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ON SOME EXTENSIONS OF RELLICH'S INEQUALITY 

B. G. PACHPATTE 

Absta·act. In this note we derive some new inequalities which in the special cases 
yields an extension of Rellich's inequality 1·ecently given by Bennett. 

1. Introduction 

In his fundamental work on perturbation theory of eigenvalue problems F. Rellich 
[9] established the following inequality. 

Suppose that u(x) is a function in C0(R" - {O}) which is not identically zero, then 

i n2(n - 4)2 L I /j,u 12 dx ~ Ix 1-41 tt 12 dx, 
Rn 16 R" · 

Rellich also proved this inequality for n = 2 under some additional hypotheses (see, 
(3, p. 988]) .. Some important extensions of inequality (1) were established by Schmincke 
(10] in exploring selfadjointness criteria for a Schrodinger operator and Allegretto [2J 
in obtaining nonoscillation theorems for elliptic equations of order 2n. In a recent pa­ 
per [3] Bennett established an interesting extension of Rellich's inequality by following 
Schmincke's method of proof. Despite the applications, we believe that the inequalities 
of the form (1) are of interest in their own right. The purpose of this note is to give 
further extensions of the inequality (1) which contains in the special cases an extension 
of (1) recently given by Bennett in [3]. The technique we will use to prove our results 
is based on the method employed by the authors in (10] and [3]. In fact, our search for 
further extensions of inequality (1) has led to some new inequalities which will allow for 
a broader range of applications. 

n :/= 2. (1) 

2. Statement of Results 

Throughout we assume that H is an open, connected subset of R" that is not 
necessarily bounded, and that the boundary of H, {)If, is sufficiently smooth in order 
that the Green formulas applies. A point in Rn is denoted by x = (x1, ... , Xn) and its 
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norm is given by lxl = U:::?:1 xl)!. We denote by cm(ll) the vector space consisting of 
all functions <P which, together with all their pa.rt.ial derivatives Do: <fa of orders jaj < m, 
are continuous on J/ and denote by C8° (H) the vector space of infinitely differentiable 
functions with compact support (see, [1, p. 9]). 

We first establish the following Dubinskii type inequality [6, p. 168) which will be 
used in the proof of our main result. 

Theorem 1. Let p ~ 0, q ~ 1 be constants; g E C2(H), 6.g f. 0 in H and 
u E. C[J°(H) be real valued functions. Then 

r I 6.g 11 u 1p+q dx $ (p + q)9 r I 6.g 1-(q-l) I 'v9 lq I u IP I 'vu lq dx, (2) .I/{ .!11 

8 8 82 a2 where 'v = ( ,,-- , ... , -;;-- ) and 6. = ,, 2 + ... + ,. 2 • 
vX1 vx,. vx1 v.c,. 

The following version of the inequality (2) will be useful in our latter work. 
Theorem 2. Let p, q, g, u be as defined in Theorem 1. Then 

where 'v and 6. are as defined in Theorem 1. 

Remark 1. If we take g = lxlo:+2, a ~ 0 is a real constant, and hence I 'v gj2 = 
(a+ 2)2lx120+2 and 6.g = (a+ n)(a + 2)lxl0 in inequality (3), then we get the following 
Hardy type inequality (see, [5, Lemma 12, p. 303]) 

r jx/a/ujP+q dx $ (p+q)P+q r jxjP+q+a1"7u.jP+q dx. (4) ./lf a + n .fu 

For different forms of the inequalities of the type (2)-(4), see [7,8). 
Our main result is given in the following theorem. 

Theore1n 3. If p, q, g, u be as defined in Theorem 1, then for any constants 
8 ~ 0, c > 0, 

L I 6.g 1-(q- l) I g lq I u IP I 6.u lq cLc 

> - (q-1 q(p + q - 1)sgn (6.u) I g I u 1p+q-2 I 9u F! dx 
.fu 

- (q-l _!!!_ r I 6.g ,-(q-1) I 'vu lq I u 11' I '\JU 'q dx 
p + q 111 

+ cq-l [_J_ - (q - 1)1: + ( "\ +i J j I 6.9 11 u iv+q dx, 
P+q J>+q" 11 

where 'v and 6. are as defined in Theorem 1. 

(5) 
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A slight variant of inequality (5) is embodied in the fc,llowing theoreµi. 

Theorem 4. If p, q, g, u be as defined in Tlieorem 1, th.en for any constants 
6 2: 0, { > 0, 

L I 6.g 1-(p+q-I) I 9 lp+q I 6.u lp+q dx 

> - /p+q-l) (p + q)(p + q - 1) sgn (6.g) L g I tl 1p+q-21 vu 12 dx 

- /p+q-l) 6 I I 6.u 1-(p+q-t) I 'v9 lp+q I vu lp+q dx. 
j/1 

+ /p+q-1> [1 - (p + q + -1){ + 6 ] I 11:lu 11 u 1p+q dx, (6) (p + q)P+q }JI 

where 'v and l:l are as defined in Theorem 1. 

Remark 2. We note that in the special cases when p = 0, q = 2 and using the 
definition sgn (6.g) = 1~~1, inequalities (5) and (6) reduces to the following inequality 

/ I 6.g 1-t I 9 f 16.u 12 dx lu 
> - { L (2g 6. g + 6 I VY fl I D.g 1-1 I 'Qu 12 dx 

+ l[l - { + ~ 1 j I 6.g 11 u 12 dx, 
4 II 

(7) 

which is recently established by Dennett (3, Theorem 5J. By taking p = 0 and q = 4 
in (5) and p = 2, q = 2 in (6) we get an inequality which we believe is new to the 
literature. Furthermore, by specializing the conditions on p, q and the function g in (5) 
and (6) we get different inequalities of some interest in their own right and will have a 
broader range of applications. 

3. P1·oofs of Theorems 1 and 2 

By applying Green's first formula tofu D.glulP+q dx, we have 

(8) 

From (8) and using the definition sgn(6.g) = 1~;1, the fact that V(lulP+q) = (p + 
q)lulp+q-t 'vu sgn u, and appl?ing Holder's inequality with indices q, 0, we observe 
that 
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f I 6g 11 u 1p+q dx 
}II - sgn(6g) j vg v (I u 1p+q)dx 

/I 

-(p+ q)sgn(6g) r '\jg I u 1p+q-l '\jusgnudx Ju 
s (p + q) f I V9 11 u 17>+9-1 j vu I dx 111 
= (p + q) f [I 6t1 1-C7)l vg 11 u j! I vu I] ln 

· [I 69 /(7)1 u lp+q-l-!]dx 

s (p+q){ r j 6g ,-(q-l)/ vg 191 u IPI vu 19 dx}; }II 

· { j 1 6g II u lp+q dx} 7. 
II 

(9) 

If fu I 6 ul /u/P+9dx = 0, then (2) is trivially true, otherwise we divide both sides of (9) 
by { J11 I 6 g/ /ttlp+q dx} 7 and then raise both sides of the resulting inequality to the 
power q to get inequality (2). This complete the prnof of Theorem 1. 

By following the above proof of Theorem 1, we have 

f I 6g II u 1P+9 dx s (p + q) f I vg 11 u 1P+9-1/ vu I dx k k 
= (p + q) r [1691-crt.i;I )I V9 II Vu I] lu 

(l!±t.!) · [I 6tJ I P+9 I u IP+9-1] dx. (10) 
Now using the Holder's inequality with indices p + q, P~~:1 on the right of (10) and 
following exactly the same arguments as in the lac;t part of the proof of Theorem 1 given 
above with suitable changes we get the desired inequality in (3). The proof of Theorem 
2 is complete. 

Remark 3. If we take 9, 1 V gf and 69 as in Remark 1 in inequality (10) we get 

J, p+q l IX 1°1 tl 1p+q dx s ( ) IX 1°+11 u 1p+q-ll vu I dx 
JJ a+n /I 

p+q l ti.!. = ( ) [I X I ,+q I vu I] a+n I/ 

(ti.!) · [IX i- r+q IX 1°+1/ u /P+q-l] dx. (11) 
Using the Holder's inequality with indices p + q, P~i:1 on the right of (11) we get the 
following \Veyl type inequality (see, [5, Lemma 11, p. 303]) 

l P+ q l _J_ IX 1°1 u 1p+q dx ::; (--){ IX 1°+11 vu 1p+q dx} P+'l 
11 a·+n /I 

j. . .l±c.!. 
. { Ix 10+11 u l"+q da:} P+'l . 

JI 
(12) 
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For a version of Weyl 's inequality in one independent variable, see [4}. 

4. Proofs of Theorems 3 and 4 

Let A, B, C, D denote the integrals (without t.he exterior constants) in (5) succes­ 
sively. Applying Green's second formula to fu 6.glult-'+qdx we have 

(13) 

Using the definition sgn(6.g) = 1~;1 in (13) we observe that 

D = sgn(6.g) f g 6. (I u ir+q) dx. Ju 
Using the fact that 

6.(1 u 1v+9) = (p + q) I -u. lp+q-l 6.usgn u 

+ (p + q)(p + q - 1) I 1t 1p+q-'.!l 'vu 12 

(14) 

(15) 

in (14) we have 

D = sgn(6.9)(p + q) f g I u lp+q-l 6.u sgn u dx Ju 
+ sgn( 6.g )(p + q )(JJ + q - 1) / g I tt IP+'l-21 '\JU 12 dx Ju 

::; (1>+ q) I I g 11 u 1P+9-1l 6.u I <ix 111 
+ (p + q)(p + q - l)sg11(6.9)B 

= (p+ q)i [I 6.!1 l-t7i1 !! II -u.1!16.u IJ 
II 

( .!L=..!.J + l .l! · [I 6.g I " I u 1,., q- - "]cix 
+ (p + q)(p + q - l)sgn(6g) B. (16) 

Now first applying the Holder's inequa.lit.y with indices q, ~ on the right side of (16) 
and then using the Young's incqualit.y with indices q, ~, we see that 
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D $ (p+q){L / D.g i-(q-l)I g 191 u IPI 6.u 19 dx}; 

. { L I D.g II u /P+q dx} 7 
+ (p+ q)(p+ q- l)sgn(6.g)B 

= (p+q)A!DC7>+(p+q)(p+q-1)sgn(D.g)B. 
= (p + q)(l-(7) A!)(/7> n(7)) 

+ (p + q)(p + q - l)sgn(D.g)B 
$ (P + q )l-(q-t) A+ (p + q)(q - 1\n 

q 

+ (p + q)(p + q - l)sgn(D.g)B, 

for f > 0. Now for any f, 2: 0, from (2) we observe that 

{J 
fJC - ( ) D > 0. p+ q q 

Combining this fact with ( 17) we have 

(17) 

D $ (p+q)E-(q-t)A+ (p+q)(q- l\D 
q q 

6 + (p + q)(p + q - l)sgn(6g)B + 6C - ( ) D, 
p+ q q 

for all f > 0 and 6 2: 0. Rewriting (18) we get the desired inequality in (5). This 
completes the proof of Theorem 3. 

In order to prove Theorem 4, let A, B, C, D denote the integrals (without the 
exterior constants) in (6) successively. By following the arguments in the first part of 
the proof of Theorem 3 we have 

(18) 

D $ (p + q) L / g I/ u lp+q-t I D.tt I dx 
+ (p + q)(p + q - l)sgn(D.g)B 

= (P + q) I [I 6. g 1-< ';t; 1 > I g 11 6 u IJ J/J 
( J!..tt:.!. ) · fl 6.g I .. +q I u /P+q-t] dx + (p + q)(p + q - l)sgn(D.g)B. (19) 

Now first using the Holder's inequality with indices p+ q, P~~~ 
1
, then Young's inequality 

with indices p + q, ~ on the right in (19), the inequality (3) and following closely 
the arguments in the proof of Theorem 3 with suitable modifications we get the required 
inequality in (6). The proof of Theorem 4 is complete. 
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Remark 4. If we specialize the inequalities (5) and (6) by putting g = lxla+2, a ~ 
0 real and hence I'\/ gj2 = (a+ 2)2lxfa+2, 6g = (a+ n)(a + 2)lxl0, we get some new 
inequalities similar to that of inequality given by Bennett in [3, Corollary 6, p. 992]. For 
an interesting comparison of inequality in [3, Corollary 6] with the earlier extensions of 
Rellich's inequality (1) given by Allegretto [2] and Schmincke [10], see [3]. 
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