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ON SUBCLASSES OF P-VALENT CLOSE-TO-CONVEX FUNCTIONS

M.K. AOUF

Abstract. Let K[C,D,p,a], -1 < D < C <1 and 0 £ a < p denote the class of
O
functions g(z) = 2P+ ), bnz" analyticin the unitdiscU = {z: |z]| < 1} and

n=p+1
" - —
satisfying the condition 1 + B 19, is subordinate to 2 +[pD + (C - D)(p - )]z
9'(2) 1+ Dz

z€U. We mvestlgate the subclass of p-valent close-to-convex functions f(z) =

!
zP + Z anz", for which there exists g(z) € K[C, D, p,a] such that PJ:(( ))
n=p+1
p+pB+(A-B)p=-B: | B.A<1and0<B<p
14 Bz =

Distortion and rotation theorems and coefficient bounds are obtained.

7

subordinate to

1. Introduction

Let A, (p a fixed integer greater than zero) denote the class of functions f(z) =
00

2P + 3 arz® which are analytic in U = {z : |z] < 1}. Let  denote the class of
k=p+1
bounded analytic functions w(z) in U satisfying the conditions w(0) = 0 and |w(z)| < |7

forzeU.
For —1 < B < A <1land 0 < 8 < p, denote by P[A, B,p, 5] the class of functions

p(z) = p+ Z cxz* which are analytic in U and which satisfy that p(z) € P[A, B,p, ,6]

if and only 1f

p+ [pB + (4 — B)p - Bz
1+ Bz ;

By definition of subordination if follows that p(z) € P[A, B, p, #] has a representation of

the form
s} = P + [pB + (A — B)(p — B)lw(z)
1 + Bu(z). ¥

The class P[A, B, p, 8] was introduced by Aouf [1].

p(z) < zeU.

w € Q. (1.1)
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134 M.K. AOUF

Given C, D, -1< D<C<1land0 < a<p, K|[C,D,p,a] and P*[C,D,p,q]
"
denote the classes of functions f(z) € A, such that 1+ z—ffT(—(zi)l € P[C,D,p,o] and

/
i}fT(;—) € P[C, D,p, ], respectively. The class P* [C, D, p, o] was introduced by Aouf [1].
z
It follows from the definitions of the classes K[C, D,p, ] and P*[C, D, p, a] that

!
g(z) € K[C,D,p,a]  if and only if z-"}fz) € P*[C,D,p,al. (1.2)

We note that:

1. P*[1,-1,1,e] = S*(a), K[1,-1,1,0] = C(a), 0 < <1, are the well-known
classes of starlike functions of order o and convex functions of order a, respectively,
introduced by Robertson [15]. |

2. P*[1,-1,p,a] = S;(a)and K[1,-1,p,a] = Cp(e), 0 < a < p, are, respectively,
the class of p-valent starlike functions of order «, investigated by Goluzina [6] and the
class of p-valent convex functions of order a.

3. P*[C,D,1,0] = P*[C,D], is the class of functions f(z) € A, introduced by
Janowski [7] and studied further by Goel and Mehrok [3,4] and K [C,D,1,0] = K[C, D},
is the class of functions f(z) € Aj, studied by Mazur [13] and Silvia [19].

A function f(z) € A, is said to be in the class C[A,B;C,D,p,B,a], - 1< A< BX<
1, -1<D<C<1,0<B<pand0<a< p, if there exists ¢(z) € K[C, D,p, @] such
that »

B0 ¢ pla,B,p,0) (13)
g'(2)

We note that:

1. C[1,-1;1,-1,1,0,0] = C, is the well-known class of close-to-convex functions,
introduced by Kaplan [8].

2. C[A, B,;C, D,1,0,0] = C[A4, B;C, D], is the class of functions f(z) € Ay, studied
by Silvia [19].

3. C[1,-1;C, D, 1,0,0], was studied by Goel and Mehrok [4,5].

4. C[1,-1;1,-1,1,8,a] = C(a, B), is the class of close-to-convex functions of order
a and type 3, was introduced by Libera [11].

5. In [2] Aouf studied the class C[1,~1;C, D,p, 8,a] = C[C,D,p, B, a] of functions
f(z) € Ap satisfying ’

zf(z) _ _
g(z) EP[]., lyp’ﬂ] = P(p’ﬂ))

g(z) € P*[C,D,p,q].
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2. Distortion And Rotation Theorems.

Unless otherwise mentioned in the sequel, the only restrictions on the real constants
A,B,C,D,a,ﬁandparetha.t—l§D<C§ 1, -1<B<A<1,0<a<pand
0<B<p.

Theorem 1. For f(z) € C[A, B;C,D,p, B, ol |2l £r<l,

1p=pB+ A =B)p = Blr Dr)(c I_)D)(p " <)

i 1 - Br
+ [pB + (A= B)p — A)lr E=2)p-a)
< iE -y 2 aam) B % vy,
— [pB A—- B - r
oo BB A== O - <1 1)
& Tp—lp o [pB i (A _ B)(p =~ ﬁ)]reC(p—a)r D=0
- 1+ Br - ' ’

The bounds are sharp.
Proof. For f(z) € C[4,B;C,D,p,B,¢], there exists a ¢(z) € K[C,D,p, ] and
p(2) € P[A, B,p, ] such that

: _
2z
£ = La) (21)
; , , . 29'(2) .
Since g(z) € K[C,D,p,¢] if and only if . € P*[A,B,p,a], for |z| < r <1 1
Theorem 1]
- D Cc-D
po-i— b D" < 1< e nn’ D 0T Vb #o
and ,
prp—le—C(P—a)T S |g’(Z)|_<_ pT_p—leC(P—Ol)’f’ D = 0. (22)

Also for p(z)_ € P[A, B,p, ], we have for |z| <r <1 [1, Corollary 1]

— [pB A-B —_ r - - r
p—1Ip +1(_Br)(p ‘ﬂ)] S|p(z)|510+[101‘3‘+1(/_1+B71~‘3)(10 P)lr (2.3)

The result follows immediately upon applying (2.3) and (2.2) to (2.1).
Equality is obtained for f(z) € C[A, B;C, D, p, B, o] satisfying

C- D,
#-11 4+ Dz) D (p~a).p+h)B+l(i—Bf)(p—ﬁ)]z’ D #0,

p+ [pB + (A - B)p — Bz _
1+ Bz & =10

f'(z) =

= 1,00 — )z .

(2.4)
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and z = 7.

Remarks.
1. Forp = 1 and @ = B = 0, Theorem 1 agrees with Theorem 1 of Silvia [19].

2. ForA=1 B=—-1,p=1and @ = # = 0, Theorem 1 agrees with Theorem

3 of Goel and Mehrok [3].
3. For A = 1 and B = —1, Theorem 1 agrees with Theorem 2 of Aouf [2].

Theorem 2. For f(z) € C[A,B;C,D,p,B,¢], |z] < r < 1,

arg £C) f'( z) )| < |
C D (84 Sln =1 r sin~ (A - B)(p - ﬁ)r
( )p—a) (Dr) + —[pB+(A—B)(p—ﬁ)]Br2’D # 0,
A-BYp-Br o o

C(p«a)r+sin‘ > B+ (A~ B)(p - BB’

These inequalities are sharp.

Proof. From (2.1) and (1.2), we have
f'(z z
jarg T | < Jarg B | 4 Jargn() |, (25)

For fi1(z) € P*[C, D, p, a], we know [1, Theorem 2] that for |z| <r <1

' =i — a)sin"Y(Dr
g 201 ¢ | 5P ™0, D 2 0, -

C(p - a)r, D = 0.

Also for p(z) € P[A, B, p, 8], we know [1, Theorem 4] that for |2|] <r <1

W (A-Bp-p)r
“GBT (A= B)p-PIBr @D

| arg p(z) | < sin

Substituting (2.6) and (2.7) into (2.5) gives the result.
Equality is attained for f(z) € C[A, B;C, D, p, 8, a] satisfying

r HBHU-B)- B 16,2 g=By
Filz) = 4 s 1+ Bé;z (1+ Déz) D D # 0,
1+ [B+(4-B)(1- ﬁ)]élz
pZP—l p eC(p—a)égz, D = 0,

1 + 3612
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where 8
. ~([B+(A-B)(1- —1;)]+B)r
L 1+[B+(A-B)(1- %)]Br2
| —[B+(A-B)1- %)]%ﬂm
41 - =] @]
1+[B+(A-B)(1- %)]Br2
and
& = -E-[—Dr + iy/1 — D?r?).
Remarks.

1. For p=1 and @ = 8 = 0, Theorem 2 agrees with Theorem 2 of Silvia [19]

9. FrA=1 B=-1,p=landa= B = 0, Theorem 2 agrees with Theorem 4 of
Goel and Mehrok [4].

3. For A =1 and B = —1, Theorem 2 agrees with Theorem 3 of Aouf [2].

4. Forp=A=C=1and B=D= —1, Theorem 2, agrees with Theorem 4 of

Silverman [18].
5. Choosingp=A=C=1, B=D= —1 and @ = 8 = 0 in Theorem 2, we get the

result due to Ogawa [14] and Krzyz [10].

3. Hadamard product.
[eo]
The convolution or Hadamard product of two power series f(z) = Y anz" and
n=0

[s.e] (o e)
g(z) = 3 baz" is defined as the power series (f * 9)(2) = Y @nba2™. In order to
n=0 0

n=
obtain a subordination result linking C[4, B;C, D, p, B,a] and P[A, B,p, 8] we need the
following lemma.:

Lemma 1 (Ruscheweyh and Sheil-Small, [17]). If(2) is regular in U, ¢(z) and h(z)
are convez univalent in U such that ¢(z) < ¢(2), then ¥(2) * h(z) < ¢(2) * h(z), z€U.

Theorem 3. If f(z) € C[A,B;C,D,p, B, @], then there ezists p(z) € P[A, B,p, ]
such that for all s and t with |s| <1, [t| <1 (s #1),

f'(s2)p(tz)tr?
f'(t2)p(sz)sP—1
cC-D
p e-) 5. (3.1)

(l -+ Dsz)(
- 1+ Dtz
eC(p—a)(s—t)z ,D = 1 (32)
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Proof. The proof is similar to the one given by Ruscheweyh [16], Goel and Mehrok
[4] and Silvia [19].
We first consider the case when D # 0. We have

2f"(z) _ 2P/(2) z9"(2)

—p+1 =+ 22y,
7 oo P T R
9(z) € K[C, D, p,a] and p(z) € P[A, B, p, B]. Therefore,
() () (C—D)p— o)z
- - 3.3
O A T P -
where el it is convex, univalent in U. For [s| < 1, [t| <1, (s #1),
1+ Dz
s t
W) = /0 (2 — ) (3.4)

is convex, univalent in U. (3.3) and (3.4) satisfy the conditions of Lemma 1, and therefore

zf"(2)  zp'(2)
f'(2) p(z)

Given any function €(z) analytic in U with £(0) = 0, we have

(C—D)(p— o)z
1+ Dz

( —p+ 1) *h(z) < * h(2). (3.5)

(@xh)(z) = / W, ceu (3.6)
tz )
By the application of (3.6) and (3.5) can be written as
2 uf'(u)  up'(u) du /” du
— - i C—-D)p-
Jo By ~ S 2+ T < €009 [

from which (3.1) follows.
Similarly for D = 0, we obtain (3.2).

Corollary 1. If f(z) € C[A, B;C, D,p,3,¢a], then there exists a p(z) € P[A, B, p, f]
and a Schwarz function w(z) € Q such that

=)~

12 _ ] a1 + Du(z)

zp—1

. DG
p(z)eC-e(z), - D = o.

Proof. The result follows directly upon substituting s = 1 and ¢t = 0 into Theorem 3.
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(o]

Corollary 2. If f(z) =27 + Y, anz" € C[A,B;C, D, p,
. n=p+1

B,al, iﬁen

ey | HO=Dip=a) + (A= B)p =)
p+1 | S | .

Proof. If g < F, then |g'(0)] < |F’(0)] [12]. From Corollary 1, we take g(z) =
f'(2)/2*~'p(z) and

C-D
(1+DZ)( 55— =) D £0,

F(z) =
eCp—a)z B = 0.

Then ¢’(0) = (p+ 1)a;+1 — %1 for p(z) =p+ Y. en2™ and ) = (O~ D)(p — a).
n=1

(p+ Dlgprl = leil o o~ D)(p—a)l
: <

Therefore
and
pl(C—D)p—a)| +lel
| ap+1 l = p+ 1
» p(C — D)(p — a) + (A-B)(p— p) [1, Theorem 5]
- pt+1
as claimed.

4. Coefficient Inequalities.

We begin with coefficient inequalities for K[C, D, p,a].

o
Lemma 2. Forg(z)=2P+ ) bz" € K[C,D,p,a] and p complez

n=p+1
|bpsa | € (7NC — DY~ ) (4.1)
and
| Bpaz — Bb24q | < 2@‘1 (O ~ D)p ==}
max{1,| 22D 0 D)p-o) ~[(C-D)p-ap- D1} (4D

(p+1)?

The result is sharp.
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o0
Proof. For g(z) = 2P + Y. b,2" € K[C, D, p, a], there exists a Schwarz function

n=p+1
O
w(z) = Y 1n2" € Q such that
n=1

2¢"(z) _ p+[pD+(C — D)(p — a)]u(z)

L%

7x) 1+ Du(z)
. 20"(z) _ _ (C=D)(p—)u(z)
'Y TP T T 14 Dwl)

Substituting of the series expansions and comparison of the coefficients leads to
b1 = (=E=)(C - D)(p—a)m
p+1

and
bpz = 5ngy(C = D)o —a){n + (€= D)(p— o)p — Dhi}.

Therefore,

8411 < (7)€ = D)o~ ) (4.3)
and
byas = W4y = gEgs(C = D)o = ) + (O = D)(p~)p = D)
- 2222 u(c - D)o - a)hi}. (449)

. )
We know [9] that for w(z) = 3~ 7,2" € Q, if s is any complex number, then

|72 — s7f | < max{1,|s]}. ' (4.5)

Equality is attained for w(z) = 22 and w(z) = 2.
Combining (4.4) and (4.5) yields the result, and since (4.5) is sharp, then (4.2) is also
sharp. '

(=
Theorem 4. If g(z) =27+ ). byz" € K[C,D,p,a], then
n=p+1

n—(p+1)

II 1®-C)p-a) + Dk| (4.6)

b, | < ———
= n(n—»)!
( p)' E=0

forn > p+1, and these bounds are sharp for all admissible C, D and « and for each n.
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Proof. Ifg(z)—z”-{- Z b,2" € K[C, D, p,a], then 24222 —zP+ Z .-b 2" is
EgeR n=pt+1 P
in P*[C, D, p,c]. But for fi(z) =2 + E an,z" € P*[C,D,p,a], we have [1, Theorem
n=p+1
3].
lan|< —— I 1@-C)p—e)+ Dk|. (4.7)
(n-—p) k=0

Then the result follows from (4.7) and replacing a, by %bn.
For sharpness of (4.6) consider
C-D

§(:) = pri1 - D8 D P

D 15l=1, D # 6 (4.8)

Theorem 5. For f(z) = 2P + i anz" € C[A, B;C,D,p, B, ]

n=p+1
oy | < HO=DUp=) 4 A= B ds)
and
laps2 | <
% +2)(c D)o o) + A=2XE=L(G - D)p-e) + 1
2(0 D)*(p - e)* + —ﬁBz |(C-D)p-a)p—-D|< 1, (410)
| 5555 ~ Do~ N(C = D)o —p = D]
A R)fp—BC = Djlp—a) + ], _»
i +-L(C-DP@p-a) (41D
4= —L_B% |(C-D)p—elp - D|> 1.

(o0}
Proof. There exists ag(z) = 22+ Y. bnz™ € K[C,D,p, ] and a Schwarz function
n=p+1

[e*)
w(z) = Y ynz"™ € Q such that
n=1

pf'(z) _ p+[pB+ (A= B)p- A)luz)
g(z) 1 + Bu(z) ’

Comparing series expansions, we see

z€U.

(A-B)p—F8)
p+1

apt1 = bp41 +
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and

apyz = bpy2 + (p+ )(A B)(p — B)bp1m

L A=Be=8,

2
5 (P+1) 2 p 2 2 (412)
p

2} p T 22— By,
71} + p(p+2)bp+1 p+2 71

The bound for |a,41| follows from Lemma 2. Applying (4.5) and Lemma 2 (g = 0) to
(4.12), we have

|p42 | < s——=(C = D)(p—a) max{1, | (C-D)p—a)p — D|}

= 2(p+2)
L (A=B)p- g)g D)(p-a) (A= fl(g B) soue 1, B |}
—3C-D(p - + —

T 2p+2) +2)(C D)(p— @) max {1,| (C-D)(p—ea)p — D |}
+ Q=B =Pc— D)o o) + 1+ 250 - DY - ®
+P"1:‘2B2
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