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A COEFFICIENT INEQUALITY FOR CERTAIN CLASSES 
OF ANALYTIC FUNCTIONS 

R.M.GOEL AND BEANT SINGH MEHROK 

00 

Abstract. Let /(z) = z+ L akzk be analytic in the unit disc E = {z: lzl < l}. 
k=2 

We wish to maximize la3 - ua~ I over certain classes of analytic functions defined 
by convex subordination. This paper is concerned with the solution of the above 
extremal problem over certain classes of univalent analytic functions. 

1. Introduction 

Let U denote the class of functions 

w(z) (1.1) 

which are analytic in E = {z: lzl < 1} and satisfying there the conditions w(O) = 0 and 
lw(z )I < 1. 

Let S denote the class of functions 

00 

f(z) = z + Lakzk 
k:2 

(1.2) 

analytic and univalent in E. 
Let J{ and S* be the sub-classes of S which are, respectively convex and ·starlike in 

E. We shall call the function f(z) of the class San alpha-convex (a-convex) function if 

(i) 

(ii) 

"-f(.,__z'-'--)f~'(-'-z) I- 0 and for any real a, 
z - 

zf'(z) f"(z) 
Re[(l - a) f(z) + a(l + zf' )] > 0, z E E. 
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Mocanu (15] introduced the concept of a-convex functions. Miller, Mocanu and 
Reade [14] have shown that a-convex functions are starlike in E, and for a 2'.: 1, all a­ 
eon vex functions are convex in E. Therefore a-convex functions are also called a-starlike 
functions. Concept of a-convex functions gives a continuous parametrization between 
starlike functions and convex function. 

Al-Amiri and Read [l] introduced the class H( a) of analytic functions f(z) in E 
which satisfies the condition 

!"( z) 
Re[(l - a)J'(z) + a(l + z f'(z) )] > 0. 

Let B(a,{J,p,g) = B denote the class of functions J(z) regular in E and defined 
for {J real and a > 0 by 

(1.3) 

where p(z) is regular, p(O) = 1 and Rep(z) > 0, and g ES*. (The powers appearing in 
(1.3) are principal values). 
Bazilevic [2] showed that functions of the class B are univalent in E. 

Let l\.1(a; A, B) be the class of functions J(z) analytic in E and satisfying the con- 
ditions 

f(z)f'(z) f: 0 
z and for Cl' 2'.: 0, 

(1 - rx)zf'(z) + a(l + zf"(z)) < 1 + Az 
f(z) J'(z) 1, n., -1 < B < A ~ 1. (1.4) 

To avoid repetition, we lay down, once for all that :_1 ~ B <A~ 1, a 2'.: 0 and z EE. 
Let H(a; A, B) denote the class of functions f(z) analytic in E and satisfying the 

condition 
J"(z) 1 + Az (1 - o:)J'(z) + a(l + z f'(z)) < _ 

If we take (3 = 0 and g(z) = z in (1.3), 
B1(a) = B(a,0,p,z) is the class of functions 

f(z) = [o: lz p(t)ta-Idt]!. 

(1.5) 

The class B1 ( o:) was defined by Singh in [16), and studied by Thomas in [18] and El­ 
Ashwah and Thomas in [4,5]. 

Let B1(cx;A,B) be a sub-class of Bazilevic functions such th~t 

zf'(z)(J(z))cx-l 1 + Az < 
1 + Bz (1.6) 
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Let F(a; A, B) and G(a; A, B) denote the classes of functions f(z) ~nalytic in£ and 
satisfying respectively, the conditions 

1 + Az 
f'(z) + azf"(z) < 1 + Bz (1.7) 

and 
f( ) 1 + Az 

(1 - a)-f- + af'(z) < 1 + Bz (1.8) 

/ E F(a;A,B) if and only if zf'(z) E G(a;A,B). 
Fekete and Szego (6] made an early study for the estimates of la3 - µa~I when f(z) 

is analytic and univalent in £. The well-known result due to them states that if f(z) is 
analytic univalent in £, then 

{ 

4µ - 3, 
2 -2µ I a3 - µa2 I ~ 1 + 2expC .. ) , 

3 - 4µ, 

µ ~ 1, 
0 < µ ~ 1, 
µ < 0. 

Hummel (10,11] proved the conjecture of V.Singh that fa3 - a~I ~ } for the class K 
of convex functions. Keogh and Merkes (13] obtained sharp estimates fo; la3 - µa~I when 
f is close-to-convex, starlike and convex in E. For µ complex Szynal (17] ·. · ~'·.ined the 
estimates for la3 - µa~I for the Mocanu class M(a). Al-Amiri and Reade (1) c::btained 
estimates for la3 - µa~ I for the class H( a) when µ is complex. Singh (16] obtained the 
estimates for la3 - µa~I for the class B1(a). 

The following observations are obvious. 
(i) M(a; 1, -1) = M(a), class of a-convex functions, 
(ii) M(O; A, B) _ B1 (O; A, B) = S*(A, B), a sub-class of star1ike functions studied by 

Janowski (12), and the authors [7] obtained some coefficient estimates for the class 
S*(A,B); 

(iii) M(l; A, B) = J{(A, B), a sub-class of convex functions studied by the authors in (8], 
(However, estimates of la3 - µa~I for the classes S*(A, B) and K(A, B)" remained 
unproved) 

(iv) M ( 0; 1, -1) = B 1 ( 0; 1, -1) = S* , 
(v) M(l;l,-1) = H(l;l,-1) = K, 
(vi) H(a; 1, -1) _ H(a), 
(vii) H(O; A, B) = B1 (1; A, B) = R(A, B), a sub-class of univalent analytic functions 

studied by the authors in [9], 
(viii) F(a; 1, -1) = F(a) and G(a; 1, -1) = G(a), classes considered by Chichra in [3); 
(ix) H(O;l,-1) = B1(l;l,-l) = F(O;l,-1) = G(l;l,-1) = R. R is the Noshiro­ 

Warschawski class studied by several authors. 
In this paper, we obtain sharp estimates for la3 - µa~I when f E M(a; A, B) or 

H(a;A,B) or F(a;A,B) or G(a;A,B) or B1(a;A,B). 
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Results due to Keogh and Merkes [13), Szynal (17), Al-Amiri and Reads [1), and Singh 
[16) follow as special cases from our theorems. 

2. Coefficient inequality 

Theorem 2.1. If f E M(a; A, B), then 
(i) forµ complex 

{ 

(A - B) 

I a3 - µa~ I ~ 2(1 + 2a)' 
(A - B)2 . 

" ,'1 __L ~,2 Iµ - , I, 

Iµ - , I~ v, 

Iµ - , I 2:: v; 

(2·.1) 

(2.2) 

and 
{ii) for µ real, 

I a3 - µa~ I~ 

(A - B)2 
(1 + a)2 (r - µ), 
(A - B) 
2(1 + 2a)' 
(A - B)2 
(1 + a)2 (µ - r), 

µ ~ 'Y - v, (2.3) 

(2.4) 

(2.5) 

r - v ~ µ ~ r + v, 

µ 2:: r + v; 

where 

r - (A - B)(l + 3a) - B(l + a)2 
2(1 + 2a)(A ..,. B) 

(1 + a)2 
(2.6) 

V -- (2.7) 2(1 + 2a)(A - B)" 
All the estimates are sharp. 

Proof. From (1.4), by definition of subordination, 

(l _ a)zf'(z) + a(l + zf"(z)) = 1 + Aw(z). 
f(z) f'(z) . 1 + Bw(z) 

By expanding (2.8) and equating the coefficients we have 

(2.8) 

(A - B)c1 
I+ a (2.9) 

and 
. _ (A - B) c [(I+ 3a)a~ - B(A- B)cf] 

a
3 
- 2(1 + 2a) 2 + 2(1 + 2a) · (2.10) 
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From (2.9) and (2.10), we get 

_ a2 _ (A-B) c (A-B)2[(A-B)(l+3o:)-B(l+a)2 _ )c2 
a3 µ 2 - 2(1 + 2a) 2 + (1 + a)2 2(1 + 20:)(A- B) µ 1· 

Therefore 

2 (A - B) (A - B)2 2 la3 - JW2 I :s; 'l/1 , n_\ I c2 I+ 11 , -.\? I, - µ II c1 I · (2.11) 

Also 
I C2 I ~ 1- I C1 1

2
, 

I C1 I ~ 1. 

(2.12) 

(2.13) 

(2.11) and (2.12) lead us to 

2 (A - B) (A - B)2 · 2 I a3 - µa2 I ~ ( ) + ( )2 [I, - µ I - v] I c1 I . (2.14) 21+a l+a · 

(l+o:)2 
If h- µI< v = ( )(A ) , (2.1) follows. 2 1 + 2a - B 

If h- µj > v = 2(1 ;~:)~12

_ B), (2.2) follows, since lcil ~ 1. 
Consider the case when µ is real. 

Case I. µ ~ ,. 
From (2.14), we have 

2 (A - B) (A - B)2 . 2 I a3 - µa2 I :s; 'lit , n_\ + 11 , _\? [(, - v) - µj I c1 I . (2.15) 

Ifµ :s; (1 - v), from (2.15) we have 

2 (A - B) (A - B)2 • I a3 - µa2 I ~ n11 , 'Lr) + (l + a)2 ('Y - µ - v), smce I c1 I ~ 1 

(A - B)2 • 
. /1 ' . \') ('Y - µ). 

If 1 - v ~ µ ~ 1, we obtain (2.4) from (2.15). 

Case II. µ > 1. 
From (2.14) we have 

2 (A - B) (A - B)2 2 I a3 - µa2 I ~ n11 , n _, + 11 , _ \? [µ - 'Y - v] I c1 I , I c1 I ~ 1. (2.16) 
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Ifµ ~ 1 + v, (2.4) follows. Ifµ~ 1 + v, we obtain (2.5) from (2.16). 
The estimates (2.1) and (2.4) are sharp for the function fo(i)(z) defined by 

fo(l)(z) - 

1 
[ 
1 r - - 1 (A-B) a lo t 0: (1 + B6t2) 2oB dtr\ 

1 
1 1z - - 1 A6t2 

[- to: exp(-)dt]°, a O 2a B = 0. 

Bf:; 0, 

The estimates (2.2), (2.3), (2.5) are sharp for the function fi(i)(z) defined by 

1 11z --1 ~ 
[- ta (1 + 6Bt) o-B dt]'\ 
0: 0 

1 
1 1z - - I 6At a [- ta exp(-)dt] , a O a 

fi(1)(z) 
Bf:; 0, 

B = 0. 
On the same Jines we have 

Theorem 2.2. Let f E H(a; A, B), then 
(i) forµ complex, 

{ 

(A- B) 
3(1+a)' 
(A - B)2 

A I /1 - µ I, 

4 
I ,1 - µ I~ "'' · )(A - B)' 

4 . I r - µ I > , , . ~, , 1 - "'' . 

and 
(ii) forµ real, 

< 

I a3 - µa~ I 
(A - B)2 (r1 - µ), 

4 
(A-B) 
3(1+a)' 

(A - B)2 (µ - ,1), 

< 4[a(A-B)-(l+B)] 
µ - 3(l+a)(A-B) ' 

4[a(A-B)-(l+B)J < < 4[a(A-Bz+(I-B)J 
3(1+a)(A-B) - µ - 3(l+a) A-B) ' 

> 4[a(A-B)+(I-B)]. 
µ - 3(l+a)(A-B) ' 

where 
4[aA - -(1 + a)B] 
3(1 + a)(A - B) . 

From (1.5), we have 

(1 - a)f'(z) + a(l + zf"(z)) 
f'(z) 

1 + Aw(z) 
1 + Bw(z)° 

I 6 I= 1 

I 6 I= 1 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 
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Bounds (2.17) and (2.20) arr. sharp for w(z) = z2. (2.18), (2.19) and (2.21) are 
sharp for w(z) = z. 

Theorem 2.3. Let f E B1(a;A,B), then 
(i) for any complex numberµ, 

{ 

(A - B) 
I a3 - pa~ I ~ 2 + a , I r2 - µ I 

(A - B)2 
1" , - \? I r2 - µ I, 

(l+a)2 ... < Ir. 1 '\ I ,1 r"I, 1 

I I (l+a)2 . 
/2 - JJ, 2:: ('J..J..~ \( A - R) ' 

and 
(ii) for any real numberµ, 

(A - B)2 
( 1 + a )2 ( r2 - µ), 
(A- B) 
2+a ' 

< (1-a )(2+a )(A-B)-2(l+B)(l+a )2 
µ - 2(2+a)(A-B) ' 

( 1-a )(2+a )(A-B)-2( i+B)(l+a )2 
2(2+a)(A-B) 

< < (1-a)(2+a)(A-B)+2(1-B)(l+a)2 
- µ - 2(2+a)(A-B) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(A - B)2 ( _ ) > (1-a)(2+a)(A-B)+2(1-B)(l+a)2• 
(1 + a )2 µ 'Y2 ' µ - 2(2+a)(A-B) ' (2.26) 

where 
(1 - a)(2 + a)(A - B) - 2B(l + a)2 

12 = 2(2 + a)(A - B) . 

Equality signs in (2.22) and (2.25) hold for the function 

t 1 + A8t2 .1. 
fo(2)(z) = [a Jo ta-1(, ' D.(12)dt] "' I 8 I= 1. 

Equality signs in (2.23), (2.24) and (2.26) are attained by the function 

I 8 I= 1. 

Theorem 2.4. If f E F(a; A, B), then 
(i) forµ complex, 

(A-B) 

{ 

3(1 + 2a)' 
I a3 - µal I :S '.~ ~ ~i: Iµ + ,. I, 

and 

4(1+a)2 lµ+,a I~ ::\(A_R)(J-1-?,..\, 

4(1+a)2 • I JJ, + 13 I 2:: ::\( A - R \( 1 -l- ? I'\') ' 

(2.27) 

(2.28) 
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(ii) for J.t real 

< 

I a3 - µa~ I 
-(A- B)2 
4(1+a)2 (µ+,3), 
(A-B) 
3(1+2a)' 
(A - B)2 

. . _ (µ + 'Y3), 

-4(1+B)(l+cx)2 
µ :s; ~fA-R\/1..1..?r.\' 

-4(1+B)(l+a)2 < < 4(1-B)(l+cx)2 _,_ ----·-' _µ_ MA-R\/1..1..?r.\1 

4(1-B)(l+a)2• µ 2'.'. ~(,t_R)(l..1..')r,\) 

(2.29) 

(2.30) 

(2.31) 

where 

'
3 
- 3(1 + 20:)(A - B). 

4(1 + a)2B 
(2.32) 

All the bounds are sharp. 

Proof. From (1.7), we have 

!' ( z) + Cl' z !" ( z) 1 + Aw(z) 
- 1 + Bw(z)" 

Equating the coefficients of z and z2, 

(A - B) 
2(1 + a/1 

and 
_ (A - ~}_ (c2 _ Bci). a3 - nf• . 

So that 

(A - B) (A - B)2 4B(l + a)2 2 - , .. c2 - •/• . '" [µ + '}/1 I <)_\/ A T>\]c1. 

Therefore 

I 2 (A - 8) (A - B)2 4B(l + a)2 
12 a3 - µa2·I ~ 'l/s , .... , I C2 I + A/, , \') Iµ+ .-.1, , " \/ A r,\ 11 C1 

which together with (2.12) gives 

2 (A - B) (A - B)2 4(1 + a)2 2 I a3 - µa2 I ~ 3(1 + 2a) + 4(1 + o:)2 [ Iµ + 'Y3 I - 3(1 + 2a)(A - B)] I c1 I 
(2.33) 4(1+a)2 

If Iµ+ 131 ~ 3(i + 20:)(A _ B), (2.27) at once follows. 
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4(1+a)2 
If Iµ+ ,31 ~ 3(l + 2a)(A _ B), we get (2.30). 
Consider the case when µ is real. 

Case I.µ+ 13 > 0. 
(2.33) reduces to 

2 (A - B) (A - B)2 4(1 + a)2 2 la3-µa2l<<111, n_\+A11, _\,[µ+,3-3(l+2a)(A-B)] lc1I 

= (A - B) (A - B)2 [ _ 4(1 - B)(l + a)2] I 12 I c I< 1. · + .,. · "' µ 3(I+2a)(A-B) ci ' 1 - 

4(1 - B)(l + a)2 
Ifµ~ 3(l + 2a)(A _ B), (2.31) follows. 

4(1 - B)(l + a)2 
Ifµ~ 3(1 + 2a)(A _ B), we have 

(A - B) 
I a3 - µa~ I < 3(1 + 2o: )" (2.34) 

Case II. µ + ')'3 ~ 0. 
(2.33) takes the form 

2 (A - B) (A - B)2 4(1 + o:)2(1 + B) 2· 
I a3 - µa2 I~ 3(1 + 2a) - 4(1 + o:)2 [µ + 3(1 + 2a)(A - B)] I c1 I 'j c1 I~ 1. (2.35) 

-4(1 + a)2(1 + B) 
Ifµ~ 3(1 + 2a)(A _ B) , we get (2.29). 
Again 

I a3 - µa~ I ~ (A - B) if -4(1 + a)2(1 + B) 
3(1 + 2a)(A - B) ~ µ. 

(2.34) and (2.36) together yield (2.30). 
Extremal function for (2.27) and (2.30) is given by 

fo(3)(:c) = Po(z) * ko(z) where 
t 1 + At2 Po(z) = Jo . _ .0 dt 

and 

ko(z) 
z t<!-)-1 = .!_ z< ;- )-:-1 { l _ t dt a lo 

00 

1 k = z + I: 1 + (k - l)o: z: 
k=2 

(2.37) 
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Extremal functions for the bounds (2.28), (2.29) and (2.31) arc given by 

= P1(z) * ko(z) where - lz 1 + Atd· - t. 
0 1 + Bt 

* denotes the convolution or Hadamard product of two functions. 
The following theorem is an easy consequence of Theorem 2.4. 

Theorem 2.5. If f E G(a;A, B)1 then 
(i) for any complex numberµ, 

I a3 - µa~ I ~ 
{ 

(A - B) 
(1 + 2a)' 
(A - B)2 
/1 I -.\? Iµ + 14 I, 

(1 + a):.i lµ+,41~ fA-RV1..l..?"\' 

(1 + a):.i Jµ+,412:: (,4_R\(1..L?~\, 

(2.38) 

(2.39) 

and 
(ii) for any real number /.t, 

< 

2 I 2 I a3 - µa, (l+ B)(l+ o) 
(A - B)2(µ + 'Y4)' µ ~ fA - mr1 "'-'""'' 

(1 + 0)2 
(A - B) 
(1 + 2a)' 
(A - B)_2 (µ + 'Y4), 

(2.40) 

-(l+B)(l+a)2 (l-B)(l+a)2 ) 
(1+2a)(A-B) ~ µ ~ (I+2a)(A-B)' (2.41. 

(l-B)(l+a)2• 
µ 2:: (A-B)(1+2a)' (2.12) 

where 

14 = (A - B)(l + 2a)" 
B(l + a)2 

Extremal function fo( 4)( z) for the bounds (2.38) and (2.41) is defined by 

1 + Az2 
fo(4)(z) = z(, , rL?) * ko(z). 

Extremal function /1c4)(z) for the bounds {2.39}, {2.40) and {2.42) is defined by 

1 + Az f1(4)(z) = z(, , 0_) * ko(z). ' 
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