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CORRIGENDUM TO f-CONSERVATIVE MATRIX SEQUENCES

FEYZI BASAR

The purpose of this short note is to add the relevant terminology on some
spaces of double sequences and is therefore to rectify [1] of Bagar.

Quite recently, the class (A : 1) has been characterized by Basar in [1], for
a matrix sequence A = (Ap) by setting A\,u = f or fs; where f and fs denote
the spaces of almost convergent single sequences and series, respectively. Since
the A-transform of every = € f or fs is the double sequence Az = ((Az)?), we
require to define the space u, appeari)ng in each class (A : p) of [1], such that
p C W5 where W denotes the linear space of all real double sequences. So, we
shall déﬁne the subspaces F' and F's of W, via uniform f-column limits of an

infinite matrix X = (z4;), (1,7 = 0,1,...), as follows:

q—1
F={(zi;) eW :lim(z Tit+k,j)/q = b uniformly in 4,5 for some b}
3 k=0
and
g-1
Fs={(z;; e W: lim(z Yi+k,j)/q = b uniformly in ¢, j for some b},
¥ k=0 '
where y;; = Xizoxkj. Let us also denote the spaces derived in the case b = 0
form the spaces I and Fs, by Iy and Fps respectively. We should remark to
the reader here that the concept of almost convergence regarded in above spaces

is more different than the almost convergence of double sequences introduced

by Moéricz-Rhoades in [2]. It is trivial in the case z;; = z; for all j that the
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above spaces of double sequences reduce to the corresponding spaces of single.
sequences.

At this stage, Lemmas B and D of [1] attain the following statements:

Lemma B. Given A = (A?). THen AC (f :¢) iff A C (c:C), and (2.1)
holds; where C' denotes the linear space of double sequences such that lim, B

ezists uniformly in j.

Lemma D. Let (ui;) € W with s;; = Si_ouk; (equivalently upj = Sp; and
Uij = Sij — 8i—1,5 Jor i > 1) for all i,5. Then the transformation g: Fs - F

defined by g(ui;) = (sij), is a linear isomorphism.

Above lemma renders that (s;;) € F whenever (ui;) € Fs, and conversely.

Finally, we éxpress our thanks to the referee for his valuable comments
which has been useful for us to prepare the present note, at the completion
to the report on “Certain matrix sequences on ¢(p) and cs(p)” submitted to
Mathematical Japonica (2828).
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Abstract. The main purpose of this paper is to determine the necessary and
sufficint conditions on the matrix sequence A = (4p) in order that A contained
in one of the classes (f : f),(f : fs),(fs : f) and (fs : fs), where f and fs
respectively denote the spaces of all almost convergent real sequences and series.
Our results are more general than those of Duran [3] and Solak [7]. Additionally,
theorems of Steinhaus type concemning some subclasses of above mairix classes,
are also given.

I. Introduction

In this paper m,c,cy and bs have their usual meaningé. The shift operator S is
defined on m by (Sz), = z,41. A Banach limit L is defined on m, as a non-negative
linear functional, such that L(Sz) = L(z) and L(e) = 1, ([1],p.32), where ¢ = (1,1,--4).
A sequence z € m is said to be almost convergent to the generalized limit zg if all Banach
limits of z is 2o [5], and denoted by f-lim & = zq. It is proved by Lorentz [5] that f-lim
z = o if and only if limp(z, +...4 Zn4p—1)/P = 2o uniformly in n. It is well-know that
a convergent sequece Is almost convergent such that its limit and its generalized limit
are equal. Given an infinite series Xa,, it is said to be almost convergent if its sequence
of partial sums is almost convergent. By f and fs, we denote the spaces of all almost
convergent real sequences and series, respectively.

Let A = (ani) be an infinite matrix of real numbers an; (n,k = 0,1,---) and A, p
two non-empty subsets of the space s of all real sequences. We say that the matrix A
defines o transformation from A into y, if for every sequence z = (zr) € X the sequence
Az = ((Az)n) exists and is in g, where (Az), = >k @nkzi. For simplicity in notation,
here and after we write ), instead of 3 5o ,. By (A : z), we denote the class of all such
matrices. If there is some notion of limit or sum in ) and K, then we write (X : y; P) to
denote the subclass of (A : u) which preserve the limit or sum. We say that A€ (A:p)is
f-multiplicative r if f-lim Az = r(f~lim z) forallz € A, where A, 4 = f. In conformance
with the nature of the space fs and the class (A : p), it will be, of course, convenient to
restate this definition in the cases of A, u(X or p) = fs. We also denote the class of all
such matrices by (A : u),. It is evident in the case r = 1 that the class (A : p), coincides
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with the class (A : y; P) and hence the set inclusions () : u; P) C (A:p) C(A:p) are
immediate.

Let A denote the sequence of real matrices A, = (a,1(p)). We write for a sequence
z = (), (Az)E = 3, ank(p)zy if it exists for each n,p and Az = ((Az)})0p=0- A
sequence z is said to be A-summable to z; if lim, (Az)? = z( uniformly in p. To
denote the matrix sequence .4 contained in the class (A : p), we write A C (A = p).
If ank(p) = ani for all p, then A is reduced to the usual summability method A and
ank(p) = 1 (n = k) for all p,= 0 (n # k) for all p, then A corresponds to the identity
matrix I which is equivalent to the ordinary convergence. Similarly, the method f which
is equivalent to the almost convergence introduced by Lorentz [5], the almost sumability
method introduced by King [4], etc,. can be defined by this new method A. So, the
method 4 is more general and more comprehensive than the usual summability method
A.

By the f-conservativity of any summability method, we mean the method belonging
to one of the classes (f : f),(f : fs),(fs: f) or (fs: fs). The object of this study is to
characerize the matrix sequences contained in the f-conservative matrix classes and in
this way to fill up some gaps in the existing literature.

II. Matrix sequences from f into f and fs

In this section, we give necessary and sufficient conditions on the matrix sequence
A = (4Ap) in order that A C (f : f),(f : fs).

We start with following two lemmas which require in the proof of Theorem 2.1. The
first one is due to Stieglitz [8], and the other one is obtained from Folgerung 8 of Stieglitz
(8] with A = (AZ).

Lemma A. Given B = (B,). Then the following three statements are equivalent:
(a) Bz ezists for all z € m,
(b) Bz ezists for all x € ¢y,

(¢) 22k lbnr(p)| < o0, (n,p).
Lemma B. Given A = (A7). Then AC (f:c), and only if A C (c:¢), and

li;nz | Alaj(p) — ax] |= 0 (2.1)
k

uniformly in n,p; where a; = lim, azr(p) uniformly in n,p for each k and A[a?k (p) —
ax] = a;'k (P) = A = [a;‘,k“(P) - ap41).

Theorem 2.1. A C (f: f) if and only if, all limits being uniform in p,

SUPy p Z | ank(p) | < oo, - (2.2)
k 3

f—1lim anx(p) = a for each k, (2.3)
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f—lim Z an(p) = a, | (2.4)
k
hmz | ZA[an.;., k(p) — ax] | = O uniformly in n. (2.5)

Proof. Necessity. Let A C (f: f) and z € f. Since f C m, the neccssity of (2.2)
is 1mrned1ate by Lemma A. The necessities of (2.3) and (2.4) are obvious, since e* e € f,
where e is the sequence whose only non-zero term is 1 in the k* place.

To prove the necessity of (2.5), we define the double sequence B = (Bp) of infinite

matrices such that .

1
b0lp) = — 8n4i k(p): (2.6)
! q+1 i=0

1
Let S, =

Z S*, where S* denotes the composition of the shift operator with itself
n
i times. Then hmq(Bz) exists uniformly in n,p for all z € f, since (Bz)? = S,(Az)?.

Hence, BC (f : ¢) and thus we get by (2.1) that

ng
li;nzk: | Albge (p) — bi] | = 0 uniformly in n,p

which is equivalent to (2.5).

Sufficiency. Suppose the conditions (2.2)-(2.5) hold and z € f. Then, one can
easily observe that By = (b (p)) in (2.6), satisfies the conditions of Lemma B and thus
we have B C (f : ¢). ThlS implies the existence of lim; S,(Az)? uniformly in n,p which
completes the proof.

As an immediate consequence of Theorem 2.1, we have

Corollary 2.2 (a) A C (f : f)r if and only if (2.2) holds, (2.3) and (2.5) hold with
ar = 0 for each k and (2.4) also holds with a = r.

(b) A C(f: fo) if and only if (2.2) holds, (2.3) and (2.5) hold with ax = 0 for each
k and (2.4) also holds with a = 0, where fy denotes the space of all sequences which are
almost convergent to zero.

Now, we can give a theorem of Steinhaus type. For this, we need the following
lemma due to Bagar-Solak [2]:

Lemma C. A C (m: f) if and only if (2.2),(2.3) hold, and

q
llmz e 1 | Zan.“ k(P) — ar | = 0 uniformly in n,p. {(3.7)

Theorem 2.3. The classes (m: f) and (f : f), are disjoint.
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Proof. Suppose that the converse of this is true and A ¢ (m:f)N(f: f),. Then,
by combining (2.7) and (2.3) of Corollary 2.2(a), we have

1 q
lim o Ay i = 0 uniformly in n,
lq;q+llgn+,k(p)l y p

which contradicts (2.4) of Corollary 2.2(a).
In the special case A = A, Theorem 2.1 is reduced to Theorem 2 of Duran [3]. We
now state without proof the following easy lemma.

Lemma D. Given an infinite series Yu, with s; = Ef:o u; (or u, = 59 and u; =
Sk — 8k—1 for k > 1). Then the transformation g:fs— f, defined by g(u) = s, is a
linear isomorphism.

Above lemma renders that s € S whenever u € fs, and conversely. This terminology
1s used throughout.

Theorem 2.4. A C (f: f8) if and only if, all limits being uniform in p,

suPp, Y 1Y ai(p) | < oo, (2.8)
k =0

f- limZaik(p) = ay for each k, (2.9)
i=0
f- limZZaik(p) = (2.10)
k i=0
1 9 n+4i
lim > - 1) " Alaje(p) —ax] | = 0 uniformly in 7. (2.11)
k i=0 j=0

Proof. Let A C (f : fs) and z € f. NOw, consider the following equality obtained
from the n,m' partial sums of (Az)E:

n_m m n
Zza“‘(p)xk = Zzaik(l))xk; n,m,p=0,1,--

=0 k=0 k=013=0

which yields by letting m — oo that

Zzaik(ip)”k = Zzaik(p)l‘k; n,p=0,1,---..
1=0 %

k. 4=0

Then Bz € f and hence B C (f: f), since g(Az) = Baz, whcrefiD = (bui(p)) with

bnk(p) = Z?:o a;(p) for all n,k and p. Thus, we obtain the proof by the equivalence
. of the methods 4 and B.
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By Theorem 2.4, we have

Corollary 2.5 (a) A C (f : fs)r if and only if (2.8) holds, (2.9) and (2.11) hold
with ax = 0 for each k and (2.10) also holds with a = r.

(b) A C (f : fos) if and only if (2.8) holds, (2. 9) and (2.11) hold with ax = 0 for
each k and (2.10) also holds with a = 0, where fos denotes the space of all series which
are almost convergent to zero.

We now give the following lemma due to Basar-Solak [2], and nextly give a theorem
of Steinhaus type whose proof is similar to that of Theorem 2.3.

Lemma E. A C (m: fs) if and only if (2.8),(2.9) hold, and

g n4t

llmz:—-—— | ZE a;jr(p) — ax | = 0 uniformly in n, p. (2.12)

i=0 j=0

Theorem 2.6. The classes (m : fs) and (f : js), are disjoint.
In the special case A = A, Theorem 2.4 is reduced to Theorem 2.4 of Solak [7].

III. Matrix Sequences from fs into f and fs

In this section, we establish necessary and sufficient conditions on the matrix se-

quence A = (4,) in order that A C (fs: f),(fs: fs).
Theorem 3.1. A C (fs: f) if and only if

sup Y _ | Aanr(p) | < o, (3.1)
np L
lign ank(p) = 0 for each n,p, (3.2)
f—lim anr(p) = ax uniformly in p for each k, (3.3)
g s
li;nzk: qi_l | ;Az[an+,~,k(p) —ag] | = 0 uniformly in n,p; (3.4)

where A%[an 1 x(p) — ax] = A{Alanix(p) — arl}.

Proof. Necessity. Let A C (fs: f) and u € fs. Now, to show the necessity of
(3.2), we assume that (3.2) is not satisfied for some n,p and obtain a contradiction as
in Theorem 2.1 of Oztiirk [6]. Indeed, under this assumption we can find some u € fs
such that Au does not belong to f. For example, if we choose u = ((—1)") € fs then
(Au)2 = 3, ank(p)(—1)F which does not coverge for each n,p. That is to say that
A-transform of the series X(—1)", which belongs to fs, does not even exist. But this
contradicts the fact that A is f-conservative. Hence, (3.2) is necessary. The proof of the
necessity of (3.3) also follows as in (2.3).
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Let us consider the equality

m m—1
D ane(p)ur = >~ D4k (P)sk + anm(p)sm; m, 1, p = 0,1,--- (3.5)
k=0 k=0 :

obtained by applying the Abel’s partial summation to the mth partial sums of A4u. By
(3.2), it is obtained on taking the limit as m — oo in (3.5) that

Y tnk(p)ur = 2 Ban(p)sk; n,p=0,1,--. (3.6)
k k

It follows by passing to f-limit in (3.6) that B = (B,) C (f : f), where B, = (b1 (p))
with b,¢(p) = Aa,i(p) for all n,k and p. Therefore B = (Bp) satisfies (2.2),(2.5) and
these are equivalent to (3.1),(3.4), respectively.

Sufficiency. Suppose the conditions (3.1)-(3.4) hold and € fs. Again consider
B = (bnx(p)) in (3.6). Therefore, it is immediate that “B = (bni(p)) satisfies (2.2),(2.3)
and (2.5) if and only if 4 = (ank(p)) satisfies (3.1),(3.3) and (3.4), respectively.” Addi-
tionally, we have by (3.2) and (3.3) that

f=Tm) b,u(p) = f ~lima, o(p) = ao uniformly in p.
k

Hence, B C (f : f) and this yields by passing to S-limit in (3.6) that Au ¢ f. This
means that every element of fs is almost A-summable and thus the proof is completed.
By Theorem 3.1, we have

Corollary 3.2 (a) A C (fs : F)r if and only if (3.1), (3.2) hold, and (3.3),(3.4) also
respectively hold with ay = r,A2q; = ( for each k.

(b) A C (fs : fo) if and only if (3.1),(3.2) hold, and (3.3),(3.4) also hold with
ar =0 for each k.

We now give the following lemma due to Basar-Solak [2] and later give a theorem
of Steinhaus type.

Lemma F. A C (bs: f) if and only if(3.1),(3.2),(3.3) hold, and
: 1<
llqmzk: =51 | ;A[anﬂ-,k(p) —ax] | = 0 uniformly in n,p. (3.7)

Theorem 3.3 The classes (bs: f) and (fs : f)r are disjoint.
Proof. Suppose that the converse of this is true and let A4 (bs : f)N(fs: f)r.-

. 1
Then, the both series >-x Dani(p) and i | Z Aay,y; 1(p) are uniformly convergent

i=0
in n, p. Therefore, we have by (3.3) of Corollary 3.2 (a) that

, 1 : : ;
hgnzk: ) 'Z:;Aan.“,k(p) = f—lim ano(p) = r uniformly in p. (3.8)
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On the other hand it follows by combining (3.3) of Corollary 3.2 (a) and (3.7) that

1 < , :
li;nz 1 | Z/_\.a,ﬂ_,-,k(p) | = 0 uniformly in n,p. (3.9)
k i=0

: 1 < ; ,
Then, (3.9) trivially implies that lim, | 35 | ZAan-H,k(P) |= 0 uniformly in n,p,
i=0

which contradicts (3.8) and this completes the proc:f.
In the special case A = A, Theorem 3.1 is reduced to Theorem 2.2 of Solak [7].

Now, we can give

Theorem 3.4. A C (fs : fs) if and only if

suEZ | ZAa;k(p) | < oo, (3.10)
Pk =0

li{nank(p) = 0 for each n,p, (3:11)
n
f -—limz:a,-k(p) = a; uniformly in p for each k, (3.12)
=0
1 g n+4i
Ii — A?[aji(p) — = 0 uniformly in n,p. 3.13
03 7 | 2 2 A ) il | = O wnifrmiyin (3.13)

Proof. This is easily obtained by the similar kind ofvargument that of Theorem 2.4.
We are now ready to give the following corollary:

Corollary 3.5 (a) A C (fs : fs). if and only if (3.10), (3.11) hold, and (3.12), (3.13)
also hold with ar = r, A%a; = 0 for each k, respectively.

(b) A C (fs : fos) if and only if (3.10),(8.11) hold, and (3.12),(3.13) also hold with
ay = 0 for each k.

We shall give a lemma due to Bagar-Solak [2] and later state a theorem of Steinhaus
type whose proof is similar to that of Theorem 3.3.

Lemma G. A C (bs : fs) if and only if (3.10),(3.11),(3.12) hold, and
¢ n+i
li;nzk: -q—i—l— | ZZA[ajk(p) —ag] | = 0 uniformly in n, p. (3.14)

i=09=0

Theorem 3.6. The classes (bs : fs) and (fs: fs), are disjoint.
Finally, we should state in the case A = A that Theorem 3.4 is reduced to Theorem
2.3 of Solak [7].
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