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GENERALIZATION ON SOME THEOREMS OF L1-CONVERGENCE

OF CERTAIN TRIGONOMETRIC SERIES

ŽIVORAD TOMOVSKI

Abstract. In this paper we study L1-convergence of the r -th derivatives of Fourier series with complex-valued coef-

ficients. Namely new necessary-sufficient conditions for L1-convergence of the r -th derivatives of Fourier series are

given. These results generalize corresponding theorems proved by several authors (see [7], [10], [13], [19]). Applying

the Wang-Telyakovskii class (BV)σr , σ > 0, r = 0,1,2, . . . we generalize also the theorem proved by Garrett, Rees and

Stanojević in [5]. Finally, for σ= 1 some corollaries of this theorem are given.

1. Introduction

Let {ck : k = 0,±1,±2, . . .} be a sequence of complex numbers and the partial sums of the
complex trigonometric series

∞∑
k=−∞

ck e i kt (1.1)

be denoted by

Sn(c) = Sn(c, t ) =
n∑

k=−n
ck e i kt , t ∈ (0,π] . (1.2)

A sequence {ck } is of bounded variation of integer order m ≥ 1, i.e. {ck } ∈ (BV )m if
∞∑

k=−∞
|∆mck | <

∞, where

∆mck =∆(∆m−1ck ) =∆m−1ck −∆m−1ck+1 .

For m = 1, the class (BV )1 is the class of complex sequences of bounded variation.
If the trigonometric series (1.1) is a Fourier series of some f ∈ L1, we shall write cn = f̂ (n),

for all n and the partial sums of the corresponding Fourier series are denoted by Sn( f ) =
Sn( f , t ) =

n∑
k=−n

f̂ (k)e i kt .

A complex null sequence {cn} satisfying
∞∑

n=1
|∆(cn −c−n)| lgn <∞ is called weakly even (see

[10]). It is obvious that if {cn} is an even sequence then it is weakly even.
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In the case of complex coefficients, i.e. if {cn} is weakly even, the modified sums are de-
fined as follows (see [2]):

Gn(c, t ) =
n∑

k=0
(∆ck )Dk (t )+

n∑
k=0

[∆(c−k − ck )](E−k (t )− 1

2
) ,

where Ek (t ) = 1
2 +

k∑
j=1

e i j t and Dk is the Dirichlet kernel. In the case of real coefficients (see

[4]) Garrett and Stanojević, defined the following class C . A null sequence {an} of real numbers
belongs to the class C if for every ε> 0, there exists a δ> 0, independent of n and such that∫ δ

0

∣∣∣∣∣ ∞∑
k=n+1

∆ak Dk (t )

∣∣∣∣∣d t < ε for all n .

Let

Sn(a) = Sn(a, t ) = a0

2
+

n∑
k=1

ak coskt , t ∈ (0,π] , (1.3)

where {an} is a real null sequence of bounded variation of integer order m ≥ 1, i.e. {an} ∈
(BV)m . Then lim

n→∞Sn(a, t ) = f (t ) exists in (0,π] (see [5]).

Garrett, Rees and Stanojević (see [5]) have given necessary and sufficient conditions for
series (1.3) to be Fourier series of some f ∈ L1(0,π). Namely they have proved the following
theorem.

Theorem A. Let {an} ∈ (BV)m , m = 1,2,3, . . . and an lgn = o(1), n →∞. Then

‖Sn − f ‖ = o(1) , n →∞ if and only if {an} ∈C .

The difference of noninteger order σ≥ 0 of the sequence {an}∞n=0 is defined as follows:

∆σan =
∞∑

m=0

(
m −σ−1

m

)
an+m (n = 0,1,2, . . .)

where (
m +α

m

)
= (1+α) · · · (m +α)

m!
.

Wang and Telyakovskii (see [20]) have considered the following class of real sequences
{an}.

Namely, a null-sequence {an} belongs to the class (BV)σr , r = 0,1,2, . . .,σ≥ 0 if
∞∑

k=1
kr |∆σak | <

∞.

Theorem B.([20]) Let ρ ≥ 0, σ ≥ 0. Then for all γ > σ the following embedding relation
holds,

(BV)σρ ⊂ (BV)γρ .
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In the same paper, Wang and Telyakovskii by considering the complex form of trigono-
metric series

a0

2
+

∞∑
n=1

an e i nx , x ∈ (0,π]

have proved the following theorem.

Theorem C. If
{ak } ∈ (BV)σr , r = 0,1,2, . . . , σ≥ 0

then cosine series (1.3) and sine series
∞∑

n=1
an sinnx have derivatives of r -th order on (0,π].

The Wang-Telyakovskii class (BV)σr , r = 0,1,2, . . ., σ≥ 0, motivated us to consider a further
class (BV )m

r , r = 0,1,2, . . ., m = 1,2,3, . . . (see [18]) of complex null-sequences {cn} such that

∞∑
k=−∞

|k|r |∆mck | <∞ .

For r = 0, we have (BV )m
r = (BV )m .

On the other hand in [14], we have defined the extension Cr , r = 1,2,3, . . . of the Garret-
Stanojević class C as follows:

A null real sequence {an} belongs to the class Cr , r = 1,2,3, . . . if for every ε> 0, there exists
δ> 0, independent of n and such that∫ δ

0

∣∣∣∣∣ ∞∑
k=n

∆ak D (r )
k (x)

∣∣∣∣∣d x < ε , for all n .

V. B. Stanojević in [9] defined the class C∗ of all weakly even complex sequences such that
for every ε> 0, there exists δ(ε) > 0, independent of n, and∫

|t |≤δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )Dk (t )

∣∣∣∣∣d t < ε , for all n .

In this paper, we shall consider complex null-sequences {cn} such that

∞∑
n=1

|∆(cn − c−n)|nr lgn <∞ . (1.4)

Let C∗
r denote the class of all complex null sequences {cn} such that for every ε> 0 there exists

δ(ε) > 0, independent of n and such that∫
|t |≤δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )D (r )
k (t )

∣∣∣∣∣d t < ε , for all n .

Let
lim

n→∞S(r )
n ( f , t ) = fr (t ) , r = 1,2,3, . . .
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If fr ∈ L1, then it is denoted by f (r )(t ).
We note that the class (BV )m

r , r = 1,2, . . ., m = 1,2,3, . . ., for m = 1 is the class (BV )r , defined
in [13].

In [13], we have proved the following theorem.

Theorem D. Let {cn} is a complex sequence such that (1.4) holds. If

{cn} ∈ (BV )r ∩C∗
r ,

then

‖S(r )
n − f (r )‖ = o(1) , n →∞

if and only if

nr |cn | lgn = o(1), n →∞ .

In this paper, we shall extend the Theorem D, by considering the class (BV )m
r , r = 1,2, . . .,

m = 1,2,3, . . . instead of (BV )r .
In addition we shall give the extension of the Theorem A, by considering the Wang-Telyakovskii

class (BV)σr , r = 0,1,2, . . ., σ> 0 instead of (BV)m , m = 1,2,3, . . . .

2. Lemmas

For the proofs of the our main results, we need the following Lemmas:

Lemma 1.([7]) For each r = 0,1,2, . . . the following inequality holds

‖E (r )
−n(t )‖ =O(nr lgn) .

Lemma 2.([7]) For each nonnegative integer n, there holds

‖cnE (r )
n (t )+ c−nE (r )

−n(t )‖ = o(1) , n →∞

if and only if

nr |cn | lgn = o(1) , n →∞ .

We note that this lemma for r = 0, was proved by W. Bray and Č. V. Stanojević in [1].

Lemma 3. For all p ≥ 1, r = 0,1,2, . . . and δ> 0 the following estimate holds∫
|t |>δ

∣∣∣∣ d r

d t r

( e i t

e i t −1

)p
∣∣∣∣d t =Op,r,δ(1) , t ∈ (0,π] ,

where Op,r,δ depends on p,r and δ.

Proof. See the proof of Lemma 1 in [18].



SOME THEOREMS OF L1-CONVERGENCE OF CERTAIN TRIGONOMETRIC SERIES 67

Lemma 4. Let {ck } ∈ (BV )m
r , m = 1,2,3, . . ., r = 1,2,3, . . . and nr |cn | lgn = o(1) , n → ∞ .

Then for δ> 0 the following limit holds∫
|t |>δ

∣∣∣∣∣ ∞∑
k=n+1

∆ck D (r )
k (t )

∣∣∣∣∣d t = o(1) , n →∞ ,

where t ∈ (0,π].

Proof. It is easy to prove that

∞∑
k=n+1

(∆ck )Ek (t ) =
∞∑

k=n+1
ck e i kt + cn+1En(t ) .

Now we consider the identity, obtained by V. B. Stanojević in [8].

ωm
N+m∑

j=M+m
c j e i j t =

N∑
j=M

(∆mc j )e i j t

−
m−1∑
k=0

ωk [(∆m−k−1cM+k )e i (M+k)t

−(∆m−k−1cN+k+1)e i (N+k+1)t ] ,

where ω= 1−e−i t .
Setting M = n and letting N →∞, for t 6= 0, we obtain:

ωm
∞∑

j=m+n
c j e i j t =

∞∑
j=n

(∆mc j )e i j t

−
m−1∑
k=0

ωk
[

(∆m−k−1cn+k )e i (n+k)t
]

,

i.e.

∞∑
j=n+1

c j e i j t = ω−m
∞∑

j=n
(∆mc j )e i j t

−ω−m
m−1∑
k=0

ωk
[

(∆m−k−1cn+k )e i (n+k)t
]
+

m+n−1∑
j=n+1

c j e i j t .

Hence,

∞∑
k=n+1

(∆ck )Ek (t ) =
( e i t

e i t −1

)m ∞∑
j=n

(∆mc j )e i j t

−
( e i t

e i t −1

)m m−1∑
k=0

k∑
q=0

(−1)q

(
k

q

)
e i t (n+k−q)(∆m−k−1cn+k )

+
m+n−1∑
j=n+1

c j e i j t + cn+1En(t ) .
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Applying the inequality (see [17])

|E (r )
j (t )| ≤ 4π j r

|t | , 0 < |t | ≤π (2.1)

we obtain that the series
∞∑

j=n+1
(∆c j )E (r )

j (t ) is uniformly convergent on any compact subset

of (0,π]. Also, by {cn}∈ (BV )m
r , we obtain that the series

∞∑
j=n+1

j r (∆mc j )e i j t , m = 1,2,3, . . . is

uniformly convergent on any compact subset of (0,π].
Hence,

∞∑
k=n+1

(∆ck )E (r )
k (t ) =

r∑
ν=0

(
r

ν

)
dν

d tν

( e i t

e i t −1

)m
i r−ν ∞∑

j=n
j r−ν(∆mc j )e i j t

−
r∑

ν=0

(
r

ν

)
dν

d tν

( e i t

e i t −1

)m m−1∑
k=0

k∑
q=0

(−1)q

(
k

q

)
(n +k −q)r−νi r−ν

×e i t (n+k−q)(∆m−k−1cn+k )+
m+n−1∑
j=n+1

i r c j j r e i j t

+cn+1E (r )
n (t ) .

Then,∣∣∣∣∣ ∞∑
k=n+1

(∆ck )E (r )
k (t )

∣∣∣∣∣ ≤ r∑
ν=0

(
r

ν

)∣∣∣∣ dν

d tν

( e i t

e i t −1

)m
∣∣∣∣ ∞∑

j=n
j r |∆mc j |

+
r∑

ν=0

(
r

ν

)∣∣∣∣ dν

d tν

( e i t

e i t−1

)m
∣∣∣∣m−1∑

k=0

k∑
q=0

(
k

q

)
(n+k−q)r |∆m−k−1cn+k |

+
m+n−1∑
j=n+1

j r |c j |+ |cn+1| |E (r )
n (t )|.

Applying Lemma 3 and (2.1), we obtain

∫
|t |>δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )E (r )
k (t )

∣∣∣∣∣d t ≤ Om,r,δ(1)
∞∑

j=n+1
j r |∆mc j |

+Om,r,δ(1)

(
m−1∑
k=0

k∑
q=0

(
k

q

)
(n +k −q)r |∆m−k−1cn+k |

)

+Oδ

(
m+n−1∑
j=n+1

j r |c j |
)
+Oδ(|cn+1|nr ) . (2.2)

Since

m−1∑
k=1

k∑
q=0

(
k

q

)
(n +k −q)r |∆m−k−1cn+k | ≤

m−1∑
k=0

2k (n +k)r |∆m−k−1cn+k |
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≤ 2m−1
m+n−1∑

j=n
j r |∆m+n− j−1c j |

≤ 2m−1
m+n−1∑

j=n

m+n−j−1∑
k=0

(
m +n − j −1

k

)
j r |c j+k |

and nr |cn | lgn = o(1),n →∞, the second sum on the right-hand side of the inequality (2.2) is
finite sum of o(1)-terms as n →∞.

Hence, ∫
|t |>δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )E (r )
k (t )

∣∣∣∣∣d t ≤Om,r,δ(1)
∞∑

j=n+1
j r |∆mc j | = o(1), n →∞ . (2.3)

Since E (r )
−k (t ) = E (r )

k (−t ), by (2.3), we obtain

∫
|t |>δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )E (r )
−k (t )

∣∣∣∣∣d t = o(1), n →∞.

Using the equality

Dn(t ) = 1

2
(En(t )+E−n(t ))

we obtain ∫
|t |>δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )D (r )
k (t )

∣∣∣∣∣d t ≤ 1

2

∫
|t |>δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )E (r )
k (t )

∣∣∣∣∣d t

+1

2

∫
|t |>δ

∣∣∣∣∣ ∞∑
k=n+1

(∆ck )E (r )
−k (t )

∣∣∣∣∣d t

= o(1), n →∞ .

3. Main result

Theorem 1. Let {cn} be a sequence of complex numbers such that (1.4) holds. If

{cn} ∈ (BV )m
r ∩C∗

r , m = 1,2,3, . . . , r = 1,2,3, . . .

then
‖S(r )

n − f (r )‖ = o(1) , n →∞
if and only if

nr |cn | lgn = o(1) , n →∞ .

Proof. Sufficiency: Assume that

{cn} ∈ (BV )m
r ∩C∗

r , nr |cn | lgn = o(1) , n →∞
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and (1.4) holds. Then (see [18])
lim

n→∞S(r )
n (c, t ) = fr (t ) . (∗)

Let

Gn,r (c, t ) = S(r )
n (c, t )− (

cnE (r )
n (t )+ c−nE (r )

−n(t )
)

=
n∑

k=1
(∆ck )D (r )

k (t )+
n∑

k=1
∆(c−k − ck )

(
E (r )
−k (t )

)
.

For t 6= 0 it follows from (∗) that

fr (t )−Gn,r (c, t ) =
∞∑

k=n+1
(∆ck )D (r )

k (t )+
∞∑

k=n+1
∆(ck − c−k )

(
E (r )
−k (t )

)
.

From Lemma 1, (1.4) and Lemma 4, we obtain

‖ fr (t )−Gn,r (c, t )‖ ≤
∥∥∥∥∥ ∞∑

k=n+1
(∆ck )D (r )

k (t )

∥∥∥∥∥+α ∞∑
k=n+1

|∆(ck − c−k )|kr lgk

=
(∫

|t |≤δ
+

∫
|t |>δ

)∣∣∣∣∣ ∞∑
k=n+1

(∆ck )D (r )
k (t )

∣∣∣∣∣d t +o(1) = o(1) , n →∞ ,

i.e.
‖ fr (t )−Gn,r (c, t )‖ = o(1) , n →∞ .

Applying Lemma 2, we obtain

‖Gn,r (c, t )−S(r )
n (c, t )‖ = ‖cnE (r )

n (t )+ c−nE (r )
−n(t )‖ = o(1) , n →∞ .

Hence,

‖S(r )
n (c, t )− fr (t )‖ ≤ ‖ fr (t )−Gn,r (c, t )‖+‖Gn,r (c, t )−S(r )

n (c, t )‖ = o(1) , n →∞ ,

i.e. fr ∈ L1. Thus
lim

n→∞S(r )
n (c, t ) = f (r )(t ) .

Necessity: Let {cn} ∈ (BV )m
r ∩C∗

r , (1.4) holds and ‖S(r )
n (c, t )− f (r )(t )‖ = o(1) , n →∞.

Applying Lemma 2, it suffices to show that

‖ f̂ (n)E (r )
n (t )+ f̂ (−n)E (r )

−n(t )‖ = o(1) , n →∞ .

Indeed,

‖ f̂ (n)E (r )
n (t )+ f̂ (−n)E (r )

−n(t )‖ = ‖Gn,r (c, t )−S(r )
n (c, t )‖

≤ ‖Gn,r (c, t )− fr (t )‖+‖ fr (t )−S(r )
n (c, t )‖

= o(1) , n →∞ ,

i.e.
nr f̂ (n) lgn = o(1) , n →∞ .
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Theorem 2. Let {an} ∈ (BV)σr ∩Cr , where σ> 0 and r = 0,1,2, . . . Then the r -th derivative of
the series (1.3) is a Fourier series of some f (r ) ∈ L1(0,π] and

‖S(r )
n − f (r )‖ = o(1) , n →∞

if and only if
nr an lgn = 0(1) , n →∞ .

Proof. Let m be the least integer such that m ≥ σ. Then by Theorem B, we obtain {an} ∈
(BV)m

r and by Theorem C, the point-wise limit f (r ) of the r -th derivative of the sum Sn(a)
exists in (0,π]. Applying the same technique for series (1.3), as in the proof of Theorem 1, the
proof of this theorem is obvious.

4. Some corollaries for σ= 1

Firstly, we shall define some known classes of real sequences introduced in [12], [14], [15],
[16], [17], [19].

A null-sequence {ak } belongs to the class Sr , r = 0,1,2,3, . . ., (see [15], [17]) if there exists a

monotonically decreasing sequence {Ak } such that
∞∑

k=0
kr Ak <∞ and |∆ak | ≤ Ak , for all k.

When r = 0, we obtain the Sidon-Telyakovskii class S (see [11]).
A null sequence {ak } belongs to the class Sqr , q > 1, r = 0,1,2, . . . (see [14]) if there exists a

monotonically decreasing sequence {Ak } such that

∞∑
k=1

kr Ak <∞ and
1

n

n∑
k=1

|∆ak |q
Aq

k

=O(1) .

It is clear that Sr ⊂ Sqr .
On the other hand, in [16] we defined an equivalent form of the Sheng’s class S′

qαr , q > 1,
α ≥ 0, r ∈ {0,1,2, . . . , [α]} (see [7]) as follows: a null sequence {ak } belongs to the class Sqαr ,
q > 1, α≥ 0, r ∈ {0,1,2, . . . , [α]} if there exists a monotonically decreasing sequence {Ak } such

that
∞∑

k=1
kαAk <∞ and

1

nq(α−r )+1

n∑
k=1

|∆ak |q
Aq

k

=O(1) .

The following embedding relation holds (see [16])

Sqαr ⊂ (BV )r ∩Cr , 1 < q ≤ 2, α≥ 0,r ∈ {0,1,2, . . . , [α]} .

Corollary 4.1. Let {an} ∈ Sqαr , 1 < q ≤ 2, α≥ 0, r ∈ {0,1,2, . . . , [α]}. Then the r -th derivative
of the series (1.3) is a Fourier series of some f (r ) ∈ L1(0,π) and

‖S(r )
n − f (r )‖ = o(1) , n →∞
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if and only if
nr an lgn = o(1) , n →∞ .

We note that for α= r we obtain analogical results for the classes Sqr and Sr , and for r = 0
for the Sidon-Telyakovskii class S.

Denote by Im the diadic interval [2m−1,2m), for m ≥ 1.
A null sequence {an} belongs to the class Fqr , q > 1, r = 0,1,2, . . . if

∞∑
m=1

2m(1+r )

(
1

2m

∑
k∈Im

|∆ak |q
)1/q

<∞ .

It is obvious that for r = 0, we obtain the Fomin’s class Fq . q > 1 (see [3]).
But in [12] we verified the embedding relation

Fqr ⊂ (BV )r ∩Cr ,1 < q ≤ 2,r = 1,2, . . . .

Corollary 4.2. Let
{an} ∈ Fqr , 1 < q ≤ 2, r = 0,1,2, . . . .

Then the r -th derivative of the series (1.3) is a Fourier series of some f (r ) ∈ L1(0,π) and

‖S(r )
n − f (r )‖ = o(1) , n →∞

if and only if
nr an lgn = o(1) , n →∞ .
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