TAMKANG JOURNAL OF MATHEMATICS
Volume 39, Number 1, 63-74, Spring 2008

GENERALIZATION ON SOME THEOREMS OF L!-CONVERGENCE
OF CERTAIN TRIGONOMETRIC SERIES

ZIVORAD TOMOVSKI

Abstract. In this paper we study L!-convergence of the r-th derivatives of Fourier series with complex-valued coef-
ficients. Namely new necessary-sufficient conditions for L -convergence of the r-th derivatives of Fourier series are
given. These results generalize corresponding theorems proved by several authors (see (7], [10], [13], [19]). Applying
the Wang-Telyakovskii class (BV)?, 0 >0, r =0,1,2,... we generalize also the theorem proved by Garrett, Rees and

Stanojevi¢ in [5]. Finally, for o = 1 some corollaries of this theorem are given.

1. Introduction

Let {cx: k=0,%1,+2,...} be a sequence of complex numbers and the partial sums of the
complex trigonometric series

Y e (1.1)
k=—00
be denoted by
n .
Su(©) =Snlc,)= Y. cpe'™, te(ml. (1.2)
k=—n

(0]
Asequence {cy} is of bounded variation of integer order m = 1, i.e. {cx} € (BV)™if Y [A™ckl <
k=-0c0

oo, where
AMep =AM o) = A e A e

For m = 1, the class (BV)! is the class of complex sequences of bounded variation.
If the trigonometric series (1.1) is a Fourier series of some f € L, we shall write ¢, = f(n),
for all n and the partial sums of the corresponding Fourier series are denoted by S, (f) =

n ~ ik
Sulfity= ¥ fk)e'™.
k=—n

A complex null sequence {c,} satisfying Y. |A(c,—c-p)|lgn < ocois called weakly even (see
n=1
[10]). It is obvious that if {c,,} is an even sequence then it is weakly even.
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In the case of complex coefficients, i.e. if {c,} is weakly even, the modified sums are de-
fined as follows (see [2]):

n

1 1
Gn(c,0) =) (Ack)Di(0) + Y [A(c— — c))(E—x () — =),
k=0 k=0 2

ko,
where Ej(t) = % + Y e'/! and Dy is the Dirichlet kernel. In the case of real coefficients (see
j=1
[4]) Garrett and Stanojevic¢, defined the following class C. A null sequence {a,} of real numbers
belongs to the class C if for every € > 0, there exists a § > 0, independent of 7 and such that

h

n
Su(@) = Sp(a, 1) = % +Y agcoskt, te (0,7, (1.3)
k=1

o0
Z Aap Dy (t)|dt<e foralln.

k=n+1

Let

where {a,} is a real null sequence of bounded variation of integer order m = 1, i.e. {a,} €
(BV)™. Then nll_r& Su(a, t) = f(¢) exists in (0, ] (see [5]).

Garrett, Rees and Stanojevic¢ (see [5]) have given necessary and sufficient conditions for
series (1.3) to be Fourier series of some f € LY, 7). Namely they have proved the following
theorem.

Theorem A. Let{a,} € BV)", m=1,2,3,... and a,lgn =0(1), n — co. Then

1S, — fll=0(1), n—oo ifandonlyif {a,}eC.

The difference of noninteger order o > 0 of the sequence {a,}5_, is defined as follows:

o0

m—-o-1
Aaanzz( " )amm (n=0,1,2,...)

m=0

where
(m+a)_ Q+a)---(m+a)

m m!

Wang and Telyakovskii (see [20]) have considered the following class of real sequences
fan}.

o0
Namely, a null-sequence {a,} belongs to the class BV)?, r =0,1,2,...,0 2 0if ¥ k"|A%ax| <
k=1

Theorem B.([20]) Let p = 0, 0 = 0. Then for all y > o the following embedding relation
holds,

(BV)S < (BV),.
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In the same paper, Wang and Telyakovskii by considering the complex form of trigono-
metric series

a X i
2, a,e'™, xe(0,m]
2 n=1
have proved the following theorem.
Theorem C. If
farte BV, r=0,1,2,..., 0=0

oo
then cosine series (1.3) and sine series ). ap sinnx have derivatives of r -th order on (0, 7].
n=1
The Wang-Telyakovskii class (BV)?, r =0,1,2,..., 0 =0, motivated us to consider a further
class (BV)*, r=0,1,2,..., m=1,2,3,... (see [18]) of complex null-sequences {c,} such that
[0}
Y 1kI"IA ] < 0.
k=—00
For r = 0, we have (BV)]" = (BV)™.
On the other hand in [14], we have defined the extension C,, r = 1,2,3,... of the Garret-
Stanojevic class C as follows:
A null real sequence {a,} belongs to the class C,, r = 1,2,3,... if for every € > 0, there exists
6 >0, independent of n and such that

5
)
V. B. Stanojevic in [9] defined the class C* of all weakly even complex sequences such that
for every € > 0, there exists 0 (¢) > 0, independent of n, and

1;55

In this paper, we shall consider complex null-sequences {c,} such that

o0
Y AarDV (x)
k=n

dx<eg, forall n.

(o]

Y. (Acp)Di()

k=n+1

dt<e, forall n.

o0
Y 1A(cp —c—p)In" 1gn <oo. (1.4)
n=1

Let C; denote the class of all complex null sequences {c,,} such that for every € > 0 there exists
6(¢) > 0, independent of n and such that

f\tlsﬁ

lim SO =11, r=123,...

Y (AcpD{(n)|dt<e, forall n.

k=n+1

Let
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If f, € L', then it is denoted by £ (¢).

We note that the class (BV)*, r =1,2,...,m=1,2,3,..., for m = 1is the class (BV),, defined
in [13].

In [13], we have proved the following theorem.

Theorem D. Let {c,,} is a complex sequence such that (1.4) holds. If
{ente (BV)rn C:r

then
1S9 — D) =0(1), n—oo

ifand only if

n'lepllgn=0(), n—oo.

In this paper, we shall extend the Theorem D, by considering the class (BV)?*, r =1,2,...,
m=1,2,3,... instead of (BV),.

In addition we shall give the extension of the Theorem A, by considering the Wang-Telyakovskii
class BV)?,r=0,1,2,..., 0 > 0 instead of BV)"", m=1,2,3,....
2. Lemmas

For the proofs of the our main results, we need the following Lemmas:

Lemma 1.([7]) Foreachr =0,1,2,... the following inequality holds

IEV) (0l = O(n"1gn).

Lemma 2.([7]) For each nonnegative integer n, there holds
lenEy (0 + c-nESY (0] = o), n— oo

ifand only if
n'lepllgn=0(1), n—oco.

We note that this lemma for r = 0, was proved by W. Bray and C. V. Stanojevi¢ in [1].

Lemma3. Forallp=1,r=0,1,2,... and 6 > 0 the following estimate holds
it

dar
~/\‘t|>5 W(%)p

where Oy, 1,5 depends on p,r and é.

dt:op,rﬁ(l), tE(O,ﬂ],

Proof. See the proof of Lemma 1 in [18].
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Lemma 4. Let {ci} € (BV)', m=1,2,3,...,r=1,2,3,... and n"|c,llgn = o(1),
Then for 6 > 0 the following limit holds

.[|t|>6

Z Aci D (1)
k=n+1

dt=o0(1), n— oo,

where t € (0, 7].

Proof. It is easy to prove that

00 00 ik
Y (AckEp) = Y cke’™ +cpnEn().
k=n+1 k=n+1

Now we consider the identity, obtained by V. B. Stanojevi¢ in [8].

N+m
w™ Y e Z (A™c;) et
j=Mtm =M

m- .
Z [(Am—k—ch+k)el(M+k)t

(Am CN+k+1)el(N+k+1)t],

where w =1—-e7 'L,

Setting M = n and letting N — oo, for t # 0, we obtain:

S5} . .t s} . .t
o™ Y cjetlt =) (A"cj)e
j=m+n j=n
m-1 .
_ Z wk [(Amikilcnﬁ-k) el(n+k)t ,
k=0
ie.
(e ) it (e ) it
Z cie!' =™ Z (A™cj)et!
j=n+1 j=n
m-1 X m+n-1 .
—w ™ Z wk [(Am—k—lcn+k)el(n+k)t + Z Cjel]t
k=0 j=n+1
Hence,

it
Y (e B = (e—) 3 (amc;) et
k=n+1 j=n

lt mm=1 k

(elt ) X Z( 1)"( ) D AT e )

m+n-1 .
+ Z cje’”+cn+1En(t).
j=n+1

67
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Applying the inequality (see [17])
4mj’

EN @) <
EHOER

, O<l|tl=m (2.1)

we obtain that the series Z (Ac,)E(”(t) is uniformly convergent on any compact subset
j=n+1

of (0,7]. Also, by {c,} € (BV)™, we obtain that the series Z JT@A™Mcj) el m=1,2,3,...is
Jj=n+l
uniformly convergent on any compact subset of (0, 7].
Hence,

o) T av it o) L.
Z (Ack)E](Cr)(t) — Z( )dtv (e_l)mir—v Z jr—v(Amcj)el]t

elt

k=n+1 j=n
r av elt \mm=1 k
- (- 1)q (n+k Y Vit
) e L :
it(n+k—q) A m—-k-1 min-l ;r ijt
xe (A Cnik) + Z i"c; ije
j=n+1

+en1 BN ().

&)

Then,

it

ol Z

S

d’V
dt"(e’et )
m+n-1

+ Y jlejl+lenal IEL (D).

j=n+1

Y (AcE (1)

k=n+1

Cﬂ

-1

k [k
) (q)(mk—q)rmmklcmu
q=0

Applying Lemma 3 and (2.1), we obtain

ﬁ;>6

()
5 Ac)EL (D] dt < Opyrs() Y, j7IA" ¢l

k=n+1 j=n+1
+Omr5(1)(z Z( (n+k_q)r|Am_k_1cn+k|
k=0 g=0
m+n-1
Y. J'lejl|+ Oslcnsln’). 2.2)
j=n+1

Since

m-1 k k 1 m-1 © 1
Yy (q)(mk—q)’m’”‘ eprl < Y 2K+ b IAm el
=1 q:()

k=0

kel
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1m+n—1 i
< 2m Z jr|Am+n J C]|
j=n
m+n—1 m+n—j-1 i
< 2m—1 m+n-—j 1 T A
< Z k J |C]+k|
j=n k=0

and n'|c,|lgn = 0(1), n — oo, the second sum on the right-hand side of the inequality (2.2) is
finite sum of o(1)-terms as n — oo.

Hence,
ﬁ;>6

Since E(_rli(t) = E](C” (—1), by (2.3), we obtain

ﬁ;>6

(o]
At <Oprs1) Y. j'IA™cjl=01), n—oo. (2.3)
Jj=n+1

Y (AcE] (1)

k=n+1

Y (AcEN)(n|dt=0(1), n—oco.

k=n+1
Using the equality
1
Dy(t) = E(En(t) + E_n(1))

we obtain

/ i (Acp)D\ (1| dt < lf f (Ac)E (0| dt

10156 | kS k 2 )15 |k S k

+1f f (Ac) BN (1) dt
210> [k

=o0(l), n—oo.

3. Main result
Theorem 1. Let {c;,,} be a sequence of complex numbers such that (1.4) holds. If
fecnte BVINCY, m=1,23,..., r=123,...

then
187 — D) =0(1), n—oo

ifand only if
n'lepllgn=0(1), n—oco.

Proof. Sufficiency: Assume that

{ecate BMTNCE, nleyllgn=0Q1), n—oo
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and (1.4) holds. Then (see [18])
lim S{7(c, 1) = f,(1).

Let
Gnr(c,t) =SV (c, ) = (cnEY (D) + c_n ) (1))

= I;I(Ack)D(k”(r) + I;A(c_k —c)(EN)(0).

For ¢ # 0 it follows from () that
(0] (o)
[O=Gurle= Y AcDV(0+ Y Alce—c_n)(EV)(0).
k=n+1 k=n+1

From Lemma 1, (1.4) and Lemma 4, we obtain

I (0 =Gurlenll = | Y. Q)DL 0|+a Y 1Ack—c_pIk" 1gk

k=n+1 k=n+1
(o)
= U +f ) Y (AcDP(n|dr+o)=0(1), n— oo,
|t|<d 161>6) | k=n+1

ie.
I fr (&) = Gpur(c, )l =0(1), n—oo.

Applying Lemma 2, we obtain
IGn,r(c, ) =SV (¢, Ol = lcnES () + cn EV) ()] = 0(1), 1 — oo0.
Hence,
1S5 (e, &) = fr DN < 1 fr(8) = Gy (€, D + 1 Gy (6, ) = S (e, Dl = 0(1), 11— o0,

ie. f, € L'. Thus
lim ST (c,t)= f"(1).
n—oo

Necessity: Let {c,} € (BV) N C¥, (1.4) holds and [|S{ (¢, t) = f (1)l = 0(1), 1 — oo.
Applying Lemma 2, it suffices to show that

IfEP () + f(~mE) (DI = 0(1), n— oo.

Indeed,
IFED @)+ F(—mE") DIl = 1Gp,r(c, ) = ST (¢, Dl
< Gnrle, )= fr@I+ 1 £ =SS (€, Dl
=o0(1), n—oo,
i.e.

n’ f(m)lgn=o0(), n—oo.
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Theorem 2. Let {a,} € BV)) N C,, whereo >0 andr =0,1,2,... Then ther-th derivative of
the series (1.3) is a Fourier series of some f") € L' (0, 7] and

187 — D) =0(1), n—oo

ifand only if
n"a,lgn=0(1), n-—oo.

Proof. Let m be the least integer such that m = 0. Then by Theorem B, we obtain {a,} €
(BV)" and by Theorem C, the point-wise limit f") of the r-th derivative of the sum S, (a)
exists in (0, 7]. Applying the same technique for series (1.3), as in the proof of Theorem 1, the
proof of this theorem is obvious.

4. Some corollaries for o = 1

Firstly, we shall define some known classes of real sequences introduced in [12], [14], [15],
(16], [17], [19].
A null-sequence {ay} belongs to the class S, r =0,1,2,3,..., (see [15], [17]) if there exists a

monotonically decreasing sequence {Ay} such that ). k" Ay <ooand |Aag| < Ay, for all k.

k=0
When r = 0, we obtain the Sidon-Telyakovskii class S (see [11]).
A null sequence {ay} belongs to the class Sqr, g >1, r =0,1,2,... (see [14]) if there exists a
monotonically decreasing sequence {Ax} such that

& 1 & |Aalf

Y k"Ag<oco and —Z' T _ o).
k=1 nic Al

= = k

Itis clear that S, < Sy
On the other hand, in [16] we defined an equivalent form of the Sheng’s class S;m, qg>1,

a=0,7€{0,1,2,...,[al} (see [7]) as follows: a null sequence {a;} belongs to the class Syqr,
qg>1,a=0,7re{0,1,2,...,[a]} if there exists a monotonically decreasing sequence {Aj} such
(o)
that Y k%Aj <ooand
k=1
1 7| Aa|9
— > =0(1).
nq(a r)+1 = AZ

The following embedding relation holds (see [16])
SqarcBV)rnCr, 1<g=<2, a=0,ref0,1,2,...,[al}.
Corollary 4.1. Let{an} € Sqar, 1< q=<2,a=20,r€{0,1,2,...,[al}. Then the r-th derivative
of the series (1.3) is a Fourier series of some f') € L'(0,7) and

187~ D) =0(1), n—oo
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ifand only if

n"aplgn=o0(), n- oo.

We note that for @ = r we obtain analogical results for the classes S, and S;, and for r =0

for the Sidon-Telyakovskii class S.

Denote by I, the diadic interval [2",2™), for m = 1.
Anull sequence {a,} belongs to the class Fyr, g >1, r=0,1,2,... if

1/q
< 00.

Z 2m( +7) 2_m Z |Aak|q

m=1 kel

It is obvious that for r = 0, we obtain the Fomin’s class F,;. g > 1 (see [3]).

Butin [12] we verified the embedding relation

Fgrc(BV)rnCy,1<qg=2,r=12,....

Corollary 4.2. Let
fante Fgr, 1<g=<2, r=0,12,....

Then the r-th derivative of the series (1.3) is a Fourier series of some f) € L'(0,7) and

187 — Dl =0(1), n—oo

ifand only if

(l

n"ay,lgn=o0(), n-—oco.
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