Y) 
a 

(3.9) 

(3.10) 

- (V z1Ja)(Y) L 1Ja(X)}, (3.11) 

Putting </>y instead of Y into (3.11), and making use of (3.6), we get 

v'z</>(</>X,</>Y) = a2{-Vz</>(X, Y) - LT/a(Y)q',(Z,X) 
a 

- L 1Ja(X) </J(Z, </)Y)} 
a 

(3.12) 

From (3.6) and (3.10), we have 

Vz</>(X,ea) = g(("vz</>(X,ea) = -g(Vzea,</>X) = -</>(Z,¢X) (3.13) 

and 
(3.14) 

The condition (ii) is equivalent 

0 = (Lv'z </>)(X, Y) 

- i{Vz</J(X,Y) - Vz</>(17a(x)ea,Y) - Vz</>(X,11°(Y)ea) 

+ V z </>(TJ0(X)(a, ryi3(Y)(13) - ~V z </>(</>X, <j)Y)} . a 

= i{V z </>(X, Y) - 77°(X)V z </>(ea, Y) - T/a (Y)V z </>(X, ea). 

+ 77°(X)ryi3(Y)Vz</J((a,e/3) - a
1
2Vz</>(</>X,.<j)Y)} 
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On account of (3.12), (3.13) and (3.14) we have 

Vz¢(X,Y) = -I:11°(Y)</>(Z,¢X) 
a 

~ 71°(X) </J(Z, ¢Y) 
a· 

(3.15) 

Now using (3.9) in (3.15), we get 

V z </>(X, Y) = - a2 L 71° (Y)[g(X, Z) 
a 

- a2 L 77°(X) [g(Y, Z) 
a 

Lrf(X)r/(Z)] 
/3 

L rf (Y)r/ (Z)J 
f3 

Hence the theorem. 

Definition. An unifined contact Riemannian manifold M, with structure 

L = (</>,f.a,11°,g)ae(r) 
satisfying the conditions (3.6) and (3.8) is said to be of P-Sasakian type. 
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