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ON LIEB AND THIRRING TYPE DISCRETE INEQUALITIES
B.G. PACHPATTE

Abstract. Discrete inequalities of the Lieb and Thirring type involving functions
of several independent variables and their forward differences are established. The
proofs given here are elementary and the results established provide new estimates
on these types of inequalities.

1. Introduction

In [4] Lieb and Thirring have given the following interesting inequality.
Let up(r=1,---,M) be a finite family of functions in H(R™) which are orthonor-
mal in L2(R"™) and let p be a constant satisfying max(l, g—) <p<Ll1l+ (-g—) Then

p 2(p—1)

[Ln{iur(x)2}P*ldz] n < kOZ/ Z{ u,.(:c) (1)

where kg = ko(n, p) is the constant independent of M and u,.

The inequality (1) is an extension of the well known Sobolev-Gagliardo-Nirenberg
inequality (see, [2, 5,8]). A number of interesting generalizations of the inequality (1)
which have applications in the study of the dimension of attractors associated with
dissipative parabolic equations are recently given by Ghidaglia, Marion and Temam in
[3]. Aside from the applications, inequalities like (1) are of interest in their own right
and we believe that the discrete inequalities of the type (1) will be a new addition to
the literature on such inequalities. The main purpose of the present paper is to establish
some new discrete inequalities of the type (1) involving functions of several independent
variables and their forward differences. The method used in the proofs is elementary and
our results provide new estimates on these types of discrete inequalities.

2. Statement of results

In what follows, we let R be the set of real numbers and N = {1,2,---}. For
z=(z1,...,Z,) € N* and z(z) : N — R, we define the forward difference operators as
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follows:
Dyg( B0 0  pn) = 2(81 + 1y2gy v ooz ®n) — 2(21y4 4+, 20),
BDpz(Z1,:00,%0) = 2(B1s <0 oy Preis®n + 1) — #H#y,enn, Bs).
The notation A;z(zy,...,y,... Zp) fori=1,--- n we mean for i = 1 it is Az(yy, zo,
..., Z,) and so on and for i = n it is Dnz(zy,...,2,_1,yn). Let B be a bounded domain

in N* with n > 1 defined by B={z:1<z < a+ 1} where 1 = (1,---,1) € N*, z =
(£1,...,2,) E N*, a = (a1,...,a,) € N*. We define o = max{ay,...,a,}. We denote
by F(B) the class of functions z(z) : B — R for which AN;z(zy,...,Y,...,2,) exist and
such that

#1290 5 80) =z(z1,1,23,...,2,) = - = (W05 B, 1) 220,

z(ar + 1,29, ...,2,) :z(xl,ag—{—l,xg,...,:vn) = v = 2Ty Bn—1,80 + 1) = 0

For z(z) : B — R we use the following notation

Zz(y) &= Z Xn: z(yl,...,yn),

B y1=1 yn=1

and also use the customary convention

a;—1 ap—1
E Z(y1a$2,---,$n) = 01 Tty § z(:clr"'axn—layn) = 0.
Yi=a, Yn=an

Our main result is established in the following theorem.

Theorem 1. Let u, € F(B) for r = L---,M and let m > 1 and p > 2 be real
constants. Then

o P 2m(p-1)

M n
DAL T r T sk S Y laww @
B r=1 Lol it E
where e
k= —(3)°7Mmm1g e s

Remark 1. If we take m = 1 in (2), then we get the inequality analogous to the
discrete version of the inequality (1). On taking u,(z) = u(z) for r = 1,---,M and
m=1, p=2in (2) we get the following inequality

;_l u(z) |* < ;12-(%)“ D3 Avu(y) | (3)

B =1
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For different versions of inequalities of the type (2)-(3), see [6,7].
A slight variant of the inequality (2) motivated by the Dubinskii’s inequalities [1] is
embodied in the following theorem.

Theorem 2. Let u,, m, p be as defined in Theorem 1. Then
| p_ 2m(p—1)

M
A lwwryp-1] »
BM ” n M n
Sk2) DN | Avu(y) [+ E3) DD lur(y) ™™ Avue () P, (4)

r=1 B i=1 =1 B =1

where 1
_ p(2m42nm—n) - 2nm
ky = 2—M2m la g ; ks = 22k,
n 5

Remark 2. In the special case when m = 1, p = 2 and ur(z) = u(z) for r =
1,---, M, inequality (4) reduces to

2 n 2 n
a 2
Do lu( * < o DD 1A P+ =33 uy) Pl aw@) P (5)
n “ n :
B B i=1 B =1
It is interesting to note that the inequality (5) is analogous to the discrete analogue of the
Sobolev’s inequality [2]. However the bound obtained in (5) is not exactly the discrete
analogue of the bound involved on the right side of the Sobolev’s inequality (see, [5,p.1]).

3. Proofs of Theorems 1 and 2

Since u, € F(B), we have the following identities:

nis(z) = Z{ 2A,-u,(xl,...,y,:,...,xn)}, (6)
1=1 =1
nt(z) = —-Z{ Z D OB ey g « 3 ) By (7)
i=l  yi==;

forr=1,---, M. From (6) and (7) we obtain

atlm) | £ %Z{Z‘IAiur(zl,...,yi,...,:cn)l}. (8)

=1 ¥yi=i

From (8) and on using the elementary inequality (see, [5, p.5])

n

{You]” = o1Y 4 (9)
i=1

i=1
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where ¢;,...,¢, > 0 reals k > 1, Schwarz inequality and the definition of «, we obtain
| up(z) |2 < (%)2[i1{ i:l | Dt (B v o g Yooy B ) | }]2
Py A
i (%)2712";{ GZI | Bl 28y « 5 55 cnpilid | }2
rm s
__(Zc-:—l)i;{ilAiur(zl,...,y;,...,:cn) ? ). (10)
i=1  yi=

From (10) and on using inequality (9) repeatedly, Holder’s mequahty with indices p,
and the definition of «, we obtain

M " P P,
{2 1w@P}P=1 <(Z)P~1(mn)P-1 (11)
r=1
p
Z{Z{Z|Aur(x1,...,y,-,...,:c,,)|2}p~1}
p " 1 1

< (%)E(Mn)lfla;’—_—l
M n a; 2—p
3 Z{Z{ Z IAiur(xly-”;yiy"-rxﬂ) Ip—l }}

r=1 i=1 y;=1

Setting z; = y; (i = 1,---,n) in (11) and taking the sum over both sides of (11) with

respect to y1,...,y, on B and using the definition of a, we have
=
Z{Zlu (¥) lz}p‘l < (42 )p‘] (Mna)P = 1a
r=1

M n ﬂ.
A AP a2
r=1 3:=1 B

From (12) and on using the inequality (9) repeatedly, Holder’s inequality with indices
2mp—1)  2m(p—1)

p ' 2m(p-1) -

and the definition of &, we obtain

p_ 2m(p-1)

[Z{ilur(y)lz}r’—l] P
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B L el St B
<{()P~1(Mne)P—la} P (Mn) P
W m 2p 2m(p-—1)
x YA s ip-1} 7}
r=1 =1 B
P 1 2m(p— 1) 2m(p—1)
<{(5)P~1(Mna)P=la} P (Mn) P

4n

@) 7 S{E(Eisawrm}
=F < iZi | Asu(y) ™™ (13)

p=l B 3=l

This completes the proof of Theorem 1.
From the assumptions on the functions u,(z) in Theorem 2, we have the following

identities:
zi—1

nul(z) = }:{ AN CINRE ) B (14)
nul(z) = —Z{ Z Dot (B oy Yo+ + 5B ) B (15)

forr=1,---,M. From (14) and (15) we observe that

| ur(z) |* < % > A 2 [PV ¢ yu— —— W

i=1 y_l

——'2”2:{2}“2(131,...,%'{'1 ) (xlr"‘7yi)"')zﬂ)|}
i=1 y.—l

= Z{ZlAuT(xl)"‘wyh"', )
=1 yi=1

. {ur(l'l,---,yi+1 xn) 4 Ur(-'l-'l,---,yi,n-,xn)} | } _

~ o Z{ Z | Bivr(za, 55,05 20)

=1 yi=1
: {A-ur(:cl, vx sl » syl b 20815 oonp Yipos s B)F 1 ]

~ o Z{ Z | { A “r(":lv""yi""’x”)}z

1=1 y;=1

+ BB, « « s < o0 ®n) Dty s o vogBliy - oen @) | Jo (16)
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From (16) and on using inequality (9) repeatedly, Holder’s inequality with indices p,
and the definition of «, we obtain

M T
{D lu(x)2}p-1 (17)
T p P

_____1 M n a;
<GPPI S AT A i)Y
+ 2u,(:l:1,...,y,~,...,:cn) Aiu"(wh'”’yi""’xn)l}p.—l}

g & p__, _1
S(—)P‘l(}\ln)l’_l aP—1

Z{Z{ Z |{A ur(xl,...,y,,...,xn)}Z

=1 Wi=1

p
% 2ur(x1,--.,yi,.__,xn) Ai ur(zl)"')yi;-..,mn) ’p_l}}

Setting z; = y; ({ = 1,--+,n) in (17) and taking the sum over both sides of (17) with
respect to yi,...,y, on B and using the definition of «, we have

M " A
IROMNERO 1S Lt (18)
B ) |

P n
< (21 )P =1 (Mna)7= “Z{Z{Z HAiur (9} + 2ur(y) A ur(y) lp'l )

From (18) and on using the inequality (9) repeatedly, Holder’s inequality with indices
2m(p—1) _2m(p- 1)

- Tl 1) — and the definition of a, we have
M P 2m(p— 1)
IS p 7T 5
B r=1
1 2m(p — 1) 2m(p — 1)

5{(51;)1_7—“1(1\1%)17—1@} P (mn) p

p ‘2m(p— 1)

M n
AT 0w + e aiu) P-1) 7 )
r=1 =1 B
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1 2m(p — 1) 2m(p—1)
S{(-él;)P“l(Mna)P—la} p (Mn) p
2m(ip—1)—-p » .
@ YA HAw WP + 20,) A w () P }
r=1 i=1 B
2m 2m(p—1) 2m(p—1)—p
()" (Mna) P o P (M) P
n

LR 213 b i (Ul

4 gem I Ur(y) |2m| Aiur(y) |2m ]}}

M n M n
=K 3 S S Ba) [ 4k S ) P A ) P (19)

r=1 B =1 r=1 B =1

1

This is the required inequality in (4) and the proof of Theorem 2 is complete.

Remark 3. We note that the hypotheses used on finite family of functions u, (r =
1,---,M) and the constant p in our Theorems 1 and 2 are different from those given
by the authors in [3,4]. We also note that the constants ky, k2, k3 involved in (2) and
(4) depends on n, M, p and the size of the domain of definitions of the finite family of
functions u,, while the constant involved in (1) depends on n, p and independent of M

and u,.
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