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A COEFFICIENT INEQUALITY FOR CERTAIN CLASSES
OF ANALYTIC FUNCTIONS

R.M.GOEL AND BEANT SINGH MEHROK

o0
Abstract. Let f(z) = z+ ) axz* be analytic in the unit disc E = {z : |z] < 1}.
k=2
We wish to maximize |a3 — ua2| over certain classes of analytic functions defined
by convex subordination. This paper is concerned with the solution of the above

extremal problem over certain classes of univalent analytic functions.

1. Introduction

Let U denote the class of functions
w(z) = chzk (1.1)
k=1

which are analytic in E = {z : |z| < 1} and satisfying there the conditions w(0) = ¢ and
lw(z)| < 1.
Let S denote the class of functions

flz) = 2+ Zakzk (1.2)

analytic and univalent in F.
Let K and S* be the sub-classes of S which are, respectively convex and starlike in
E. We shall call the function f(z) of the class S an alpha-convex (a-convex) function if

(1) f_(z)zi’(z_) # 0 and for any real «,
1i el(l1- i@ o zm -4
(ii) Re[(1-a) ot (1+ 7 )] >0, z€ E.
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Mocanu [15] introduced the concept of a-convex functions. Miller, Mocanu and
Reade [14] have shown that a-convex functions are starlike in E, and for « > 1, all a-
convex functions are convex in E. Therefore a-convex functions are also called a-starlike
functions. Concept of a-convex functions gives a continuous parametrization between
starlike functions and convex function.

Al-Amiri and Read [1] introduced the class H(a) of analytic functions f(z) in E
which satisfies the condition

f”(z)
J'(2)

Let B(a,B,p,g9) = B denote the class of functions f(2) regular in E and defined
for § real and o > 0 by

Re[(1 — 0)f'(2) + o(1 + 222 > 0.

16) = e+ i) [ " p(e)1P=1g (1) de) (1.3)

where p(z) is regular, p(0) = 1 and Rep(z) > 0, and g € S*. (The powers appearing in
(1.3) are principal values).
Bazilevic [2] showed that functions of the class B are univalent in E.
Let M(a; A, B) be the class of functions f(z) analytic in E and satisfying the con-
ditions ,
f_(z_)& % 0 and for a > 0,
z
21'(2) F(2)y 1+ Az
{ — AL £_ye/ ol . ;-]
( @) 02 +a(1+zf,(z)) < 1+ B2’
To avoid repetition, we lay down, once for all that —1 <SB<A<L1l,a>0and z€ E.
Let H(a; A, B) denote the class of functions f(z) analytic in E and satisfying the
condition
f"(2)

f'(2)

=l € B & 4 < 1 (1.4)

1 4+ Az
1+ Bz’

(1= a)f'(2) + a1 + 2 ) <

(1.5)
If we take # =0 and g(z) = z in (1.3),
Bi(a) = B(a,0,p,2) 1s the class of functions
1) = o [ poyetant.

The class B;(a) was defined by Singh in [16], and studied by Thomas in (18] and El-
Ashwah and Thomas in [4,5].

Let Bi(a; A, B) be a sub-class of Bazilevic functions such that

2f'(2)(f(2))* o Ll+4:

: 1+ Bs (1.6)
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Let F(«; A, B) and G(e; A, B) denote the classes of functions f(2) émalytic in F and
satisfying respectively, the conditions

£12) + asf"(e) < gt (17
and .
(1- cx)f-g—z2 + af'(z) < i+ 5 (1.8)

f € F(a; A, B) if and only if zf'(z) € G(a; A, B).

Fekete and Szegd [6] made an early study for the estimates of |az — pa3| when f(2)
is analytic and univalent in E. The well-known result due to them states that if f(2) is
analytic univalent in E, then

4“ - 3’ 9 b2 1
'03 - .Uag l S 1+ QCXP( 1—_1-;‘): 0 S H S 1)
3 — 4p, p <0

Hummel [10,11] proved the conjecture of V.Singh that las—ad| < = for the class K

of convex functions. Keogh and Merkes [13] obtained sharp estimates for lag — uazl when

f is close-to-convex, starlike and convex in E. For p complex Szynal [17] ~ '=ined the

estimates for |az — pa?| for the Mocanu class M(a). Al-Amiri and Reade [1j cbtained

estimates for |az — pa?| for the class H(a) when g is complex. Singh [16] obtained the
estimates for |az — pa?| for the class Bj(«).
The following observations are obvious.

(i) M(e;1,—-1) = M(e), class of a-convex functions,

(i) M(0; A, B) = Bi1(0; A, B) = S*(A, B), a sub-class of starlike functions studied by
Janowski [12], and the authors [7] obtained some coefficient estimates for the class
$*(4, B);

(iii) M(1; A, B) = K(A, B), a sub-class of convex functions studied by the authors in [8],
(However, estimates of |az — pa3| for the classes S*(A, B) and K(A, B) remained
unproved)

(iv) M(0;1,—1) = B;(0;1,-1) = S*,

(v Mgl 1) = Bl -1)= &,

(vi) H(a;1,-1) = H(«),

(vii) H(0;A,B) = B1(1;A,B) = R(A, B), a sub-class of univalent analytic functions

’ studied by the authors in [9],
(viii) F(a;1,—1) = F(a) and G(a;1,—1) = G(a), classes considered by Chichra in [3];

(ix) H(0;1,-1) = Bi1(1;1,-1) = F(0;1,-1) = G(1;1,—1) = R. R is the Noshiro-
Warschawski class studied by several authors.

In this paper, we obtain sharp estimates for |az — pa}| when f € M(a; A, B) or

H(a; A, B) or F(a; A, B) or G(a; A, B) or By(a; A, B).
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Results due to Keogh and Merkes [13], Szynal [17], Al-Amiri and Reads [1], and Singh
[16] follow as special cases from our theorems.

2. Coefficient inequality

Theorem 2.1. If f € M(a; A, B), then
(1) for p complex

(A - B) |
" 2(1+2a)) I#—‘YIS v’ (2-1)
| az — Hay ’ < 2
e o P TR R P (22)
(14 a)? ’ -
and
(i) for p real,
[ (A~ 8}
m(‘r = t); B E T8 (2.3)
A - B)
a— pall < -(%_._ - ;
Iad l‘l'aZI_ <2(1_,_20{)) 7 US”S‘Y-{_vi (24)
A — B)? '
\ ((1_'_#))2(/1 ~ %) B2+ 2-5)
where
_ (A - B)1 4+ 3a) — B(1 + a)? (2.6)
- 2(1 + 2a)(4 - B) ' '
. { +a) (2.7)
2(1 + 20)(4 — B)’ ‘
All the estimates are sharp.
Proof. From (1.4), by definition of subordination,
z2f'(2) ) 1 4+ Aw(z)
Il —a)=—= 4+ ol + 2 = —x, 2.8
G5 o0t ) = TR -
By expanding (2.8) and equating the coefficients we have
_ (4 - B)q
az = 1 E (29)
and ( ) '
_ (A-B (1 + 3a)a3 — B(A — B)c?
%= et 2(1 + 2a) J- (2-10)
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From (2.9) and (2.10), we get

a2 = (A=B) M—BV“A~&U+&Q—BU+@2-]8
ITHE = 91 420) " T Ltap 20 + 2a)(A — B) e
Therefore
= — 2
oo - e} | £ gr T leal + G2 Iy - plla . Q)
Also
lezf< 1= e P (2.12)
la| < L (2.13)

(2.11) and (2.12) lead us to

(A-B) (A- B)?
21 + a) 1+ a)?

|as — pa3 | < Ny —pl-tleal. (2.14)

(1+a)’
Ifly—pl<v= ’ 1
[y — p| <wv 2(14.2()1)(‘4_3),(2l)follows
(1+a)?
2(1+2a)(A— B
Consider the case when p is real.

Hly—pl2v= X (2.2) follows, since |¢;]| < 1.

Case I. p < 7.
From (2.14), we have

(A- B) (A - B)?
21 + 22) © (1 + a)?

|as — pa3 | < (v —v) —pi e P (2.15)

If p<(y—v), from (2.15) we have

(A-B) (A By
la3 - “ag | S 2(1 'S 2(1) (1 4 a)z
_ (4 - By
S (L+ap

(y — p—v), since [, | < 1
(v = m).

If v —v < p< 9, we obtain (2.4) from (2.15).
Case II. pn>.
From (2.14) we have

(A-B) , (A-B)
2(1 + 2a) © (1 + a)?

|_aa—ﬂa§fﬁ [,u—'y—v]lcllz,lcllg 1, (2.16)
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If p < v+, (2.4) follows. If p > v+ v, we obtain (2.5) from (2.16).
The estimates (2.1) and (2.4) are sharp for the function fo(1)(#) defined by
1 2-1 -
[—/ ta (1 + B&t?) %5 dt]°, B # 0,
a
fO(l)(z) = ° 6] =1
i el Abt? P
[;/(; ta exp( e )dt]®, B =0

The estimates (2.2), (2.3), (2.5) are sharp for the function J1(1)(z) defined by

1
P _
[l/ ta (14 6B)“F al)*, B # o,
0

hiy(z) = « [6|=1
1 ¥ e e[ 6At o
[;'/(; ta exp(—a—)dt] : B = 0.
On the same lines we have
Theorem 2.2. Let f € H(a; A, B), then
(i) for u complexz,
(A-B) " 4 (2.17)
) S im-pl= ; -
aa pat < ) 307 @) % -els sram=g)
R ) -l s
i ATEL WSl mratice  (@18)
and

(i1) for u real,

| a3 — pa3 |
r (i#('n —#), p< ﬂ%&i‘;ﬁ’(}(_‘z?”, (2.19)
VST RN casgEmen o
< (A_;B_)?(-#_ il ﬂ‘;&f;ﬁ{ﬁ‘igf”% (2.21)

where

_ oA - (1+ 0)B]
"= 30+ a)4A=B)

From. (1.5), we have

1 + Aw(z)
1 + Buw(z)’

— a)f'(z ;x zf”(z) =
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Bounds (2.17) and (2.20) are sharp for w(z) = 22. (2.18), (2.19) and (2.21) are
sharp for w(z) = z.

Theorem 2.3. Let f € Bi(a; A, B), then
(i) for any complex number pu,

| a3 — pa3 | < %{%’|Tz—#| S@_’r(s_&léb—)‘ o
(-({11—4—-_0%)7|72_“|’ [ i | = (—2‘%; (2.23)
(ii) j(’l:rdany real number p,
( ((/11;5))22 sl i (1-a)(2+a2)((2/1+;1;3();3%)+3)(1+a)2, (2.24)
. L%iigl’ (L A D) A
|83 — a3 < 1 < p < (=nlEtaA- B PIta) | (2.25)
), Ul ey,

where
_ (1 -a)2+ a)(A - B)—-2B(1+ a)z.

1 22 + a)(A — B)
Equality signs in (2.22) and (2.25) hold for the function

e 2
Joz)(2) = [0/0 (gt 6= 1

FEquality signs in (2.23), (2.24) and (2.26) are attained by the function
? 1+ Adt, .1
- ta—l 4| o — .
fiz)(2) [GA (——1 "y B&t)dt] el =1

Theorem 2.4. If f € F(a; A, B), then
(1) for u complez,

(A=B) 4(1+a)? R

31 + 2a)’ 1t 73 1< sea-Byaey =
| as — “ag I < 2 .

(A = B) 414 a)?

4(1 + a)? |1+ 7s |, L+ 73| > 3(A— B)(1+2a)’ (2.28)

and
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(1) for p real

| a3 — paj |
[ —{(A—B) —4(14B)(1+a)?
m(# +7), B< 3(;%:7)1((”—;%, (2.29)
' (A—-B) —4(1+B)(1+0)? 4(1-B)(1+a)?
<9 30 +2a) Tt SES sGeRary,  (230)
(4-—8) 4(1-B)(1+a)? . 2.31
L 401 + a)2(” ) B2 3BT (230
where A1 125
+ «
= ; 2.32
= 31+ 2a)(4 - B) ke
All the bounds are sharp.
Proof. From (1.7), we have
; p _ 14 Aw(z)
F(z) + azf'(z) = 1+ Bu()’
Equating the coefficients of z and 22,
_ (4 - B)
Mt
and (4 — B)
. e _ 2
az = 30+ 2a)(02 Bci).
So that
_ 5, _ (A-B) _ =B - 4B(1 + «a)? 2
@ HE S i e T ai T Pt 301 2m)a — By
Therefore
4 — B (A - B)? 4B(1 + a)?
ag — 2 < _(“_ Sl =) |2
e —por) £ pares el + g v ey Y sag e @
which together with (2.12) gives
A-=B) , (A~ By 41 + a)?
las — pad | < & - y
B 1= S0+ 0y * AT Fapllrtsl 30+ 2a)a —B)) |
« (2.33)

4(1+ a)?
If < —=
ln+ 73] < 3(1+ 2a)(A=B)’ (2.27) at once follows.
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4(1+ a)?
If b
Consider the case when p is real.

we get (2.30).

Case L. p+1793 > 0.
(2.33) reduces to

(A-B) (A-B) 4(1+ o) ;
3(1+2)  4(1+«)? bt 72— 3(1+2a)(A - B)] lev]
_(A-B) (A—B)z[ " 4(1- B)(1+ @)?
T 3(1+2) " 41+ T 3(1+2e)(A-B)

| as — pad | <

]Icl |27|61|S L.

4(1 - BY(1 + a)?
Br2 s T 20) A= B)’
4(1 - B)(1 + a)?

(2.31) follows.

& h
Ifu< 3(1+2a)(A—B)'we ave
21< (A-B)
- o ks Y .34
|a3 lmzls 3(1+20) (23 )
Case IT. pu+v3 <0.
(2.33) takes the form
(A - B) B (A — B)? 4(1+ a)?(1+ B)

| a3 — pal | < [n+ Tle I%le < L (2.85)

3(14+2a) 4(1+a)2¥ 7 3(1+2a)(A- B)

—4(1+ a)*(1 + B)

< )
Ifu< 30+ 20) (A= B)’ we get (2.29)
Again
A — B) : —4(1 + «)%(1 + B) ;
— pai| < Lo =54 f 2
las — oz | < 37 20) 301+ 2)A-B) = (236}
(2.34) and (2.36) together yield (2.30).
Extremal function for (2.27) and (2.30) is given by
Jo3)(z) = Po(z) * ko(z) where
[P 1+ Af?
Fe#) = /0 1+ e
and
1 2 y(3)-1
= —z(¥)-1
o(z) = =2 /0 =
- 1
=z + k (2.37)

z".
1k~ L -
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Extremal functions for the bounds (2.28), (2.29) and (2.31) are given by

fi)(z) = Pi(2) * ko(z) where
‘1 + At '

dt.
o 1+ Bt

Pl(z) —

* denotes the convolution or Hadamard product of two functions.
The following theorem is an easy consequence of Theorem 2.4.

Theorem 2.5. If f € G(a; A, B), then
(i) for any complex number p,

bt — ) 14 a)? 2.38)
3 i 2 (1 + 2a)’ lh+ e | < (A= B)1 +2a)’ (
a3_#a2!_ (A_B)g 14 o)?
(1+0)2 I/‘+74 I’ Jﬂ+74|2 (A= B)(1 + 20)’ (239)
and
(i) for any real number u,
| a3 — paj |
...(A — B)2(ﬂ 5 74) —(1+B)(1+01)2
A+a? ' HS Btz (2.40)
—————(A—B) -(1+B)(1+ ) 1-B)(1+4a)?
SJ (1 + 2a)’ (1+20)(A—(;3)) < p < (%—ml)(/,;_o%j, (2.41)
(4-B)y 1-B)(1+a)?
where
B(1 + a)2
Y4 =

(A - B)(1 + 2a)°
Eziremal function foi4y(z) for the bounds (2.38) and (2.41) is defined by

_ 1+ Az?
f0(4)( ) Z(] + B 2) ( )'
Eziremal function fy4y(z) for the bounds (2.39), (2.40) and (2.42) is defined by

14+ Az
1+ Bz

fiy(z) = 2( ) * ko(z). °
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